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General] Electric Co. 
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HENRY F. BLAZEK? 


Ford Instrument Co. 
Long Island City, N. Y. 


This paper describes the basic features of a new class of precision accelerometers particularly _ 
adapted to the measurement of slowly varying low level accelerations. The approach involves _ 
computation of acceleration from measurements of changes of angular position and time. Em- | 
phasis is to be placed upon a comparison of this new approach with the conventional torque-balance _ 


technique used extensively in existing accelerometers. yas 7 a 


NE DISTINGUISHING feature of inertial accelerom- lous mass by means of measurements of time and angular | 9 
eters contemplated for use in space vehicles is the low position. This approach is believed to be particularly suit- — 
ange of acceleration which they would be required to meas- able for the measurement of slowly varying, low level accelera- — 
ire. This, combined with high accuracy specifications, re- tions. a 
ults in the need for a device capable of operation down to at The discussion which follows is intended to highlight the — 
ast 10~" g’s with a resolution of something like 10~!? g’s— contrast between the rotating pendulum and conventional _ 
requirements which may well cause one to reassess the suita- approaches to accelerometer instrumentation. Thus, con- 
ility of instrumentation techniques used in current state ventional force and torque-balance methods are described 
of the art accelerometers. first, followed immediately by the contrasting approach of 

Specific space vehicle applications for low level accelerom- the rotating pendulum accelerometer. A more detailed 
eters are many and varied, ranging from attitude control and analysis of the pendulum motion and a discussion of computa- — 
the monitoring of small thrusts to orbital parameter deter- tion of acceleration from the equations of motions follow. 
mination and sophisticated navigation systems (1-4). Of To provide criteria for the evaluation of potential performance — 
particular interest in the past few years (as evidenced by the capabilities, a generalized performance analysis is described. _ 
number of papers presented on this subject) have been the This is followed by a discussion of pertinent instrument de- — 
so-called gravity-gradient techniques (1-3). Regardless of sign considerations in terms of application requirements. | 
the particular system approach, the common characteristics In conclusion, advantages and limitations of the rotating — 
of the latter are that they require inertial sensors with capa- pendulum approach are given. 
bilities in the lower end of the acceleration range previously 
mentioned; in fact, it is the gravity-gradient approach which 
determines this lower limit and 10~" g’s is more representa- 
tive of current accelerometer development goals than of the 
extent of applicability of gravity-gradient sensing. More 
immediately, however, the lower limit may be influenced by 
acceleration measurements associated with low thrust pro- 
pulsion (in the order of fractions of a pound) of relatively 
heavy vehicles (on the order of 1000 lb or more) for long 
interplanetary missions. 

The rotating pendulum accelerometer‘ was evolved in the 
course of evaluating instrumentation techniques suitable for 
the measurement of the low level accelerations described 
above. It is to be noted that the rotating pendulum ac- 


Null Method of Measurement 


Considering the general category of inertial accelerometers 
(5), the conventional approach to the instrumentation of this 
device is that of introducing a constraining force or torque to 
balance the inertial force or torque generated by the accelera- 
tion. An output from the device is then obtained by meas- 
uring the constraint. 

The above can be illustrated by considering a few specific 
designs. In the case of the spring-mass accelerometer, for 
example, the constraining force is provided by a spring and 
an output is obtained by measuring the distance traveled 
by the mass against the force of the spring (6). (Alternately, 
the mass may be driven by a counter force to maintain its 


celerometer as described herein does not reflect a particular 
physical device but is, more generally, descriptive of a new 
method for the instrumentation of an inertial sensor subjected 
to small acceleration forces. This method involves a funda- 
mental departure from conventional instrumentation tech- 
niques utilizing a force or torque balance. In the proposed 
approach the signal acceleration is derived from angular ve- 
locity modulations of the unconstrained rotation of a pendu- 


Presented at the ARS 14th Annual Meeting, Washington, D.C., 
Nov. 16-20, 1959. 

1 System Project Engineer, Advance Satellite and Probe 
Engineering, Missile and Space Vehicle Dept. Member ARS. 

2 Project Supervisor, Aero-Missile Dept. 

* Numbers in parentheses indicate References at end of paper. 

*U. 8S. Patent no. 2,936,624, granted May 17, 1960, S. Schal- 
kowsky, H. Blazek and I. Tolins. 
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null position, in which case the counter force is measured to 
provide an output proportional to the applied acceleration.) 
Inasmuch as a linear relationship is desired between accelera- 
tion and accelerometer output, the spring gradient (or forcer 
gradient) must be maintained constant. Extraneous sources 
of force become a limiting factor regarding performance 
capability. 

Another example involving torque balance is the pendulous 
integrating gyro accelerometer. In this case a mass im- 
balance about the gyro output axis is used to generate a 
signal torque which is then balanced by a gyroscopic torque 
proportional to the angular rate about the gyro input axis. 
The measurement of angular position about the gyro input 
axis thus provides an indication of the integral of the accelera- 
tion along the gyro input axis. (This follows from the fact 


that angular position is the integral of angular precession 
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Fig. 1 ation of the rotating pendul 


rate.) Thus, the balance between inertial torque and gyro- 

- scopic torque produces a device which depends upon con- 
stant angular momentum to assure linearity, and requires 
the elimination or reduction of all extraneous torques to 
assure the desired accuracy. 

The principal difference between the foregoing methods 
and the rotating pendulum approach is that the rotating 
pendulum accelerometer does not introduce any forces or 
torques to balance the effect of the signal force or torque. 
Instead a known, relatively fixed motion is introduced into 
the device and the acceleration is permitted to alter the na- 
ture of this motion. The accelerometer instrumentation 
then consists of measuring changes of motion. The specific 
manner in which this is accomplished will be described. 


Acceleration-Modulated Angular Rotation 


_ The idealized configuration of the rotating pendulum as 
shown in Fig. 1 consists of a point mass m suspended from a 
weightless rigid bar at a distance r from a point 0. The 
suspension of this bar at 0 is assumed to be frictionless. The 
pendulum is made to rotate at a constant angular velocity w. 
In the absence of external forces this idealized configuration 
will, of course, continue to rotate at a constant rate. 

The effect of an acceleration occurring in the plane of the 
paper will now be considered. With the directions of w as 
previously shown and ¢ = 0, the mass m will slow down as it 
goes from y! through z to y and, similarly, it will speed up 
as it proceeds from y through z! to y!. The manner in which 
w is thus modulated is shown in Fig. 2. 

The dotted curve shows the modulation which would occur 
if the applied acceleration were directed along zz'. The 
sensor is thus capable of measuring both the magnitude and 
direction of acceleration, with the magnitude related to the 
amplitude of the modulation, and the direction indicated by 
the phase of the modulation. 


Analysis of Pendulum Motion 


Undamped Case 


Although the condition of zero damping in the bearing is 
not physically attainable, it is nevertheless useful to study the 
motion of the undamped pendulum since it represents a limit- 
ing condition which can be approximated in practice. The 
extent of this approximation will be discussed later, along 
with the introduction of the additional torque needed to over- 
come losses so as to sustain the constant rotation of the un- 


x" y x y' x! y x 


Fig. 2 Angular velocity modulation 


If the undamped pendulum is subjected to an acceleration 
a, then the equation of motion in terms of torque is as indi- 
cated in Equation [1] (see Fig 1, g = 0) 


I(d?0/dt*) + mar sin 6 = 0 (1) 


Although Equation [1] describes the motion of the pendu- 
lum for an acceleration input, the same equations apply 
equally well throughout if a is defined as acceleration minus 
gravitation. If Equation [1] is multiplied by the identity 


(d0/dt)dt = dé 


and the resulting equation integrated then one obtains the 
energy form of the equation of motion. setae these 
operations yields 


at + mar © sin 6at = 0 [2] 


Integration of Equation [2] with the initial condition as 
indicated below yields 


(1/2)I(d0/dt)? + mar(1 — cos @) = (1/2)Iwp? [3] 


where w = initial angular velocity at 6 = Oand¢t = 0. 
Equation [3] expresses the principle of the conservation of 
energy. The first and second terms on the left-hand side of 
the equation represent the kinetic and potential energy, 
respectively. As may be seen from Equation [3], the sum 
of the kinetic and potential energy is equal to a constant. 
Solution of Equation [3] for the angular velocity yields 


+ 6-1] [4] 
Equation [4] may be integrated by separating the vari- 
ables; thus 
dé 
: dt = [5] 
V wo? + (2mar/I)\(cos — 1) 


bi Equation [5] may now be placed in the standard form of 


the elliptic integral of the first kind by substitution of the 
following relations 


cos = 1 — 2 sin?(6/2) = 0/2 [6] 


2 dy 
Thus — 
1 K* sin? 


K? = 4mar/Ia,? 
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The solution easier [6] for K? < 1 is therefore 


t= 2 P(x, 3) 


where F[K,(0/2)] represents the elliptic integral of the 
first kind. The limitation K? < 1 is satisfied when the 
pendulum is executing complete revolutions. For K?> 1 
the pendulum will oscillate rather than rotate. 

Maximum and minimum values of the angular velocity 
are given by 


[7] 


@max = Wo 


General Case 


The equation of motion for a practical accelerometer con- 
figuration must include the effects of viscous friction in the 
bearing of the rotating pendulum as well as the constant 
lriving torque needed to sustain the rotation against the 
foregoing and related frictional losses. The general equation 
of motion therefore takes the following form 


dt? 


+ + marsin (@+ o = Ta [8] 


Equation [8] does not yield to a closed form solution of 6 
as a function of time. However, the use of numerical 
methods in conjunction with digital computations makes 
possible an analysis to any desired accuracy. This latter 
approach was successfully used during initial evaluation of 
the rotating pendulum approach; however, this process is 
cumbersome. A particularly useful solution which provides 
good accuracy when the modulation is low may be obtained 
by considering the signal torque to be a sinusoidal function 
of time rather than angle of rotation. The modified equa- 
tion of motion is thus obtained by substituting 6 = wet in 
the sinusoidal term of Equation [8].5 
2 

td +C + mar-sin(wet + ¢) = Ta [9] 


We in Equation [9] is related to the period of revolution. 


= V Wo? 4mar/I 


where = 

C viscous damping coefficient 
Ta driving torque 


Denoting this period by r 


2r 


T Cc 


(angular velocity for a = 0) 


If the acceleration a is considered constant then Equation 
{9] is a linear differential equation with constant coefficients. 


The steady-state solutions for @ and 6 are 7? _ 
mra 


= wd + + 


6 = + 


Two 


5 The authors are indebted to W. Newell for suggesting this 
approximation and for pointing out the convenience of its use. 
This suggestion has resulted in the rewriting of the analytical 
portion of this paper, originally based upon digital computer 
solutions of Equation [8]. ; 
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As will be shown in the following section on the computa- 
tion of acceleration, use of the modified equation of motion 
(Eq. [9]) does not appreciably degrade the accuracy of com- 
putation for reasonable modulations of angular velocity. 
In addition, the modified equation of motion and relation- 
ships derived from it are very helpful in presenting the inter- 
relation of pertinent parameters of the rotating pendulum 
accelerometer. The validity of these interrelationships 
and conclusions reached from them, has been confirmed by a 
detailed analysis of the exact equation of motion (Eq. [8]). 


Computation of Acceleration 


As previously described, the signal acceleration is con- 
tained in the modulations of the angular velocity. This 
information must therefore be extracted from observations of 
the pendulum motion; there are a number of ways in which 
this could be accomplished. The direct approach would, 
of course, be that of measuring angular velocity as a function 
of angular position. It is felt, however, that neither the 
present nor the projected state of the art of measuring angular 
velocity is adequate to exploit fully the potential of the rotat- 
ing pendulum approach. In contrast, recent advances and 
continuing developments in the field of precision time meas- 
urement make an alternate transducer approach highly de- 
sirable. Specifically, it is proposed to transform the angular 
velocity modulation data into time signals of variable dura- 
tion, as measured over a fixed angular displacement. 

The manner in which the time signals are to be obtained 
can best be described by referring to Fig. 1. Based upon 
considerations of symmetry it is readily seen that for C = 0 
and ¢ = 0 the pendulum will have its maximum angular 
velocity as the center of gravity passes through Oy’. Simi- 
larly the pendulum will have its minimum angular velocity 
as the center of gravity passes through Oy. It follows, there- 
fore, that the pendulum c.g. will travel through quadrants 
III and IV in less time than it takes to travel through quad- 
rants I and II, and that the difference in the time At will 
be related to the acceleration. 

This refers to time measurements for 180 deg of pendulum 
rotation. This choice is made so that by measuring the 
largest suitable angle a fixed angular error will result in the 
smallest percentage error in the measurement. Practically, 
however, two signals per revolution will be inadequate to 
uniquely define both the magnitude and direction of the 
acceleration. Thus the actual transducer will provide two 
pairs of such measurements, space-phased 90 deg with respect 
to each other. 

In general, the form of the desired equation relating the 
acceleration to the measured quantities is a 

[12] 


= f(At, Ate, 7) 


where, with reference to Fig. 1 


At, 


time to traverse quadrants II and III minus time 
to traverse quadrants I and IV 

At. = time to traverse quadrants I and II minus time to 
traverse quadrants III and IV 

period of rotation 

a@ = component of the vector acceleration normal to the 

axis of rotation 


| 
Il 


A solution for the acceleration having the form of Equation 
[12] may be obtained by applying the approximation to the 
general equation of motion previously described. This yields 
the following explicit solution for ¢ 


snl 0 + ¢+ tan“ 


| + cos [13] 


Twa 


ore 
- 


From Equation [13] one may obtain equations for Af, and 
At. which may then be solved simultaneously for a and ¢. 
The result is 


Two? V1 + 
4mr 
g = — [15] 
where, as previously defined 2 


Equations [14-16] are the equations which enable one to 
compute both the magnitude and phase of the applied ac- 
celeration in terms of measurements of time. 

To check the validity of the approximate solution, Equation 
[8] was solved numerically on a general purpose digital com- 
puter for a specific design configuration. A table of the 
per cent errors in the magnitude of the computed acceleration 
is shown for two different values of modulation as indicated 


by the ratio At,? + 

V At? + Ate?/r Per Cent Error 
0.193 

0.0023 


0.05 xX 10-* 
As may be seen from the errors tabulated, the accuracy 
of the approximate solution is good even at relatively high 
modulations, and very good when the modulation is small. 


Performance Analysis 


It was stated earlier that the rotating pendulum accelerom- 
eter departs from conventional methods in that it does not 
require a null balance between the signal torque and a con- 
straining torque as a condition for obtaining a true indication 
of the signal acceleration. The balance of torques and the 
corollary requirement to eliminate all extraneous torques 
which affect this balance provide definite criteria for the 
evaluation of different design configurations. Performance 
of the rotating pendulum accelerometer, on the other hand, 
must be evaluated by considering all pertinent parameters 
which constitute its equation of motion. We shall now con- 
sider these parameters. 


Damping 


As may be observed from Equation [11] the effect of damp- 
ing is to reduce the amplitude of the sinusoidal component of 
the angular velocity by a factor z, and shift its phase by an 
angle 6, where 


| 


6 = C/Iw. [18] 


Equations [17 and 18] may be expressed completely in terms 
of parameters having the dimensions of time by noting that 
the ratio L/C is equal to the pendulum time constant 7 in 
a zero g environment (or the time constant of a balanced 
cylinder having the same inertia), and by substituting 


T for We 
6 = tan (7/2rT) 
The ratio r/2rT may be made quite small in any ea 
by selecting the period of rotation 7 to be on the order of 
seconds, and the time constant 7 to be on the order of 


minutes. When these conditions are satisfied, the effect of 
the damping on the amplitude of the modulation is negligible 
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and the phase shift is on the order of 0.1 deg. The signifi- 
cance of the ratio 7/247 to performance derives from the 
fact that if the ratio is small then the errors in the computed 
acceleration resulting from deviations of the damping from 
the nominal design value may be made negligible. 

The air bearing is one type of suspension in which a time 
constant of the order of several minutes may be readily ob- 
tained with conventional design techniques. 


Driving Torque 


As may be seen from Equations [14-16] the computation 
of acceleration does not require a knowledge of the driving 
torque. This is true because the effect of the driving torque 
is taken into consideration by using a measured value of th 
period of rotation 7, obtained by the addition of time meas- 
urements over two consecutive 180-deg angles. Because th: 
computed acceleration is not directly determined by the 
driving torque, it is evident that deviations of the driving 
torque from its nominal value will not result in the generation 
of errors. 


Period of Rotation 


For the condition of low modulation the period of rotation 
is directly proportional to the damping C and inversely pro- 
portional to the driving torque 7,. Inasmuch as_ the 
equation for the computed acceleration makes use of a meas- 
ured period rather than an assumed period, no error is gener- 
ated as a result of deviations of the period from its nominal 
value. 


Pertinent Design Considerations ae 


In designing a rotating pendulum accelerometer for a spe- 
cific application the normal type of compromise must be 
made among the requirements for accuracy, dynamic range, 
dynamic response and sensitivity. These design parameters 
and their be discussed. 

Although the rotating pendulum accelerometer is basic: ally 

a nonlinear device, it does behave in a linear manner when 

the modulation is small. Its linear properties are most 

readily seen by resolving the computed acceleration from 

Equations [14 and 15] into components along the y’y and 

z'x axes of Fig.1. Thus, if the small phase shift due to damp- 
ing is neglected for the moment® 


Linearity 


= acos = [21] 
V At? + At,? 
At; 
Qy’y = asin [22] 


Substitution of the value of acceleration from Equation [14] 


into Equations [21 and 22] yields 
= At [24] 


Thus, within the accuracy of the approximate solution of 
the equation of motion, acceleration is a linear function of the 
time measurements. As previously noted, the validity of 
the approximation, and hence also the above conclusion re- 
garding linearity, is bounded by the requirement that angular 
velocity modulations be small. 


6 It may be noted that this phase shift could be taken into 
consideration by.a rotation of the transducer which detects the 
time difference. The magnitude of rotation could be based 
upon nominal values of C and a. 
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Choice of a Suitable Period | 


For a given configuration and for fixed transducer and time 
base accuracy the sensitivity of the rotating pendulum ac- 
celerometer is determined primarily by the period. Hence, 
from the point of view of sensitivity a long period is desirable. 
However, the nature of the device is such that it is suitable 
only for measuring an acceleration which is essentially con- 
stant over a full revolution. If the acceleration is changing, 
the period must be made small enough so that the accelera- 
tion is essentially constant over a full revolution. The choice 
of period is therefore a compromise between sensitivity and 
transient response.’ 


Relation Between Dynamic Range and Precision 
of Measurement 


The maximum acceleration input to the accelerometer is 
limited by the requirement to sustain rotation of the cylinder 
and considerations of linearity as described. On the other 
hand, the minimum input is determined only by the pre- 
cision of the measurement of angular position and time. It 
may be further noted that the maximum magnitude of the 
time difference At depends also upon the period which is 
determined by the transient response. The useful dynamic 
range of the instrument is therefore determined by considera- 
tions of linearity, precision of measurement and transient 
response. 


Conclusions 


Although the rotating pendulum accelerometer has not 
been sufficiently developed to permit a comprehensive evalua- 
tion of its merits based upon test data, analytical studies 
justify the following conclusions: 

1 The rotating pendulum accelerometer is particularly 
suited to the measurement of slowly varying accelerations. 
This restriction permits the selection of relatively long 
modulation periods, resulting in a device having a sensitivity 
much superior to conventional accelerometers. 

2 The rotating pendulum accelerometer is not sensitive to 
changes in torques of a d-c nature. As discussed in the text, 
the driving torque may change during operation from the 
nominal design value without affecting the output of the de- 
vice. This is obviously true for any torque having the form 
of the driving torque, such as torque due to coulomb friction, 
for example. The only restriction is that this torque should 
not have components which vary proportionally to the sine 
of the angle. The latter torques would, of course, be mis- 
taken for signal torques. 

3 The rotating pendulum accelerometer is not subject to 


7 In instrumenting the computation of the rotating pendulum 
accelerometer it is possible to include a correction based upon 
the assumption that the rate of change of the signal accelera- 
tion was constant. The correction would utilize differences in 
the tia samen of consecutive periods of rotation 


the error introduced in conventional accelerometers by the 
interposition of an intermediate quantity, such as a spring 
constant or torquer gradient, between the acceleration signal 
and the measurement which constitutes the output of the 
device. Associated with this interposed quantity is a calibra- 
tion requirement, the accuracy of which directly affects over- 
all performance. In the case of the rotating pendulum ac- 
celerometer the direct effect of the signal acceleration is to 
change the time it takes to traverse alternate halves of the 
pendulum rotation. This time difference is also the direct 
source for obtaining an output—there is no quantity between 
these two dependent upon calibration of a physical phenome- 
non such as a spring or a torquer. 

4 Accuracy of the rotating pendulum accelerometer is to 
a large degree dependent upon the accuracy of the time base 
and related transducer timing circuitry. Since the state of 
the art in these latter areas is the subject of considerable 
attention as a part of efforts in the field of digital computa- 
tions, it is felt that the rotating pendulum accelerometer is 
tied to an advancing technology, much in the same manner 
as null-type devices benefited from the development of servo 
technology. 

In conclusion it is to be noted that the rotating pendulum 
accelerometer is not necessarily restricted to applications for 
which the assumption of constant acceleration over the full 
period of rotation is exactly valid. This assumption simpli- 
fies instrumentation and certainly makes possible a more 
concise analysis. However, more complex configurations 
should be considered in conjunction with specific application 
requirements. The principal purpose of this paper has 
been to point out the basic concepts associated with this new 
method of accelerometer instrumentation. = 
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as examples. 


The Missions and Their Environment 
Interplanetary Transfer Trajectories 


HIS STUDY was undertaken using present state of the 
art booster systems and specific launch dates and veloci- 
ties (3).6 The basic ground rules were as follows: 

1 The probe will impact the target planet within two 
times the minimum separation distance between that planet 
and Earth to simplify communication. 

2 The probe will have a gross weight of 400 lb. 

3 The probe will decelerate to a subsonic terminal velocity 
high in the atmosphere to maximize data transmission time. 

4 The probe will have a midcourse guidance correction 
system. 

5 The design will consider conditions of a system entering 
the planetary atmosphere with and without terminal 
guidance. 

The entry conditions (4) studied on the individual planets 
were 29,500 and 38,000 fps, respectively, for Mars and 
Venus. These entry velocities are greater than the Hohmann 
minimum energy transfer impact velocities in each case. 
This increase in impact velocity above the Hohmann transfer 


This paper is a condensation of a more complete version pre- 
sented at the ARS Structural Design of Space Vehicles Con- 
ference, Santa Barbara, Calif., April 6-8, 1960, which is avail- 
able as ARS preprint 1092-60 or Douglas Engineering Paper 976. 

1 The philosophy of the paper is an extension of the method 
of Ponsford and Wood (1), who presented a technique of thermo- 
structural design using the ‘Nike Zeus structure as an ex- 
ample. To remove security restrictions, this paper has made 
use of the unclassified work by Lowe on entry vehicles for Mars 
and Venus (2). To emphasize the required marriage of thermal 
and structural factors in modern design, the authors have in- 
tentionally used the word ‘‘thermostructural.’’ 

* Chief, Structures Section, Missiles and Space Systems Engi- 
neering Depart ment. 

* Chief, Thermodynamics and Nuclear Science Section, 
Missiles and Space Systems Engineering Department. Member 


¢ Assistant Supervisor, Thermodynamics and Nuclear Science 
Section, Missiles and Space Systems Engineering Department. 

5 Formerly, Des aS Structures Section; presently with Chrys- 
ler Corp., Huntsvi 

6 Numbers in parentheses indicate References at end of paper. 
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* Vehicles for Mars and Venus 


The objectives of this paper are twofold: 
weight insulated structure, and to illustrate this method using entry probes for Mars and Venus 
These themes are intermingled as follows: 
are reJated to the mission objectives. 
hicles are discussed, methods are described for computing transient structural temperatures, and 
thermal results for different insulations are presented. 
temperature structures are considered, promising structural configurations are presented for entry 
vehicles, and the most suitable types for the example vehicles are evolved. 
then considered together with the structural results to produce the lowest weight design, and these 
methods are then generalized for application to any mission with any heating. 
merical results are presented to yield a typical design for the entry bodies. 


HENRY T. PONSFORD,?’ 
ROBERT M. WOOD, 
ROBERT E. LOWE‘ 

and JAMES F. MADEWELL' 


Douglas Aircraft Co. 


to present a general method of designing a minimum 


the performance and flight mechanics 
The thermodynamic environments for the example ve- 


Material and strength criteria for high 
The thermal results are 


Finally, the nu- 


condition is necessary in order to be compatible with the 
“within two times the minimum separational distance” 
ground rule. 


Planetary Atmospheres 


It is necessary to estimate the physical and chemical 
properties of the atmospheres of Mars and Venus in order 
to determine the trajectories, loading, and thermal environ- 
ment of the capsule. The assumptions for the atmosphere 
of Mars (5) are believed to be sound because they are pri- 
marily based on direct visual observations. The assumptions 
for Venus (6), however, are partly founded on a theory of 
evolution rather than experiment. One of the primary 
objectives of such a probe will be to verify or disprove 
atmospheric assumptions. 

Of prime importance to the calculation of heat transfer 
is the assumption of density distribution. The assumption 
used in this analysis is the classical isothermal atmosphere 
in which the density varies exponentially with altitude. 

The Martian atmosphere is more dense in its upper reaches 
than is either the Terrestrial or the Venusian. Also, the mass 
of the atmosphere is more uniformly distributed between 
the high and low altitudes. Consequently, the deceleration 
of a descending vehicle on Mars is more gradual and the heat 
transfer rate less severe during entry into the Martian 
atmosphere than into the Terrestrial atmosphere. On the 
other hand, convective heat transfer during Venus entry 
should be somewhat similar to Earth entry. 


Atmospheric Entry Trajectories 


Atmospheric entry trajectories were obtained for weight 
to drag ratios (W/CpA) varying from 10 to 1000 lb per ft? 
and for a range of entry angles. Representative trajectories 
showing velocity vs. altitude for Mars and for Venus are 
shown in Fig. 1. It can be seen that a probe decelerates 
at a higher altitude in the Martian atmosphere than in the 
Venusian for a given W/CpA. 

Ballistic entry trajectories for a point mass were calculated 
for entry at 29,500 and 38,000 fps for Mars and Venus, 
respectively. A spherical planet-atmosphere model was 
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used rather than the usual flat one because of the low angle 
trajectories that were considered. 


Entry Environment 


The prime design considerations for an atmospheric 
entrance vehicle are the severity of the thermal environment 
and the magnitude of the pressure and deceleration loadings. 
These two considerations will be discussed in that order. 

Two types of heat transfer to entry bodies predominate: 
convective heat transfer, which is caused by gaseous com- 
pression and viscous skin friction; and radiative heat transfer, 
caused by electromagnetic radiation from the hot, ionized 
gases behind the bow shock wave. In order to show a first- 
order approximation of this environment, lines of constant 
convective heat flux rate are plotted as a function of altitude 
and velocity for Mars, in Fig. 2. Radiative heating will be 
discussed in more detail in the second section. Since the 
trajectory angle has a large effect on the heat flux rate, two 
different trajectories with entry angles of 20 and 90 deg are 
superimposed on the heat rate map. 

The pressure and deceleration loading is also greatly 
influenced by trajectory entry angle. Stagnation pressure 
histories for a range of entry angles for both Mars and Venus 
entry are shown in Fig. 3. It can be seen that a 90 deg 
entry results in stagnation pressures of 9200 and 72,000 
lb per ft? for Mars and Venus, respectively. Deceleration 
histories indicate values of 2000 and 13,800 ft per sec* result- 
ing from 90 deg entry for Mars and Venus, respectively, or 
62 and 430 Earth g’s. 


Configuration 


The system of effectiveness of a spacecraft for a given mis- 
sion is a measure of the weight of the useful payload that 
it can deliver. An ideal design is possible only after analysis 
of a variety of vehicles to determine the tradeoffs between 
varying geometric, stability, loading and thermal environ- 
mental conditions. 

A configuration having a blunt nose and high form drag 
was used in this study. The planform configuration with 
its associated flowfield is shown in Fig. 4. It should be 
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pointed out that this configuration is not necessarily optimum 
for both Mars and Venus entry conditions because the pre- 
dominating mode of heat transfer differs for the two planets. 
However, this configuration is a good compromise choice to 
illustrate the thermostructural design method. 


Thermodynamic Analysis 


The overall objective of an entry probe is to receive data 
from the sensory equipment; thus, the specific objective 
of the thermostructural design is to keep this equipment 
functioning, or in other words, to keep the high energy gases 
out. The thermal protection keeps the structure strong 
enough and cool enough to do this. If the best structural 
temperature happens to be high, then additional internal 
thermal insulation must be provided for the equipment. 
The additional weight of this insulation should be accounted 
for in a detailed design study. However, to illustrate the 
main points of this paper, the thermodynamic considerations 
will be restricted to a discussion of the methods used to 
compute the external radiative and convective heat transfer 
to the surface of the vehicle and the determination of the 
resulting structural temperatures as a function of time for 
specific materials. 

The thermodynamic analysis proceeds in three main 
phases: The calculation of the fluid properties outside of 
the boundary layer from the known atmospheric properties, 
velocity and altitude of the vehicle as a function of time; 
the calculation of the net heat flux into the surface of the 
material, including radiation to and from the surface and 
mass transfer effects associated with a decomposing insulator; 
and the calculation of the time histories of temperature 
distribution in the insulator and structure. 


Convective Heat Transfer 


Inviscid perfect gas relations are used to get the properties 
behind the shock wave, using values of y appropriate for 
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Mars or Venus atmospheres. In spite of these very high 
apparent temperatures, the enthalpy is correctly computed 
and the high fictitious temperatures do not cause trouble 
for convective heating calculations. These values are then 
used in conjunction with the Crocco-Van Driest solution 
to the boundary layer equations, according to the treatment 
of (7 and 8). An alternate method based on real gas assump- 
tions has been presented by Fay and Riddell (9,10). Fo 
stagnation point heating, the flow is always laminar an 
does not depend on any dimension except nose radius. Fo: 
positions away from the stagnation point, a pressure whic! 
depends on local'slope is calculated from the modified New- 
tonian theory. The modified Newtonian pressure is phase: 
into a Prandtl-Meyer expansion when the pressure gradients 
are equal, as suggested by Lees (11). If the surface materia 
ablates, the mass transfer effect is taken into account at 
each time increment by correcting the zero mass transfe1 
Stanton number for the instantaneous blowing (or ablation 
rate, using the theory of Rubesin and Pappas (12). 


Radiative Heat Transfer 


It will be seen that radiation during Venus entry is o 
paramount consideration, whereas for Mars it is less im 
portant. This is a result of the greater kinetic energy of th 
Venus probe at entry. Because of the greater concentratio1 
of carbon dioxide and its lower ionization potential, th: 
method utilized to determine the radiative heat transfe1 
is, therefore, illustrated for CO.. Each step to determine 
the radiative transport is covered in detail in (2). 


From the energy and momentum equations, solved in 
conjunction with the Hugoniot shock relations, the stagna- 
tion pressure and enthalpy can be determined. Thus with 
the stagnation pressure and enthalpy known, the real gas 
stagnation temperature can be determined from a Mollier 
diagram (13). This is necessary if the Stefan-Boltzmann 
radiation law is used. It is assumed that either the accelera- 
tion or capture of an electron by an atom or ion will give 
off the same amount of average energy whether the process 
involves an oxygen, nitrogen or carbon species. This 
assumption permits utilization of the extensive emissivity 
data for air that are available. The emissivity data for 
the air must be corrected, however, for use with CO. This 
is accomplished by forming the molar ratio of the ion con- 
centration of carbon dioxide (Ncoz) to the ion concentration 
of air (Nair) at a given temperature and pressure. The 
ion concentration may be found from the ion concentration 
for carbon dioxide (13) and for air (14). Thus, the carbon 
dioxide emissivity per unit length can be scaled as follows 


(e/L)* = (€/L)(Neoo2/Nair) 
where L is the shock detachment distance, given by 


Ry Po/Ps 
1+ 


which is suggested by Hayes in (15) and agrees with experi- 
mental data. The value of €/Z for air (16) can be determined 
in terms of the temperature in degrees Kelvin and the ratio 
of local density to stagnation density. From the Stefan- 
Boltzmann law and the definition of ¢, g/L = (€/L)*oT;'. 
The heat flux rate g can now be calculated knowing the 
shock detachment distance LZ. These calculations were 
performed for each of the trajectories and result in the 
radiative heat flux as a function of time. 


L 


Comparison and Results 


Fig. 5 gives the convective and radiative heat flux rates 
as a function of time for the stagnation point of the entry 
bodies for an entry angle of 90 deg. Important points to 
notice are: The duration of the heat pulse on Venus is one tenth 
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Fig. 6 Stagnation point heat transfer modes 


that for Mars (3 see vs. 30 sec); total radiation input for 
Venus is about three times as much as convection; total 
radiation input for Mars is less than 545 as much as con- 
vection. This reversal of transport modes could lead to 
different design solutions for probes for the two planets. 
The variation of both the radiative and convective heat 
components for Mars and Venus with W/CpA are given in 
Fig. 6, which shows that the radiative heat input becomes 
paramount on Venus at high W/CpA. 

The end objective of the thermodynamic analysis is a 
parametric presentation of the thickness of insulation re- 
quired to keep any selected type and thickness of structural 
material down to a selected maximum working temperature. 
Fig. 7 shows the maximum aluminum temperature during 
entry as a function of aluminum thickness and phenolic 
nylon thickness for a 90 deg entry angle. The 20 deg entry 
case is a more difficult thermal problem and results in more 
insulation for the same structure temperature. Fig. 7 is 
an example of the final product of a thermodynamic design 
analysis; it is the parametric connection between structural 
temperatures, structural thicknesses and insulation thick- 
These thermodynamic results can now be con- 


nesses. 
nected with the structural requirements. ee 
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Structural Analysis 


Now that methods have been developed to describe 
parametrically the weight of insulation required to guarantee 
any arbitrary structural temperature, the next step is to 
determine the weight of structure required to withstand all 
applied loads. The structural analysis must consider failure 
criteria, material properties and structural configurations in 
a way which can be combined with the thermodynamic 
results. As in the preceding section, consideration will be 
restricted to the spherical nose shell as an example of the 
general principles. 


Design Criteria and Material Properties 


The nose shell can fail in several modes, but since the 
applied loads are compressive, all failures result in some type 
of buckling. The amount of tolerable local skin buckling 
has been set at zero in order to guarantee the integrity of the 
bond between the structure and the insulative coating. 
From a structural standpoint, this criterion may be slightly 
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conservative for some materials, but any other assumption 
would open up a number of aerodynamic and —. 
problems at only a small possible profit. Therefore, the 
principal design criterion for the hemispherical nose shell is 


that it be completely buckle-resistant. ’ 7 
At this point in the design, many materials can be con- 
sidered. They run the spectrum from such exotics as ‘ 


beryllium and molybdenum to the old standbys, aluminum > 
and steel. The prime material properties affecting the 
design are the modulus of elasticity, the compressive yield — 
stress and the density. It will be necessary to consider 
several materials over a large range of temperatures, since 
the modulus of elasticity varies widely with temperature _ 
(17,18). Fig. 8 is an isochronous stress-strain curve which 
shows the effects of time at a given temperature and various 
stresses on the properties of 2024-T81 aluminum, with the — 
conventional 0.2 per cent offset indicated. Curves of this — 
type for other temperatures and for other materials are used 
in calculations to obtain required structural thicknesses. 
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Possible Structural Configurations 


It is apparent that many different combinations of load 
carrying structure and insulator can be used. Fig. 9 lists 
a number of possible combinations of configurations, de- 
scribed by outer surface material, subsurface insulating 
technique and underlying load bearing structure. They 
each have advantages and disadvantages for particular 
applications and naturally depend upon the quantitative 
value of their physical constants. Fig. 9 shows several 
thermostructural configurations possible for certain areas 
of the interplanetary probe. They are a monocoque structure 
covered either with an ablative or a temperature-resistant 
insulation, or a combination of the two; a semimonocoque 
structure with similar insulation; and a metal honeycomb 
covered by an insulator. 

The external pressure load on the nose section of the 
probe is a modified Newtonian distribution. Nevertheless, 
this distribution has been assumed to be uniform to simplify 
the calculations. The most reasonable types of construction 
for the nose section are the monocoque and the honeycom) 
sandwich. Fig. 10 is a plot of buckling stress o,; vs. pressure 
P for a spherical shell under external pressure and in the 
radius to thickness range shown. These curves were de- 
termined from the equation 


= 0.6985P°.556 770.444 


This equation was derived from the equations and graphs 
of Gerard and Becker (19), as amplified by Schneider (20). 
To illustrate the use of Fig. 10, consider the entry to Venus 
with a maximum pressure of 700 psi. In this application, 
we could operate at 200 F and select beryllium at a stress of 
47,000 psi or magnesium at a stress of 20,000 psi. 
Honeycomb was found to weigh about the same as the 
monocoque because of the high loads and, therefore, was 


eliminated because of high construction costs. 


Structural Results 


The nose section of the Mars probe provides an excellent 
example of the combination of the thermodynamic and the 
structural analyses. Fig. 11 shows the variation of nose 
skin thickness. with peak temperature for a probe of 
W/CpA = 70 lb per ft? entering the atmosphere of Mars 
with a peak pressure of about 8000 Ib per ft?._ These curves 
may be determined by using curves similar to Fig. 10 with 
proper adjustment of the modulus for both temperature a and 
time effects. 
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In order to illustrate this thermostructural optimization 
method, we will use the familiar 2024-T81 aluminum. The 
temperature-skin thickness plot is shown in Fig. 12 for 
trajectories with entry angles of 20 and 90 deg. It should 
be noted that the modulus of aluminum falls off rapidly 
above 700 F, and the required thickness increases corre- 
spondingly. 

Once a curve of required structural skin thickness vs. 
temperature has been determined, it is possible to determine 
a curve for total weight vs. temperature. To do this, the 
structural and thermodynamic analysis will now be combined. 


Thermostructural Optimization Example 


Thus far, the thermodynamic methods and some results 
for aluminum and phenolic nylon have been presented, the 
structural analysis has been discussed, and the structural 
requirements have been given for aluminum for Mars entry. 
Fig. 13 shows the superposition of the thermal results of 
Fig. 7 and the structural requirements of Fig. 12 for the 
90-deg Mars entry. Each point of intersection between the 
thermodynamic and structural curves is an acceptable 
thermostructural design. 

Now that a number of marginally satisfactory designs 
have been indicated by the several thermostructural inter- 
sections, the next problem is to find the lightest one. The 
weight at each design point can be computed by summing the 
individual weights of insulator, structural skin and stiffeners, 
and plotting these weights against a suitable variable to 
find the minimum. Since aluminum thickness, temperature 
and phenolic nylon thickness are all interconnected, any 
one of the three can be used as an independent variable. 
Fig. 14 shows the combined weight (insulator plus structure) 
plotted vs. maximum temperature for the two Mars missions. 
This figure shows that the minimum weight occurs in both 
cases at approximately 650 F. 

On examination, the 6 = 90 deg designs will surely fail 
if subjected to the 20 deg environment, since, for example, 
0.050 in. of aluminum requires 0.50 in. of insulation for protec- 
tion at @ = 90 deg and 0.83 in. of insulation at 6 = 20 deg. 
Thus, the mission trades become clear; one pays a penalty in 
entry body weight if terminal guidance requirements are 
relaxed to allow for anything but a bull’s-eye, an unlikely 
occurrence. 


Generalized Thermostructural Method 


Obtaining the thermal and structural analyses can become 
quite laborious, especially if factors such as nonsimultaneous 
maximum load and temperature (the case in this example) 
and variable missions and materials are considered. A 
very powerful general method has been evolved from this 
work which saves computing time and helps one to establish 
insight to the thermostructural design philosophy. The 
total problem requires that many different variables must 
be considered to reach a really efficient design. One of the 
advantages of the method is that no hard decisions as to what 
conditions may be critical arerequired. If doubt exists, carry 
the particular case along. At some point in the calculation, 
the doubt will be clarified. 

The design parameters include both shape and material 
parameters. W/CpA, which is actually a design parameter, 
defines the degree of bluntness and greatly affects the severity 
of entry environment. 

The optimization is best performed in two major stages. 
The first is to investigate effects of environmental parameters 
for fixed values of W/CpA and material choices; the second 
is to find the best combination of W/CpA, material choices 
and structural configuration for minimum weight. The 
first stage is essentially an operation to find the most severe 
criterion; the second is to find the best way to satisfy it. 
For each combination of the parameters it is necessary to 
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_ Fig. 15 Envelope of critical design conditions 


prepare a graph similar to Fig. 13. The weights can be 
plotted against each other, as shown in Fig. 15, for a family 
of constant W/CpA, material choices and structure con- 
figuration. A single line of this figure represents a transposed 
set of design conditions such as shown in Fig. 13. 

For any particular curve, the region to the right and above 
the curve represents safe over-design, since it has more 
material than it needs, whereas the region below and to the 
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left is a failure. Therefore, if a particular curve dominates 
a region which lies below and to the left, it represents a more 
critical design condition, and the curve below and to the left 
need not be considered further. The lightest weight design 
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of all those represented in the envelope curve can be found 
easily by drawing a line with a slope of —1 tangent to the 
envelope. A line of —1 slope defines a family of designs of 
constant weight. It can be seen that the various plots 
shown here enable one to build up an intuitive “feel” for the 
tradeoffs between combinations of parameters in the thermo- 
structural problem. As this feel improves, fewer cases need 
be considered in determining the optimum. 

The thermostructural method presented so far is restricted 
to marginally satisfactory designs, and does not contain 
factors of safety. Historically, factors of safety are applied 
only to load, but it is clear that uncertainties may arise i 
any of the parameters and theories considered in the pape! 
and to a widely differing degree. What, for example, is th: 
uncertainty in the prediction of the Venusian atmosphere, 
and how does this uncertainty affect the optimum design’ 
The method can be extended to include considerations like 
this by means of probability theory. Leeda 
Conclusions 

This paper started with a description of two missions witli 
severe thermal environments and a description of a vehicle 
which would accomplish them. The thermal and structura! 
analyses were developed and then enmeshed for a particular 
vehicle design on one part of the vehicle. The basic force 
of this method of combined thermostructural design was 
then generalized for any vehicle, any mission and any insu- 
lated structure. Although it has been stated that this 
paper is not intended to present the best overall design for 
either a Mars or a Venus entry vehicle, it is appropriate to 
show the results of work related to the sizing, shaping and 
general design of the probes in connection with two design 
questions: selection of skin materials, and selection of 
W/CpA and size. 

The method which has been illustrated here must be 
applied to many different combinations for each major 
structural element in order to select the best material combi- 
nations and thicknesses. Fig. 16 gives typical weight 
comparisons for different material combinations at W/CpA = 
70 lb per ft?, which represents an end result of the thermal] 
structural optimization procedure and puts the designer in 
a good position to select a material. 

Fig. 17 shows the variation of skin to gross weight ratio 
as a function of W/CpA for the Mars entry vehicle. The 
curve represents a family of geometrically similar vehicles 
of varying size. Skin weight in this figure includes not only 
the nose section considered thus far, but also the cylindrical 
section, flare and base. These latter weights were estimated 
by the method of this study, using appropriate thermal 
assumptions and structural requirements. The combina- 
tion of phenolic nylon on aluminum serves as a good example. 

For Mars, as W/CpA approaches zero, the skin to gross 
weight ratio goes up for two reasons: Although the lowir 
W/CpA has a smaller heat input, the increase in surface 
area overpowers this favorable effect; and although the 
loads are lower for lower W/CpA, buckling is a more severe 
problem for larger bodies, and the full savings of lower loads 
cannot be realized. 

Fig. 18 gives the same type of information for the Venus 
entry vehicle. The two curves correspond to two different 
combinations of materials, Teflon on aluminum and Refrasil 
on Thermoflex felt on beryllium. The upper curve has a 
local minimum. This shape is caused by the complicated 
interaction between opposing effects which have the following 
trends: As W/CpA decreases, total surface area goes up, 
skin gages needed to resist buckling go up, nose insulation 
thicknesses go down rapidly because of lower radiation input 
(see Fig. 6), and insulation thicknesses on other areas go 
down slowly. The lower curve shows no local minimum 
for a structure of beryllium covered with Thermoflex felt for 
insulation, and Refrasil for energy absorption by ablation. 
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See (21) for a definition and discussion of heat protection by 
ablation. 

The application of the forementioned results must take 
into account the sensitivities of the design parameters to 
various sources of thermal and structural errors. Since the 
allowable stress of the structures usually falls off rapidly with 
temperature increase above the working range, the structure 
can be completely wiped out by rather moderate thermal 
errors. The principal defense against this particular type 
of error, as an example, is to put a safety factor on the 
insulation thickness rather than to increase the required 
structural strength. These more generalized safety factors 
do not change the thermostructural method; they only 
change the numbers. 

The detailed design of probes for Mars and Venus will be 
an interesting and rewarding task for the future. The work 
shown in Figs. 16 and 17 demonstrates that the task is not 
only feasible and economical, but that it can be done with 
‘ontemporary materials such as aluminum and _ phenolic 
nylon. More advanced materials such as beryllium will 
increase the payload efficiency for more advanced tasks, 


Nomenclature 


= frontal area, ft? 7 

= drag coefficient, dimensionless 
modulus of elasticity, psi 

= acceleration of Earth gravity, 32.2 ft/sec? 
= shock detachment distance or Reynolds number length 
ion concentration, per cent 

= pressure, psi or psf 

= heat flux rate, Btu/ft?-sec 

= total heat transferred, Btu/ft? 

= nose radius, ft 

= radius, in. 

= skin thickness, in., or time, sec 
temperature, F 

= velocity, fps 

= weight, lb 

= ratio of specific heats, dimensionless 
= emissivity, dimensionless 

= flight path angle relative to local horizontal, deg 
= density, lb per cu ft 

= Stefan-Boltzmann constant (0.48 10~!2 Btu/ft®-sec-R‘), 
or stress, psi 
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Subscripts 


cr = cripping failure mode 
e = condition at entry to sensible atmosphere 


s = stagnation condition, or pertains to structure 
o = free stream condition 
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Importance of Combustion Chamber 
Geometry in High Frequency 
Oscillations in Rocket Motors 
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ners The experiments reported herein were concerned with the determination of some of the under- 


lying factors which contribute to the occurrence of transverse modes of combustion pressure oscilla- 


oP Sita. tion in rocket motors. Two rocket motors having different diameters and several different lengths 


modes. 


Y eres of experiments was recently conducted at the 
Purdue University Jet Propulsion Center for studying 
the effects of cylindrical chamber geometry upon the trans- 
verse modes of combustion oscillation in a premixed gas 
rocket motor. The study is part of a research program ini- 
tiated for studying high frequency combustion pressure oscil- 
lations while progressing from a relatively simple premixed 
gas combustion system through more complicated types of 
combustion systems and ultimately to high energy liquid 
bipropellant systems and solid propellant systems. It should 
be noted that the simple combustion system of the gaseous 
rocket motor employed in the experiments reported herein 
is in some respects different from that of either the liquid or 
the solid rocket motor. By employing such a simple com- 
bustion system (1)‘ several variables can be eliminated 
(atomization, vaporization, sublimation, ett.), so that the 
effect of a single variable can be studied. It should also be 
noted that several effects observed in the gaseous motor, 
namely, the critical lengths (2) and an interaction of the 
longitudinal and transverse modes (3), have occurred in 
liquid and solid propellant rocket motors. 

The study discussed herein employed two low-aspect-ratio 
rocket motors burning a gaseous hydrocarbon fuel and air 
which were thoroughly mixed prior to their injection. The 
experimental rocket motors had inside diameters of 7 and 14 
in. The lengths of the combustion chambers of both motors 
were increased from 2 to 12 in. in 2-in. increments by adding 
spacers. The 14-in. diameter motor was also operated with 
two additional lengths of 15 and 18 in. The nozzle throat 
diameter was 0.500 in. for all the tests reported herein. In- 
strumentation and other apparatus details may be found in 
(1 and 4). 
Experimental Results for Methane and Air ier 
The effects of changes in the combustion chamber diameter 
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were employed in the experiments using a gaseous hydrocarbon fuel and air as propellants. The 
investigation indicated that changes in the aspect ratio and volume of the rocket motor combustion 
chamber had a profound effect on the incidence and amplitude of the transverse modes. These 
effects were modified by interactions of the transverse modes with the longitudinal mode. The 
transverse modes present in the experiments were determined to be the “‘spinning”’ and the radial 


and length are illustrated in Fig. 1 where equivalence ratio is 
plotted as a function of combustion pressure with combustion 
chamber length as a parameter. The figure presents a series 
of typical instability regions for the transverse mode in the 7- 
in. diameter motor. Each curve for a particular length (2 
through 12 in.) separates the regions of oscillatory combustion 
of the transverse mode (to the right of the curve) from either 
steady combustion or no combustion (to the left of the 
curve). Thus, it can be seen from Fig. 1 that for a 2-in. 
long motor burning methane and air at an equivalence ratio 
of 1.0 the combustion will be unstable in the transverse mode 
for any steady chamber pressure over 45 psia. 

The curves show that the instability regions for the trans- 
verse modes progress steadily toward higher chamber pres- 
sure with increasing chamber length. That is, an operating 
condition that produces transverse oscillations in the 2-in. 
long motor may produce steady combustion for the 4-in. long 
and longer motors (see Fig. 1). Basically, the same conclu- 
sions apply to the instability regions for the transverse modes 
of the 14-in. diameter motor configurations, although the toes 
of the instability regions of the respective lengths occur at 
higher steady chamber pressures. It should also be pointed 
out that 14-in. diameter motors having combustion chamber 
lengths of 15 and 18 in. were operated, but no pressure oscilla- 
tions of the transverse modes were observed at chamber 
pressures below 200 psia for either of those lengths. 

Fig. 2 is a plot of the maximum peak to peak amplitude 
of the pressure oscillations of the transverse modes as a 
function of chamber pressure for each length of the 7-in. 
diameter motor. This figure illustrates the decrease in ampli- 
tude of the oscillations as the motor length increases. In the 
14-in. diameter motor the amplitudes are smaller but the trend 
is the same. 

Fig. 3 depicts the effect of the length of the combustion 
chamber upon the amplitudes of the combustion pressure 
oscillations of the transverse modes at a constant chamber 
pressure of 160 psia for both diameter motors (7 and 14 in.). 
The trend of the amplitude curves is the same for both di- 
ameter motors. 


Experimental Results for Ethylene and Air 


Fig. 4 illustrates the relative positions of the instability 
regions for the transverse modes for chamber lengths 2 through 
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Fig. 1 


7-in. diameter motor. Fig. 4 is similar to Fig. 1 


12 in. of the 
except that it is drawn from data for the propellants ethylene 


and air. For the lengths 2 through 8 in., the toes of the 
instability regions progress toward higher chamber pressures 
as was noted for the propellant combination of methane and 
air. At the 10-in. length, however, the toe of the instability 
region shifts to a lower chamber pressure, but the instability 
region for the 12-in. length again occurs at a higher chamber 
pressure.’ The shift of the instability region is also evident 
for the 14-in. diameter motor. In that case, however, it 
occurs at the 12-in. length. It should also be noted that the 
instability regions for ethylene-air (see Fig. 4) are larger than 
those for methane-air (see Fig. 1). 

Fig. 5 illustrates the amplitudes of the pressure oscillations 
of the transverse modes as a function of the combustion cham- 
ber length at a steady chamber pressure of 160 psia. Those 
curves, plotted for both the 7- and 14-in. diameter motors, 


* The shortest chamber length at which the transverse mode 
instability region shifts to a lower chamber pressure will be 


referred to as the “shifted length.” 
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Fig. 2 Amplitude of pressure oscillations of the transverse mode 
vs. steady combustion chamber pressure for methane-air 
propellants 
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Transverse mode instability regions for methane-air propellants 
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illustrate the amplitude shifts* which occur for each of those 
motors. For the 7-in. diameter motor there is a slight in- 
crease in amplitude for the 6-in. chamber length, whereas for 
the 14-in. diameter motor, a slight amplitude shift occurs at 
the 8-in. length with a major shift in amplitude at the 12-in. 
length. It should be noted that no amplitude shift occurred 
for the methane-air propellant combination (see Fig. 3). 

For the longer motors a significant difference was observed 
between the amplitudes of the pressure oscillations of the 
transverse modes measured near the injector end of the com- 
bustion chamber and those measured near the nozzle end of 
the motor. Those near the nozzle end are smaller, as one 


‘ The amplitude shifts are changes in the previous trend of 
— amplitudes of the pressure oscillations w ith increasing 


length. 
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Fig.3 Amplitude of pressure oscillations of the transverse mode 
vs. combustion chamber length for methane-air propellants 
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Fig.5 Amplitude of pressure oscillations of the transverse mode 
vs. combustion chamber length for ethylene-air propellants 
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Fig. 6 Relative amplitudes of pressure oscillations of the trans- 
verse mode measured at the injector and nozzle ends of the motor 


Combustion chamber length 


could expect. Fig. 6 depicts the relative amplitudes of the 
oscillations at the nozzle end and the injector end versus 
combustion chamber length as measured in the 14-in. diame- 
ter motor. The relationship illustrated in Fig. 6 is approxi- 
mately the same for the 7-in. diameter motor as well as for 
the methane-air propellant combination in both motors. 

Although the instability results presented are for the trans- 
verse modes of oscillation, steadily propagating longitudinal 
modes were also observed in the 7-in. diameter motor at 
chamber lengths of 8 in. (L/D = 1.14)’ and above; they were 
observed in the 14-in. diameter motor at chamber lengths of 
12 in. (L/D = 0.86) and above. Transient type longitudinal 
modes, which will be discussed later, were also observed in 
shorter lengths of the 14-in. diameter motor. 


hee 
Discussion of Results as 


An explanation of some of the pee is suggested by the 
consideration of a possible mechanism for initiating and 
sustaining the pressure oscillations of the transverse mode. 
The mechanism was proposed originally for the longitudinal 
mode in (5), and is supported by the experimental evidence 
presented in (6). In substance, the proposed mechanism 
states that in a combustion chamber a pressure wave is 
initiated by some pressure disturbance and the subsequent 
passage of the pressure wave through burning and unburned 
propellants adiabatically compresses these hot gases. The 
increased temperature and pressure of the gases cause an 
accelerated chemical reaction rate (or heat release rate) 
behind the pressure front which drives and sustains the 
pressure wave. The amount of energy supplied to the pres- 
sure wave depends somewhat upon the chemical reactants 
(7); in this case the ethylene-air combination supplies more 
than methane-air. As has been stated, that mechanism was 
employed (5) to explain the existence of the lower critical 
length and to postulate the probable existence (1) of the 
upper critical length. The lower critical length of the longi- 
tudinal mode was defined in (5) as the combustion chamber 
length below which a longitudinal mode cannot exist. Above 
the lower critical length it is possible for a longitudinal mode 
to exist. As reported in (5), the critical length for ethylene- 
air propellants is 6 in.; for methane-air propellants, it is 11 
in.; these results were obtained using a 32-in. diameter 
motor. 

Whether the initiated longitudinal mode sustains itself 
or is damped out depends largely upon whether the geometry 
favors the propagation of that mode. In some cases with 
large diameter motors, the longitudinal mode triggered a 
transverse mode. The geometry evidently favored the latter 
mode; it received the predominant part of the driving energy ; 
and the longitudinal mode was damped out even though the 
lower critical length had been exceeded. At chamber lengths 
below the lower critical lengths, however, no longitudinal 
modes were observed. For ethylene-air propellants at cham- 
ber lengths between the lower critical length and a length to 
diameter (L/D) ratio of approximately 1.0, weak longitudinal 
modes were initiated but promptly died out; these are re- 
ferred to as transient-type modes. Above an L/D ratio of 
approximately 1.0, self-sustaining longitudinal modes were 
observed. For methane-air propellants, weak, self-sustaining 
longitudinal modes were observed in the 12-in. long, 7-in. 
diameter motor; in this case, the lower critical length was 
exceeded and the L/D ratio was greater than 1.0. 

One of the effects of the interaction between longitudinal 
and transverse modes is the so-called instability region shift, 
which occurred at the 10-in. length of the 7-in. diameter motor 
(see Fig. 4) and the 12-in. length of the 14-in. diameter motor 
when burning ethylene-air propellants. The suggested ex- 
planation is based on the fact that, at a motor length only 
slightly longer than the critical length for the longitudinal 


7 The L/D ratio is the ratio of the length to diameter. 
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mode, longitudinal modes (either transient or self-sustaining) 
were observed. At an increased motor length, the fore- 
mentioned longitudinal mode increases in amplitude until it 
eventually “triggers” (supplies an initial pressure disturbance 
for initiating) the transverse modes at chamber pressures 
lower than those at which the transverse modes would nor- 
mally occur. 

Another effect influenced by the existence of the lower 
critical length is the amplitude shift. The mechanism causing 
the amplification of the peak to peak amplitude of the os- 
cillating pressure waves at a certain length is not completely 
understood, but it is believed that transient longitudinal modes 
bring the unburned propellants to a high state of preparation 

8) prior to combustion. With the subsequent passage of the 
transverse mode pressure wave, the local temperature and 
pressure are raised to higher values than would normally be 
possible without the prior preparation. This increases the 
heat release rate above its normal value behind the transverse 
wave front, thereby supplying additional energy to the wave 
ibove that which it ordinarily would receive in passing through 
1 combustion zone without the transient longitudinal mode 
present. Repeated interactions further amplify the trans- 
verse wave until a balance between driving forces and damp- 
ng forces has been reached once again. It is believed that 
this effect is primarily a geometry effect although the chemistry 
of the propellants has an influence (7). Crump and Price (3) 
indicate that in solid propellant motors the modes interact to 
zive catastrophic changes in the burning rates when the ge- 
ometry is such that the frequencies of the longitudinal and 
transverse modes are equal. For the cases reported herein 
the frequencies are equal when the maximum amplitude shift 
occurs. 

In the 14-in. diameter motor burning ethylene and air, 
the amplitude shifts occurred in lengths where the longitudinal 
mode occurred repeatedly. The first shift occurred at the 
8-in. length, which was only slightly longer than the critical 
length (6 in.) for the longitudinal mode. Thus, this shift is 
attributed to the interaction of a weak longitudinal mode with 
the transverse mode. The major amplitude shift occurred at 
the 12-in. length where the longitudinal and tangential fre- 
quencies are approximately equal. 

In the 7-in. diameter motor burning ethylene and air, it 
so happened that the chamber diameter closely corresponded 
to the critical length for the longitudinal mode. Thus, the 
transient longitudinal mode occurred only in the 6-in. length 
motor with sufficient initial energy content to cause an 
amplitude shift for the transverse mode. No amplitude shift 


idm 


was observed when burning the methane-air propellants in 
either diameter motor. The fact that the instability region 
and amplitude shifts occurred for ethylene-air propellants 
and not for methane-air propellants is attributed to the high 
reactivity of ethylene as compared with methane. This is 
discussed in (4 and 7); the scope of this paper is limited to the 
geometrical effects. 

It should be observed that a motor having a chamber 
length smaller than the lower critical length cannot have an 
interaction between the modes since the longitudinal mode 
cannot exist. 

The other effects were independent of the lower critical 
length because the lengths employed in the experimental 
program were either less or greater than the critical length. 
For all the motor configurations having lengths shorter than 
the “shifted length’? and burning ethylene-air propellants, 
the instability regions gradually moved to a higher chamber 
pressure with increasing chamber length (see Fig. 4). Thus, 
because of the shift to higher pressures (more dense unburned 
propellants have more available energy per unit volume), 
it appears that more energy per unit volume is required for 
sustaining a transverse mode of a given amplitude as the 
chamber length (or volume) increases. This probably ex- 
plains the observation that the amplitudes of the pressure 
oscillations in the motor configurations considered above 
decrease with increased length (volume) for a fixed steady 
chamber pressure; that is, for unburned propellants of con- 
stant density (see Fig. 3). 

For combustion chamber lengths greater than the ‘‘shifted 
length” in motors burning the ethylene-air propellants, the 
instability regions move toward higher chamber pressure with 
increasing length because the fixed amount of available energy 
must be divided between the transverse and longitudinal 
mode oscillations, both of which exist since the length is. 
greater than the critical length. As a result, more dense 
unburned propellants must be supplied to drive both modes — 
and, hence, the higher chamber pressure. The longitudinal — 
mode oscillations increase in amplitude with increasing length, | 
because the longitudinal mode is evidently favored by the > 
geometry. Therefore, it receives a greater share of the avail- — 
able energy. It should be noted, however, that the _— 
tudinal mode oscillations eventually reach a limiting ampli- 
tude which is to be expected (5). 

The local concentrations of available energy within a com-_ 
bustion chamber have a bearing on the distribution of the 
amplitudes of pressure oscillations. For the longer com-_ 
bustion chambers, the concentration of unburned reactants | 
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is larger near the injector end of the motor where more 
energy is available (9) to drive the transverse wave fronts. 
As the gases move toward the nozzle end of the motor, the 
concentration of unburned reactants decreases and the con- 
centration of burned combustion products increases. Thus 
at the nozzle end, the energy released is considerably smaller 
than at the injector end, and consequently, as one would 
predict, the amplitudes of the oscillations are smaller (see 


Fig. 6). 


It has been observed that the critical length for the longi- 
tudinal mode as reported in (5) plays an important role in 
determining the length for which the transverse modes will 
be initiated and amplified. That is, at lengths greater than 
the critical length, the transverse mode may be initiated at a 
steady combustion pressure below which it normally occurs. 
In addition, for existing transverse modes, an interaction 
between them and the longitudinal mode takes place which 
causes an increase in the peak-to-peak amplitudes of the trans- 
verse mode pressure oscillations over those without the ex- 
istence of the longitudinal mode. It appears reasonable, 
therefore, to conclude from these effects and those of (6) that 
the mechanisms producing the oscillations (5) of the longi- 
tudinal and transverse modes are similar. 


re. 


NCREASING attention to lifting hypersonic configura- 
tions which have improved aerodynamic efficiencies has pro- 
vided added impetus to the further development of suitable 
theoretical solutions for the flow field about such shapes. 
This paper is devoted primarily to a review of recent progress 


__ Presented at the ARS Semi-Annual Meeting, Los Angeles, 
Calif., May 9-12, 1960. 
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The prediction of pressures in inviscid hypersonic flow with attached shock waves is the subject 
of the theoretical and experimental investigation which is reviewed herein. Characteristic features 
of inviscid hypersonic flow are discussed as in introduction to the theoretical methods of interest. 
Major emphasis is placed on the extension of thin shock layer theory to conical configurations of 
smooth, but otherwise arbitrary, cross section. In addition, the improvement of the two-dimen- 
sional shock expansion method is considered to account for reflection of characteristics from bow 
shock and vorticity layer. An approximate method for numerically integrating the conical flow 
equations for flat plate delta wings is also proposed. Very brief mention is made of recent efforts 
to extend shock expansion theory to three-dimensional flows over planar bodies, and to calculate 


in several areas of inviscid an flow theory and related 
experiments; the characteristic features of hypersonic flow 
which bear relationship to the theoretical work are also dis- 
cussed. Although our main interest will be in the prediction 
of surface pressures under conditions where viscous interac- 
tion effects do not play a major role, an important by-product 
of improved inviscid solutions is that they permit increased 
accuracy in boundary layer calculations. 

The major emphasis in this review is placed on an extension 
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of thin shock layer theory to conical configurations of smooth, 
but otherwise arbitrary, cross section. This presentation 
includes a discussion of the problems involved in obtaining a 
uniformly valid solution for the flow properties within the 
shock layer. In addition, we will briefly consider the im- 
provement of the two-dimensional shock expansion method to 
vecount for first reflections of the Mach waves from the bow 
shock and from the vorticity layer, touching on very recent 
fforts to extend the shock expansion theory to three-dimen- 
sional flows over planar bodies (incorporating effects of local 
variation in incidence or sweep). We will also indicate an ap- 
oroximate, semi-empirical method for obtaining a numerical 
solution of the exact conical flow equations for flat plate delta 
wings, noting some recent progress toward a rational solution 
for the flow about conical wing-body combinations having a 
sharp corner at the wing-body juncture. 

The basic shapes which we will consider have shock waves 
ittached to the leading edge. Solutions for the flow around 
hese shapes will exhibit most of the characteristic features of 
flows around similar shapes having slightly blunted apices 
ind leading edges. Indeed, these solutions provide us with 
the asymptotic result for the blunted leading edge problem. 
By eliminating the various specific effects of bluntness, we 
simplify to some extent the theoretical work and the task of 
interpreting experimental results. Thus, this approach 
seems a logical first step in the development of theories for 
more generally shaped bodies. In the absence of a uniformly 
valid solution, the designer can resort to an empirical match- 
ing of a blunted leading edge solution (locally) to a sharp lead- 
ing edge solution (asymptotically). A logical aim-.of later in- 
vestigations would be to put such a matching on a rational 
basis. 

Blunt body problems will not be discussed per se, except 
to the extent that crossflow stagnation regions must be con- 
sidered in the attached shock solutions. A great deal has 
been accomplished by many researchers working on the blunt 
body problem, and considerable stimulus has been given to 
this work by such developmental activities as the design of 
re-entry nose cones. A discussion of many of the available 
references is presented by Hayes and Probstein (1)?. 


Characteristic Features of Inviscid Hypersonic 
Flows 


Before proceeding with the theoretical discussion, it is per- 
tinent to review a few of the distinguishing features of inviscid 
hypersonic flow, since the simplifying assumptions employed 
in the various hypersonic theories result directly from them. 
For a flow to be considered hypersonic it must, of course, be 
characterized by a Mach number which is large; just how 
large depends on the particular subject of investigation. If 
one is primarily interested in studying the thermochemical 
aspects of the flow, for example, it is the total energy of the 
free stream which is of importance. In this instance, one 
may require a somewhat higher free stream Mach number 
than is often considered the lower limit for hypersonic flow in 
investigations where the hydrodynamic effects are predomi- 
nant. In either case, the body shape and the flow field of 
interest play a major role in determining whether or not the 
flow may be considered to be hypersonic. In the develop- 
ment of the theories discussed here, we are primarily in- 
terested in flight Mach numbers in excess of about 5. The 
assumption that the free stream Mach number is large com- 
pared with unity is implicit in all theories specifically appli- 
cable to hypersonic flows. 

As the free stream Mach number increases, the shock waves 
about a body are swept increasingly closer to the body sur- 
face. That the shock lies close to the body is apparent, for 
example, in Fig. 1, which is a schlieren photograph taken of a 


? Numbers in parentheses indicate References at end of paper. 
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Fig. 1 Schlieren of flow over flat plate at nominal Mach number 
of 13 at 15-deg angle of attack 
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Fig. 2 Variation of shock layer thickness with Mach number 


flat plate at Mach ~13 and 15 deg angle of attack in the — 
Grumman hypersonic shock tunnel (stagnation pressure 1000 _ 
psi, stagnation temperature 1650 K). The shock layer thick- — 
ness measured in terms of A@, the angle between the shock — 
wave and the body surface (and hence including the boundary | 
layer displacement thickness), is approximately 53 deg (in- 
viscid value ~5 deg). The rapid thinning of the shock layer 
with increasing Mach number is shown graphically in Fig. 2 
for wedges and cones of 15 and 40 deg semivertex angles, as- 
suming a perfect gas with the ratio of specific heats y equal to 
1.4—using NACA tables (2). The influence of real gas ef- — 
fects in diminishing the thickness of the shock layer even 
further will be discussed shortly. In addition to providing an 
extremely powerful tool for the development of simplified 
theories, the existence of the thin shock layer requires modi- 
fication of the shock expansion method, under certain condi- 
tions, to account for the increasing importance of the Mach 
waves reflected from the bow shock. 

In general, the shock layer is noticeably thicker over those 
portions of the body which are less inclined to the incident 
flow. For the shapes which we consider here, when the upper 
surface is wholly at negative incidence, no identifiable shock 
layer exists. However, in such cases the upper surface pres- 
sure coefficients are completely negligible in comparison with 
those on the lower surface. 

Although the shock wave about any given body becomes 
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more oblique to the flow with increasing Mach number, the 
strength of the shock, which for a perfect gas is a direct func- 
tion of the Mach number normal to the shock, becomes 
greater. Associated with this increasing shock strength, 
we find small values of ¢€, the ratio of the density in front of 
the shock to the density behind the shock (€ = p./p,). This 
is demonstrated in Fig. 3 for flows through a normal shock and 
through the oblique shock attached to a 15-deg wedge. The 
assumption that ¢—> 0 is basic to the Newtonian theory; the 
less stringent assumption that « becomes small is basic to 
the thin shock layer theory. It should be noted that, since 
the thickness of the shock layer is inversely proportional to 
the density behind the shock, the shock layer is thin when e¢ is 
small. 

The influence of the so-called real gas effects resulting from 
molecular vibrational excitation, dissociation and ionization 
effects is also shown in Fig. 3 for an assumed flight altitude 
of 150,000 ft [using Feldman’s shock tables (3)]. The 
general effect is to diminish the value of € noticeably, particu- 
larly for the larger shock wave inclination angles. This ef- 
fect results in a marked reduction in the shock layer thickness 
as indicated in Fig. 2 for the 40-deg wedge and cone and in 
Fig. 4 for the 40-deg cone at various flight altitudes. Also 
plotted in Fig. 4 are curves for a perfect gas with constant 
y = 14and1.2. A reduction in y from 1.4 to 1.2 results in a 
thinning of the shock layer by a factor of approximately 
50 per cent. Over a major part of the flight envelope of in- 
terest here, the ‘“‘effective’’ value of y appears to lie between 
1.2 and 1.3. Although the shock layer thickness appears 
quite sensitive to real gas effects, it does not necessarily follow 
that the pressure on the surface of the body is equally as sen- 
sitive. In fact, for our example of the 40-deg cone, Fig. 5 
shows that the pressure changes very little with large changes 
in y. In Figs. 2-4, the curves for the “‘real gas’’ flow over the 
cone have been obtained by an approximate theory developed 
by Brook (4) for cones at hypersonic speeds. 

In the shock expansion and the thin shock layer theories dis- 
cussed here, the equations are formulated to treat a real gas; 
this results in very little additional complication in the theo- 
retical development, although the additional computational 
complexity is rather significant. Relaxation times other than 
zero (thermodynamic equilibrium) or infinity (frozen flow) 
are not taken into account in this work. 

The fact that the perturbed flow field lies quite close to the 
body and that the Mach lines in this flow field are highly 
swept means that we must generally deal with gradients of 
flow properties across the shock layer which are large in com- 
parison with the gradients along the layer. This considera- 
tion plays a rather significant role in the development of the 
hypersonic thin shock layer and the small-disturbance theories. 
The situation at hypersonic speeds is quite different from that 
at extremely low supersonic Mach numbers, where we find 
just the reverse to be true, so far as the relative orders of 
magnitude of the gradients are concerned. At the lower 
supersonic speeds, the Mach lines and thus the disturbances 
propagate in directions which are more nearly normal to the 
flow. 

Another characteristic of the flow associated with the shock 
lying close to the body is that the shock is frequently highly 
curved. This curvature results either from curvature of the 
body (the shock shape at hypersonic speeds being generally 
quite sensitive to changes in body contour) or indirectly to 
the interaction effect of the boundary layer (producing effec- 
tive body curvature). At a point immediately behind the 
shock, the value of the entropy, which is constant along the 
streamline from that point, is directly related to the local 
shock angle. The vorticity in the flow is dependent on the 
entropy gradient normal to the streamlines, according to 
Crocco’s vorticity law, and is thus a function of shock wave 
curvature. Consequently, the highly curved hypersonic 
shocks generate large entropy gradients in the flow behind 
them, usually in the immediate vicinity of the body, and thus 
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the flow is frequently highly rotational. We will be concerned 
with the correction to the two-dimensional shock expansion 
method required to account for the effect of reflections of 
Mach lines from the vorticity lines in the entropy layer. In 
any given problem, this entropy (or vorticity) layer may be 
generated by curvature of the shock wave in the longitudinal 
direction (i.e., in the meridional plane). However, we will 
encounter another geometry where the entropy layer is im- 
portant, namely, in flows over conical configurations at angle 
of attack where the shock wave curvature of interest is in the 
lateral direction (i.e., in the transverse plane). Thus, as 
fully discussed by Ferri (5), the crossflow streamlines, each of 
different entropy, create an entropy layer as they wrap around 
a circular cone converging to a nodal point singularity in the 
plane of symmetry at the top (e.g., the small angle of attack 
case shown in Fig. 6). The resulting entropy gradients 
normal to the conical body occur at lower supersonic speeds 
as well, although perhaps not quite so strongly. Entropy 
gradients associated with blunting of the apex or leading 
edges of the body will obviously not be involved in the present 
work. 

The simplification of the differential equations of hyper- 
sonic flow, by whatever suitable means chosen, invariably 
leads to a set of equations that are still nonlinear. From 
the theoretical standpoint this nonlinearity is one of the most 
important features of hypersonic flows. Because of the non- 
linearity of the equations, closed form solutions for the flow 
properties are unavailable except for a few special cases, and 
we must thus resort to numerical integration of the simplified 
equations. In many instances this is not so great an addi- 
tional inconvenience as it might seem, since the inclusion of 
real gas effects in the calculations requires a numerical solu- 
tion in any event. Owing to the increased importance of 
nonlinear effects, the method of characteristics and the closely 
related shock expansion method find greater application at 
hypersonic speeds. 

Small-disturbance flow theory is based on the assumption 
that the maximum inclination of the body surface 6,, relative 
to the free stream, is exceedingly small. For small to moder- 
ate supersonic Mach numbers we are thus able to assume 
perturbation velocities which are small compared with speed 
of sound, or that M.6, «1. At hypersonic speeds however, 
M..> 1, and M.6, = 0 (1). Thus the linearized flow equa- 
tions, which result from application of the small disturbance 
assumption at small to moderate supersonic Mach numbers, 
no longer apply at hypersonic speeds. Physically, this may 
be seen by noting, for example, that the free stream Mach 
lines, along which disturbances propagate according to linear 
theory, become so highly swept that they penetrate the body; 
this is true when M.6, > 1. We note also that, since the 
flow is rotational as mentioned before, the velocity potential 
used in the linear equations no longer exists. Nor can we cor- 
rectly continue to satisfy the body boundary conditions along 
some mean surface, as is done in linear theory, because of the 
large gradients in the flow. 


Wing-Body ‘‘Interference”’ 


With the breakdown of the linear theory, we lose the ability 
to superimpose solutions of the flow equations. Thus, the 
concept of the interference effect as developed in the linear 
supersonic theory, whereby the interference, calculated sep- 
arately, is simply added to the disturbances generated indi- 
vidually by the configuration components, no longer applies. 

We may recall that, at moderate supersonic speeds, inter- 
ference pressure fields may be employed to reduce zero-lift 
drag (of the wing) or drag due to lift [e.g., see Ferri (6), Niel- 
sen (7), Lomax and Heaslet (8), or Scheuing, Hopkins and 
Lang (9)]. At higher Mach numbers, the wing zero-lift 
wave drag makes a relatively minor contribution to the total 
configuration drag. Significant zero-lift drag reduction by 
the use of interference effects can then generally result only 
by operating on the body drag (for example, by employing a 
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Fig.6 Sketch of streamline pattern about circular cone at small 
angle of attack 


ring-wing). With more normal wing-body combinations, 
however, it appears that the only reasonable possibility for 
improving aerodynamic efficiency by the use of inviscid 
interference effects is by reducing the drag due to lift. 

As Mach number increases, the importance of positive 
pressure coefficients (which, for a perfect gas, approach a 
limiting value in the range 1.8 to 2, depending on the value 
of y) completely overshadows that of the negative pressure 
coefficients (which approach zero as M..— ©). Hence at 
high Mach numbers, inviscid wing-body interference is de- 
rived primarily from the interaction of positive pressure fields. 
In view of the large wing area needed for efficient flight at 
extreme altitudes, configurations having the body slung under 
the wing have been considered by various researchers [e.g., 
see Eggers and Syvertson (10)] with an eye toward using the 
body generated high pressure field to produce interference 
lift on the wing. 

A simplified configuration of this type consists of a flat plate 
delta wing with a half-cone slung underneath. It is not our 
intention here to investigate optimum combinations; indeed, 
it is pointless to engage in such an investigation unless we 
also consider viscous effects, since viscous interaction, fric- 
tion drag and aerodynamic heating will generally play signifi- 
cant roles in the determination of the most efficient shape 
[e.g., see (11)]. Thus, we consider this particular configura- 
tion merely to provide us with a model about which we may 
make a few pertinent remarks. It should be noted, inciden- 
tally, that because of the insignificant pressures on the shielded 
upper surface of any configuration, a substantial volume may 
be carried there without large drag penalty. 

To simplify the calculations involved, the wing has been 
set at zero incidence to the free stream; for our purposes, no 
loss of generality will result. The inviscid interference effect 
is now simply obtained by integrating the disturbed pressure 
field about the body, over that portion of the wing which lies 
within the shock layer. As we have discussed, the shock layer 
thins noticeably with increasing Mach number, so that the 
interference effect is considerably reduced. Consequently, 
except for quite slender bodies (see Fig. 7), the relative im- 
portance of the interference effect to the lift on the half-cone 
is quite small at hypersonic Mach numbers. Even for the 
slender configurations, however, the inviscid interference ef- 
fect diminishes rapidly with increasing Mach number. As 
previously noted, the influence of real gas effects, as reflected 
in reduced y, is to produce an even thinner shock layer with- 
out appreciably changing the pressures in the shock layer; 
thus the interference is reduced still further at higher Mach 
numbers. 

There is yet another important factor which should be men- 
tioned in this discussion of hypersonic wing-body interaction— 
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_ the importance of boundary layer interaction with the ex- 


ternal flow. Reference is made here to some very recently 
measured, and thus not yet fully explained, pressure distribu- 
tions. These measurements were made in the AEDC von 
Kaérmén Facility at a Mach number of 8. Fig. 8 presents 
the transverse pressure distributions on a flat plate delta wing 
of 50-deg sweep with an underslung 12.5-deg half-cone. 
Pressures measured at two different stations (6.5 and 11.5 
in. from the apex) are plotted for the case of zero angle of at- 
tack. The abscissa used here is the arc length measured out 


along the surface from the plane of symmetry, nondimen- 
sionalized with respect to the radius of the cone. ee 
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Fig. 8 Pressure distribution on delta wing with half-circular- 


cone body at Mach 8 (a = 0 deg) 


We note first of all that the flow is quite conical. How- 
ever, at the wing-body juncture, and for that matter for some 
distance out on the wing, there is a noticeable difference be- 
tween the measured pressures and those predicted by inviscid 
flow theory. This difference is apparently caused by a com- 
bination of interaction effects associated with the flow in the 
corner formed by the wing-body juncture. 

If this flow were symmetric with respect to the corner, we 
would expect a noticeable increase in the boundary layer dis- 
placement thickness at the corner and along both walls im- 
mediately adjacent to it. The pressure in the vicinity of the 
corner would then be increased as a result of the symmetrical 
thickening of the boundary layer and its interaction with the 
inviscid flow. For the case of the wing-body at zero angle of 
attack, however, the flow is strongly asymmetric with respect 
to the corner. The predominant contribution to this asym- 
metry is the high pressure field neighboring one wall of the 
corner, namely, the conical body, with the associated shock 
wave positioned very close by. Secondary contributions to 
the asymmetry are provided by the curvature of the conical 
body and the shock wave. The high pressures in the shock 
layer cause a significant flow in the boundary layer away 
from the corner and out on to the wing, thickening the wing 
boundary layer and strengthening the weak compression 
waves generated by it. Viewed in the plane normal to the 
body shock, this reverse flow can be likened to the shock in- 
duced separation in front of a step in supersonic flow, with 
the additional complication that the large flow component 
parallel to the shock causes the reverse flow streamlines to be 
helical rather than closed loops. 

Applying this reasoning to the case of Fig. 8, we observe 
that, as the corner is approached from the body side, the pres- 
sure initially rises considerably above the prediction of in- 
viscid theory, probably as a result of the thickening of the 
boundary layer. However, the venting effect due to the out- 
flow of the boundary layer, as described previously, predom- 
inates in the immediate vicinity of the corner with the result 
that the shock is weakened and the pressures drop below the 
inviscid predictions within the shock layer but are higher for 
several shock layer thicknesses out on the wing. 

It should be pointed out that the pressures which we are 
considering here are quite sensitive to changes in “effective’’ 
body shape. For example, estimating local pressures by the 
tangent-cone method, we find that the 30 per cent increase in 
pressure which occurs initially as the corner is approached 
from the body side may be obtained by an increase in the 
“effective” cone shock angle of about 14 deg. Similarly, the 
reduction in pressure in the shock layer could result from a 
reduction in the cone shock angle by about 2 deg. This re- 
duction may be brought about by a curving in of the shock 
toward the corner as a result of the mechanism described 
above. 

Some evidence of the existence of such a shock layer shape 
is presented in Fig. 9, a vapor screen photograph taken during 
the course of the experiments at AEDC. The model is at an 
angle of attack of approximately 5 deg; it has been rolled 
slightly so that the light screen reflects from the underside of 
the wing as well as from the side of the body. The light 
screen for this photograph was located at 50 per cent of the 
body length from the apex. The free stream is cold, and the 
condensed particles in it reflect light shining through a slit 
located at the left (out of the picture). The compression 
region under the wing is observable as a brighter area because 
of the greater density of condensed particles. The hotter 
boundary layer on the wing surface evaporates the particles 
in the stream with the result that no light is reflected and the 
region is dark. Similarly, the flow behind the body shock is 
relatively hot so that the shock layer is dark. However, a 
finite relaxation time for the particles passing through the 
body shock is apparent from the brightness immediately be- 
hind the shock. At the wing-body juncture we may detect. 
evidence of the cooler air in the shock layer flowing outboard 
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Fig. 9 Vapor screen photograph of flow about delta wing and 
half-cone body at Mach 8 (a ~ 5 deg) 


as part of the reverse flow in the boundary layer. Careful 

examination also reveals the curving in of the shock toward 
the body juncture. 
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Hypersonic Theory Development 


In recent years, the rapid advancement in hardware de- 
velopment has tended to outdistance research in certain areas 
of hypersonic flow theory. The fact that a great deal has 
been accomplished, nevertheless, is evidenced by the growing 
number of general treatises on the subject; perhaps the most 
comprehensive from the standpoint of basic flow theory is 
the text of Hayes and Probstein (1). Several other discus- 
sions of hypersonic flow characteristics, theories and related 
problems have been presented, e.g., Chernyi (12), Lees (13), 
Truitt (14), and Kaufman and Scheuing (15). 

In view of the great strides in aerospace vehicle develop- 
ment contemplated for the relatively near future, the designer 
has generally been forced to rely on the use of empirical pro- 
cedures for predicting pressures and forces on all but the 
simplest shapes, e.g., using modified, uncorrected Newtonian 
(see following), tangent-wedge, tangent-cone, and equivalent- 
cone [Zakkay and Visich (16)] methods. Unfortunately, 
extensive correlation with experimental data is required 
before it is possible to define generally the regions of applica- 
bility for such empirical methods, and even then they must be 
applied with some caution. 

On the other hand, one of the main advantages in the use 
of rational theories lies in the ability to estimate errors in- 
volved and thus to define proper regions of applicability for 
each of the various theories. Thus a much higher degree of 
reliability is associated with predictions of rational theories, 
and considerable savings can result from the reduction in the 
cost of wind tunnel tests directed either at developing a par- 
ticular configuration for a specific mission or at defining the 
region of applicability of an empirical method as mentioned 
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previously. Perhaps of even greater importance is the fact 
that the use of rational theories leads to a fundamental under- 
standing of the phenomena and processes involved, and that 
with any rational theory is associated a body of valuable con- 
cepts. This is only partially true in the case of semi-empirical 
“theories,” and not at all true with purely empirical methods. 

A number of rational theories are available to treat flows 
about bodies with attached shocks; two-dimensional and 
axisymmetric bodies have usually been considered. We have 
already briefly mentioned several of these theoretical methods, 
and, where applicable, the characteristic features of hyper- 
sonic flow which are employed in their development. A de- 
scription of research in progress in a few pertinent theoretical 
areas is included in the following text; in one instance, a 
semi-empirical method, which has grown out of the quest for 
a simplified rational solution for the flat plate delta wing, is 
presented. The theoretical results and numerical solutions 
discussed here will be treated in greater detail in the open 
literature, hopefully in the near future [see also (17)]. The 
related experimental results have only recently been obtained 
and have not yet been subjected to thorough critical analysis. 
However, representative samples of the data are given here to 
point out certain striking features and to provide the basis for 
a limited discussion of the correlation of the theoretical work 
with experiment. 

Nothing further will be mentioned about hypersonic small- 
disturbance theory [see Van Dyke (18) and Hayes and 
Probstein (1)] or the associated similar solutions [see Mirels 
(19)], which include strip theory and explosion theory. 
Higher order solutions for the small-disturbance theory have 
recently been developed by Waldman (and Probstein), 
(20), permitting the application of this theory to somewhat 
thicker bodies at somewhat lower speeds than covered by the 
first-order small-disturbance theory. 

Before proceeding, perhaps a few additional remarks should 
be made concerning the Newtonian theory, an extensive ex- 
position of which appears in a book by Hayes and Probstein 
(1). In its proper form, the Newtonian theory [as developed 
by Busemann (21)] provides an expression for the pressure 
at any point as being equal to the pressure immediately be- 
hind the shock plus a term to account for the centrifugal force 
effects in the shock layer. As pointed out in (1), the ballis- 
ticians have for many years employed a pressure law, based 
on Newton’s inelastic-impact model for a rarefied gas, which 
does not include the centrifugal force correction. A modified 
sine-squared pressure formula, proposed by Lees (13), has 
found widespread application as follows: The pressure behind 
the shock is evaluated using the local body angle in place of 
the shock angle; the centrifugal force correction is not in- 
cluded, and the result is modified by a multiplicative factor 
which makes the calculated stagnation pressure equal the 
actual value. We shall refer to this empirical relation as the 
modified Newtonian pressure law. ; 


Shock Expansion Method Improvement | 


The shock expansion method, as first set forth by Epstein 
(22), provides for the calculation of the pressure distribution 
on a two-dimensional airfoil having attached leading edge 
shock waves. The method accounts for the change in entropy 
through the shock at the leading edge, and calculates the 
pressure distribution by assuming a series of Prandtl-Meyer 
expansion waves emanating from the surface. The effects of 
reflections of these Mach waves from the shock wave or the 
vorticity layer are not accounted for. In those instances 
where these effects may properly be neglected, the shock 
expansion method finds even greater utility when it may be 
employed in conjunction with strip theory. 

The basic shock expansion method has been extended to 
the calculation of the flow field about the body by Eggers, 
Syvertson and Kraus (23). Additional discussion of this 
problem is presented in the book by Hayes and Probstein (1), 
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and also in (17). The various procedures for obtaining the 
_ structure of the flow field itself will not be discussed here in 
- any detail. An approximation to the shock expansion method 
for thin airfoils at high Mach numbers is also developed in 
(23). 
Under certain conditions (thin shock layer or highly curved 
_ forebody), the influence of the reflected characteristics from 
_ the shock wave or the vorticity lines in the flow may become 
- quite significant with the result that, in many of these cases, 
the shock expansion method is seriously in error. However, 
when the reflections from the vorticity lines are roughly equal 
_ in importance to reflections from the bow shock, the uncor- 
_ rected shock expansion method may continue to give good 
accuracy simply because the outgoing expansion waves reflect 


from the bow shock as compressions and from the vorticity i 
lines as expansions with the result that the reflections tend to 


cancel. 

As discussed in (1), a significant amount of work devoted 
to the analytic improvement of the shock expansion method 
has been reported in the literature [e.g., see Mahoney (24), 
_ Mahoney and Skeat (25), Waldman and Probstein (26) and 

Kogan (27,28) ]. What we seek here is a fairly simple numeri- 
eal method to provide a first-order correction to the basic 
shock expansion theory by calculating the effect of the shock 
reflections and vorticity reflections on the surface pressure of 
a two-dimensional body. The correction is essentially super- 
imposed on the zeroth-order calculation, i.e., the basic shock 
expansion results. In certain instances, this assumed super- 
position is not fully valid so that the procedure must be modi- 
fied in some way. One obvious means is to restart the pro- 
cedure after it has been carried a distance downstream from 
the leading edge, with a revised estimate of the assumed 
zeroth-order flow field. Another is to take into account, in 
one way or another, the multiple reflections of certain strong 
wave families. 


Reflections From the Shock Wave a 


We consider here the case where the correction of primary 
importance is that due to the reflections from the bow shock. 
A basic parameter which is used here is the reflection coeffi- 
cient Rs, which measures the ratio of the strength (in pressure 
change) of a reflected wave to an incident wave. The evalua- 
tion of this reflection coefficient has been considered by Light- 
hill (29), Chu (30), Eggers, Savin and Syvertson (31), and 
Waldman and Probstein (26). We also require a geometri- 
cal parameter r which is the ratio of the spacing of incoming 
waves to the spacing of reflected waves. From Fig. 10, r is 
given by 1,/l, and can be determined as, using the oblique 
shock relation, tan (o — 6,) = € tan o 


= (1 — eVM,? — 1 tan o)/(1 + eVM,? — I tana) [1] 


= wave angle 
_ 6, = flow deflection angle immediately behind the shock 
€ = ratio of the free stream density p. to the density 
immediately behind the shock p, 
M, = Mach number immediately behind the shock 


If we let x, and w_ represent the strengths of the outgoing 
and reflected waves in units of pressure gradient, then the con- 
dition of reflection at the shock may be written 

= [2] 


Using the two-dimensional characteristic equations = 


dP = +TPd5 on dy/dr=tan(6+n) [3] 


WAVES——~ 


INCIDENT EXPANSION WAVES 


a we. 10 ) Geometrical construction ! for reflection distance ratio r 


= VM? — 1 with 7. the effective adiabatic index 
(identical to the ratio of specific heats y for a perfect 


gas) 
M = local Mach number 
P = local pressure 7. 
6 = flow deflection angle : 
# = local Mach angle 


The boundary condition at the wall provides the following 


| 
° 
5 


= r_ + I'P(d6,/ds) [4] 


The subscript b is used to denote conditions at the body sur- 


face, and s is distance measured along the body selene The 
pressure gradient on the body is 
dP,/ds = + [5] 


If we assume that m,, r_ and dé,/ds are independent of s, we 
may combine Equations [2, 4 and 5] to give 


 * 


for a plane ogive. Uncorrected shock expansion theory 
would correspond to rR, = 0. A finite difference method 
may be used for numerically integrating Equation [6]. It 
should be pointed out that this expression is valid even if 
|r®,| is not small compared with one. 

If the body curvature is proportional to s” instead of being 
constant (m > —1), we may obtain the result 


1+ri+™@, diy 
ig 


If m is small and/or r close to 1, this provides _— which 
are nearly the same as those obtained from the formula with 
m = 0. 


Reflections From the Vorticity Layer a 


In general, an outgoing wave will pass through a region 
which has a continuous variation in vorticity. By writing 
the cross-differentials of the characteristic equations, Equa- 
tion [3], and combining and integrating [see (17)], it is pos- 
sible to derive approximately, for small changes, an average 
reflection coefficient G, which measures the accumulated 
pressure reflection produced by an outgoing wave 


=  —Ty)AT + Ty) [8] 


This result represents an extension to that given in (1) for 
the reflection of a wave from a single vorticity line. The 
quantity [ in Equation [8] is evaluated outside the dis- 
tinguishable vorticity layer near the wall; in our example 
calculation, it was evaluated at the shock. 
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Thin Shock Layer Approximation 


An approximate result for a two-dimensional wing at hy- 
personic speeds can be obtained with the assumptions that the 
shock layer is thin and the body shape has only slowly chang- 
ing curvature. Thus we may write 


Try = Ty + 


where ®& is an overall reflection coefficient which will shortly 
be determined. It follows that the pressure gradient is 


[9] 
[10] 


using Equations [9, 10 and 5] evaluated at the body. Uncor- 
rected shock expansion theory would correspond to ® = 0. 

Since 6, is given, we may obtain a relation between the 
presently calculated pressure on the body and that obtain- 
able by the uncorrected shock expansion method 


0 1 R TP T,P, shock-expansion 


We must now evaluate the overall reflection coefficient ® 
for the case where both shock and vorticity reflections must 
be taken into account. We assume that the average vorticity 
reflection coefficient ®, is only slowly varying. By consider- 
ing the various reflections within the shock layer, the follow- 
ing two equations may be written 


7, [13] 


In addition we have Equations [2 and 9], and by suitable 
combination of these four equations, together with Equations 
{11 and 5] evaluated at the body, we obtain [neglecting terms 
of 0(R,*)] 


TW, = (I + Roms, 


R = + R,)/(1 + (15] 


Thus if ®, is small, R is approximately equal to rR.; if rR. 
is small, ® is approximately equal to ®,. 


Thin Shock Layer Approximation (Modified Power Law) 


Under certain conditions, an extremely simple relationship 
accounting for shock and vorticity reflections may be derived 
from Equation [12]. These conditions are that ® is a con- 
stant, and that I’, is also essentially constant. The latter 
assumption is valid in a fluid with the thermodynamic coef- 
ficient yx [see (1)] close to one and the flow locally hyper- 
sonic, which is generally consistent with the assumption of a 
very thin shock layer. We may now simply evaluate the 
integrals in Equation [12] to obtain 


where 
P = pressure behind the shock at the leading edge 
Ps.z, = local pressure obtained from the uncorrected 


shock expansion method 


Numerical Applications 


The first two examples which we will present here are cal- 
culated for a profile which is being tested in our current experi- 
mental program. As can be seen from the sketch in Fig. 11, 
this profile has a rather large amount of curvature near its 
leading edge. Unfortunately, at the time of this writing, 
exact calculations by the method of characteristics are not 
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available for comparison with the results of other calcula- 
tional procedures. 

In the first example, we have a Mach number of 8, an angle 
of attack of 20 deg and y = 1.4. In this particular case, the 
formula given by both Lighthill (29) and Chu (30), for the 
shock reflection coefficient ®, [see (1), p. 269] was used, and 
it was determined that ®, was negligible in this case. Thus 
the primary correction to the shock expansion method re- 
quired here is that due to reflections from the vorticity layer. 
Results from three different methods are presented in Fig. 11. 
In this particular case the modified power law version (re- 
quiring ®, = constant) of the thin shock layer approximation 
could not be used, since ®, varies from 0.02 initially to 0.19 
downstream. As might be expected, the effect of the reflec- 
tions from the vorticity layer is to reduce the pressures calcu- 
lated by the shock expansion method (®, neglected) as can be 
seen by comparison with the results of the thin shock layer 
approximation (Eqs. [11 or 12]). Results of the modified, 
corrected Newtonian method, based on body shape, are also 
shown for comparison. 
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Fig. 12 Calculated pressure distributions on highly curved 
profile at Mach 18, a = 0 deg and y = 1.1 
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The second example which we consider here is that of the 
same highly curved profile at Mach number 18, angle of attack 
of zero deg, and y = 1.1. In this particular case, M; is close 

to M,, and reflections from the vorticity layer are insignificant 

(R, ~ 0). Because of the high Mach number and the low 
value of y, the simple modified power law version of the thin 
shock layer approximation was employed to obtain the cor- 
rection to the shock expansion method for the reflections 
from the shock wave. The value of the shock reflection coef- 
ficient ®, was calculated from the relation resulting from the 
strong shock assumption, as given on p. 270 of (1). The effect 
of incorporating the correction to the shock expansion method 
is to increase the calculated pressure coefficients, because the 
expansion waves reflect from the shock as compression waves. 
The modified, corrected Newtonian, based on body shape, is 
included for comparison. 

Our last example is one which has already been discussed 
by Eggers, Syvertson and Kraus (23). This example is one 
of a biconvex airfoil of 10 per cent thickness with Mach num- 
ber equal to infinity, zero angle of attack and y = 1.05. The 
curves presented in Fig. 13 for the method of characteristics, 
‘the shock expansion method, and the modified, corrected 
Newtonian, based on body shape, are reproduced from (23). 
Here again, because of the large Mach number and the ex- 
tremely low value of y, we have employed the modified 
power law version of the thin shock layer approximation to 
calculate the corrections for the shock expansion pressures. 
As in the previous example, because of the high free stream 
Mach number the vorticity reflections are not significant but 
the reflections from the shock are. We see that the calcu- 
lated slope of the pressure coefficient at the leading edge 
according to the modified power law is in better agreement 
with the method of characteristics solution than is the ordi- 
nary shock expansion. A noticeable error builds up as the 
calculation proceeds downstream. This modified power law 
result can readily be improved by restarting the procedure 
at some arbitrary point downstream from the leading edge, 
with a revised estimate of the basic shock expansion solution 
(making use of the corrected values of the local flow condi- 
tions). 


Three-Dimensional Flows 


For more general geometries having varying sweepback or 
varying angle of incidence, a more complicated analysis than 
the standard two-dimensional shock expansion method is re- 
quired. In our approach to the solution of these three- 
dimensional flows over flat bodies, a method is being evolved 
which reduces to the standard shock expansion for two- 
dimensional flows. 

In analogous fashion to the two-dimensional case, a basic 
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Fig. 13 Calculated pressure distributions on 10 per cent thick 


biconvex airfoil at Mach ~, a = 0 deg and y = 1.05 Beet 
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cylindrical wedge flow is established at the leading edge. The 
associated planar, strong shock is, in general, disturbed by 
variations in sweepback or angle of incidence of the body. 
The perturbations from the cylindrical wedge flow solution 
are assumed to be infinitesimal, and the problem is linearized 
in this sense. Hence we are enabled to superimpose elemen- 
tary conical solutions to obtain the desired result. These 
small disturbances in the flow field displace the shock, creating 
entropy and vorticity changes of the first-order in the strength 
of the disturbances. The perturbation velocity, for which a 
solution is desired, has been found to be separable into two 
parts, both conical: The first is irrotational and is chosen to 
be an arbitrary solution of the classical linearized conical 
flow theory; the second describes the vorticity in the flow. 
In this treatment, boundary conditions are satisfied at the 
undisturbed shock surface, and the conical stream surfaces 
are replaced by the undisturbed conical stream surfaces. 

With the basic reference solution established at the leading 
edge, the solution is carried downstream by applying the 
principle of “local linearization.”’ This is done by calculating 
the effect of small disturbances in terms of the known local 
conditions in the flow immediately upstream of them. Spe- 
cial consideration must be given in this part of the problem to 
the interaction between the various disturbances propagating 
in the flow; this is analogous to the problem in the two- 
dimensional case of considering the characteristic reflections 
from the bow shock and the vorticity layer discussed earlier 
in this section. 


Approximate Solution of the Conical Flow mas 


Equations 


In the section following this, we will discuss the thin shock 
layer theory and its application to conical configurations with 
arbitrary cross-sectional shape. We will note that, as pres- 
ently constituted, the thin shock layer theory is limited in 
scope to configurations with smooth cross sections (i.e., slope 
continuous everywhere except perhaps at leading edges). 
Furthermore, it is restricted to configurations for which the 
density ratio across the shock, ¢, is small and is therefore not 
appropriate at the lower end of the hypersonic Mach number 
range if the angle of attack is small. For these reasons, we 
have considered the development of a rational theory for pre- 
dicting pressures on “distinct,”’ conical, wing-body combina- 
tions (such as the flat plate delta wing with underslung cone 
discussed at the beginning of this paper) at small angle of 
attack. Asa part of this work, we have been concerned with 
devising an approximate method for calculating pressures on 
a flat plate delta wing alone. As described briefly in the fol- 
lowing, an exact solution requires the determination of the en- 
tire flow field about the wing. Since our interest is in surface 
pressure distributions, our approximate solution is based on a 
simplified study of the flow in the plane of symmetry and on 
the surface of the wing. We have been successful to date 
only in setting up a semi-empirical procedure, which is de- 
scribed in this section. : 

In this treatment of conical flows, as well as that for the 
thin shock layer theory, we will be considering projections of 
the streamlines, or particle trajectories, on a spherical surface 
r (the distance from the body apex) equal constant. These 
streamline projections will frequently be referred to simply as 
streamlines; no confusion should result. It should be noted 
that the nature of the governing flow equations in any par- 
ticular region is either elliptic or hyperbolic depending on 
whether the velocity along the streamline projection is sub- 
sonic or supersonic in that region. We will also be consider- 


ing traces of shock waves and characteristic lines on the 


spherical surface r = constant. Furthermore, we will be 


_ discussing points in the flow, such as singular points, but here 


also it should be kept in mind that these points represent 
rays, originating from the body apex, which intersect the 
spherical surface r = constant at the given point. When we 
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speak of stagnation points, we refer to stagnation of the cross 
flow velocities only. 

A complete solution to the problem of the flow over the 
flat plate delta wing requires the numerical analysis of mixed- 
type conical flow fields as discussed in detail by Ferri, Vaglio- 
Laurin and Ness (82), and Ferri and Vaglio-Laurin (33). 
Complete solutions have been considered to various degrees 
in the literature [e.g., Maslen (34), Fowell (35), Bulakh 
(36) and Brook (37)]. An idea of the structure of the flow 
field surrounding the wing may be obtained by reference to 
Fig. 14. On the compression side, the sonic (parabolic) lines 
are uniquely determined by the two-dimensional flow in the 
hyperbolic region; the curved shock shape is determined 
from the solution of the flow in the elliptic region. The flow 
structure on the expansion side of the wing is characterized 
by the presence of the curved shock and/or a pseudo-elliptic 
region (bounded by the limiting characteristic and parabolic 
line) produced by the interaction between the hyperbolic and 
elliptic regions. An exact solution to the flow over the delta 
wing must take into account the properties and boundaries 
of the various regions delineated in Fig. 14, but except in ex- 
treme cases, the entropy gradients produced by the curved 
shock waves will be small and probably can be neglected with- 
out serious error. 


Approximate Solution 


The conservation equations for mass, momentum and 
energy for a perfect gas may be combined to produce the 
following well-known equation of motion governing conical 
flows [e.g., see Ferri (5) ] 


2 


The spherical coordinates and velocity components, r, 6, ¢, 
v;, ¥g and vy are employed here (see Fig. 15); a is the local 
speed of sound. The entropy equations are expressed as 


sin sin 0 op 


1 Ove 


O¢ sin sin 


Ov, 1 Ove 
? 106 sin 0 


We will consider the solution to Equation [17a] in the plane 
of the delta wing and in its plane of symmetry. Boundary 
conditions of tangential flow on the wing and of zero cross- 
flow in the plane of symmetry require that v, must be zero in 
these planes, and therefore Equation [17a] becomes 


0 + moot 0+ 
a 
[17b] 


Making use of the appropriate boundary conditions and the 
fact that 0S/08 is equal to zero, Equation [19a] reduces to 


ve = Ov,/00 [19b] 


in both planes of interest. In the plane of the wing, we ob- 
tain the additional relation from Equation [18a] that 


(0/0¢)(ve? + v7) = [18b] 


The entropy derivative does not appear here because the en- 
tire region adjacent to the wing (except at the wing centerline 


1961 


sin 609 a’ a? Lsin 0609 


@ = 


+ vy cot at [19a] 


where the entropy is singular) has constant entropy. 

With the exception of the term involving dv,/d¢, our re- 
duced equation of motion, Equation [17b], is identical to the 
equation for axially symmetric conical flow which may be 
integrated by simple techniques. Therefore if the behavior 
of this extra term, as a function of 8, can be deduced in some 
manner, the determination of the pressure distribution on the 
surface of the wing is reduced to the integration of an ordinary 
differential equation (of second-order) in the single independ- 
ent variable 0, with the term (1/sin 6)0v,/0¢ representing a 
correction for lateral effects. 


Determination of dv,/d¢ 


We will restrict the remainder of this discussion to the 
solution for the compression side of the flat plate delta wing. 
Although we have not yet found a completely rational pro- 
cedure for determining a first-order solution to the problem, 
the semi-empirical method which has been devised will hope- 
fully provide results of reasonable accuracy. At the time of 
writing of this paper, the final IBM 704 program has not been 
thoroughly checked out and thus numerical solutions are un- 
available. 

An expression is required for Ov,/O¢ as a function of @ in 
the plane of the wing and the plane of symmetry. An earlier 
attempt at this solution (17) made use of an assumed varia- 
tion for 0v,/0¢ based on an approximation to the prediction 
of linear supersonic theory. This approach unfortunately 
produced a solution which was physically inconsistent with the 
actual flow, particularly so far as streamline shapes were 
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Fig. 14 Schematic of characteristic solution for triangular wing 
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concerned. As a result, our attack here will be to prescribe 


a smooth streamline shape and thence derive the desired ex- — 


pression for dv,/O¢. 
Along any streamline 
Vp = ve sin 0(0¢/06) [20] 
We will first consider a streamline in the vicinity of the wing 
‘surface. In Fig. 16, A, is equal to the angle between the wing 
centerline and the direction of the uniform velocity in the 
hyperbolic region in the plane of the wing. The sonic line, 
6 = @y(¢), coincides with the Mach cone of angle yu, with 
its axis at 6 = \.. The streamline in the hyperbolic region 
is normal to the sonic line and thus lies along the radius g = 
¢n from the point 6 = >... We consider the streamline which 
crosses the sonic line at the point 034, gz, and assume that the 
nature of the flow pattern is such that the streamlines con- 
verge to a single vortical singularity at the centerline along 
rays ¢ = constant; thus, we have (0¢/00)s.. = 0. In 
addition, from conditions in the hyperbolic region, we know 

We make the additional a priori assumption that the slope 
of the streamline varies monotonically from its value at the 
sonic line to its value at 6 = 0. From Fig. 16, we can see 
that the streamline shape is rather well confined. The choice 
of expression representing its shape is probably not too criti- 
cal, particularly in view of the fact that our primary interest 
is in the calculation of surface pressures. A reasonable 
choice (satisfying the boundary conditions for 0¢/08) is 


006 \ 00 Jono \ On 


where m is arbitrary for the time being. 


With gy small, 04 ~ us + r.. Integrating Equation [21], 
we obtain 
m+1 Ou 


Substitution of Equation [23] into [21] and then into [20] 
produces 


[24] 


Ve = ve sin [25] 


Then, using Equation [24] with [25], we determine the de- 
sired equation for 0v,/0¢ as a function of 6 in the plane of the 
wing 
1 kyvo(9/ On)” 
1 — + 1))[1 — 


with k, defined by Equation [23] and 04; = us + A. At 
6 = 6y;, Equation [26] provides the correct relationship be- 


[26] 


tween dv,/O¢g and v9 [see (37) ] 


= 127] 


Applying similar reasoning to the streamlines traversing 
the elliptic region in the vicinity of the plane of symmetry 
from the curved shock, 0 = @,(¢), to the origin, we obtain 


1 Ov, _ 
sin@ 0g — [k26,;/(m + 1)] [1 — (0/6,;)™*+*] 
where 0,; is the shock angle in the plane of symmetry and must 


be determined by the solution. Equation [28], evaluated at 
6 = 6,;, gives 


Sin 


[28] 


where (0v,/0¢)e—0,, is given in (37) in terms of the angle and 
curvature of the shock at the plane of symmetry. Using 
wind axes (reference axis aligned with free stream and passing 


through the wing apex) 


_ (a, 
dg? 6=6 
—11— V.* cos’ vat] 130] 
wind axes 


y¥+1 #£42V.sin? 6; 

where (6.;)wina axes = 9%; + a. It is important to note that 
here and in Equation [33], the velocities are normalized, as is 
customary, with respect to the limiting velocity, Vinax 
V2yRTo/(y — 1). The result of Equation [30] may be 
transformed to the centerline-oriented coordinates which we 
are using by 


= (v0)0—6,, [cot (0; + a) — cot + [31] 


For streamlines near the wing surface (small ¢g,), it may be 
shown that [using the transformation equations contained in 
Brook (37) ] 

¢n = (us + A-)/sin pe] [22] 


and using the expressions in (37) for the velocities in the hy- 


perbolic region 


[cot us — cot (us + 


[23] 


The shock curvature (d?0,/dy?) = ¢.; is determined in (17) 
by assuming the shock to be delineated by a cubic equation, 
the coefficients of which are determined by the fact that we 
know: the location of point A in Fig. 16; the slope at that 
point (equal to the oblique shock slope); and the slope at the 
plane of symmetry (zero). In terms of 6,; 


1 _ tan 63; 
3 tan 
tan? 64 cos [32] 
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With ov,/d¢ determined in the plane of symmetry and the 
plane of the wing, we may proceed with the integration of the 
equation of motion, Equation [17b], in these planes, noting 
that 


Numerical Solution 


lim vg cot 8 = 
that 


«s @—0(asassumed). The calculation is initiated by assum- 
ing a value for @,; which can be shown to lie within a fairly 
small allowable range if the curved shock wave is not to have 
reflex curvature [see (17)]. Using the shock wave relations 
of (5) to obtain velocities behind the shock, and the derived 
relation for 0v,/0¢, Equation [28], we may integrate the equa- 
tion of motion in the hodograph plane [see (5 and 17) ] to de- 
termine a solution for v, and vg in the plane of symmetry. In 
ceneral, an iteration procedure will be required before the cor- 
ect value of 8,; is ascertained which permits the boundary 
‘ondition at the body (ve = 0) to be satisfied. 

We note that the mass flow which enters the shock through 
he area bounded by the plane of symmetry and the conical 
plane, ¢ = ¢s, must exit through that part of the spherical 
reference surface (r = constant) which is bounded by the 
lane of symmetry and the streamline from g = g, on the 
shock to the origin (see Fig. 16). The shape of this stream- 
ine is fixed by the exponent m, and hence we may employ a 
balancing of the mass flow to determine the proper value of m. 
We are thus faced with a double iteration process to solve for 
6,; and m by satisfying the body boundary condition and at 
the same time balancing the mass flow. In practice it is 
hoped that the final solution will be relatively insensitive to 
the choice of m, with a consequent saving in computational 
effort. 

As part of the final solution in the plane of symmetry, we 
calculate v, at the centerline (6 = 0), (v;.)sym and the total 
pressure ratio across the shock (Po/Po.)sym- From the solu- 
tion in the hyperbolic region, we have a different total pres- 
sure ratio in the plane of the wing (Po/Po.)» associated with 
the leading edge oblique shock. With the condition that the 
static pressure is single-valued at the wing centerline, a jump 
in v, results at this point. The value of v, in the plane of the 
wing at the centerline is (17) 


/ 


(Po/Pow)w 


Finally, the solution in the plane of the wing is obtained by 
integrating the equation of motion in the hodograph plane 
starting with the value of v, at the centerline, as given by 
Equation [33]. The solution is carried out to the immediate 
vicinity of the sonic line where the calculated distributions of 
velocity components are matched to the values at the sonic 
line, as prescribed by the solution for the hyperbolic region. 
This matching procedure will determine (again by iteration) 
the value of the exponent m in the plane of the wing. A check 
calculation must now be made to ascertain whether the mass 
flow in through the shock balances against the radial flow out 
between the wing surface and an adjacent streamline. If 
difficulty is encountered in obtaining a mass flow balance, it 
would then be necessary to replace the assumed equation for 
the streamline shape on the plane of the wing, Equation [21], 
with one which employs two unknown parameters to be de- 
termined by the solution, rather than just the single pa- 


rameter m. 


As pointed out previously, we are primarily concerned in 
this part of our research program with the development of a 
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Conical Wing-Body Combinations 


~ \ : 


Fig. 17 Shock pattern for conical wing-body at small angle of 
attack 


rational theory for conical wing-body combinations at low 
angles of attack. Savin (38) has devised a theoretical 
method for hypersonic flows about slender half-cones (circular 
cross section) mounted beneath highly swept delta wings. 
Because of the assumptions on which the method is based, it 
must, like that described previously for the flat plate ees 
be considered as semi-empirical. In light of the importance 
of the boundary layer interaction with the flow in the vicinity 
of the corner, and for several shock layer thicknesses out on — 
the wing, the correlation obtained by Savin between his in- 
viscid theoretical method and the experimental results was — 
to a certain extent at least, fortuitous. At zero angle of at-— 
tack, where we are able to calculate exactly the inviscid flow — 
about the circular cone, there occurs a rather serious error in | 
the results of the approximate solution [of (38)] for the plane © 
of the wing. 

Although the method proposed by Savin is of use in filling 
the gap where no suitable procedure otherwise exists, there is 
a continuing need for a rational theory treating this problem. | 
The shock pattern for the flow at small angle of attack is 
shown in Fig. 17. In this figure, AB is the known oblique — 
shock from the wing leading edge; BC and BD are the shock — 
segments bounding the elliptic region, and BE is the slip line | 
generated by the intersection of the shock waves at B. The © 
presence of the slip line introduces extra complication into the — 
solution. We require a means for matching the two regions | 
of different entropy (and velocity) across the slip line while — 
the boundary conditions on the body are satisfied simultane-— 
ously. Because of the importance of considering the correct — 
shock layer structure if the proper solution is to be obtained, © 
we are attempting in our experimental program to obtain — 
vapor screen photographs of the flow around the wing-body © 
combinations at a Mach number of 8. Fig. 9 is representa- | 
tive of the results of these efforts to date. 


Thin Shock Layer Theory for Conical Flows 


As the name implies, thin shock layer theory employs the © 
assumption that the shock layer is thin, and, thus, as pre-— 
viously discussed, that « « 1 (see Fig. 3) to provide a means © 
for obtaining an approximate solution to the flow equations. — 
This assumption for the magnitude of € is not nearly so strong 
as that upon which the Newtonian theory is based, i.e., «> 0 
(infinitesimally thin shock layer). Hence in practice we are — 
able to apply it to a wider range of configuration shapes and > 
flow conditions. However, we find many similarities to the 
Newtonian solution; indeed, the first-order thin shock layer > 
theory solution has the same form as the solution from the © 
Newtonian theory. 

In recent years a number of authors have developed 
higher-order Newtonian theories, including Hayes (39,40) 
Chester (41,42), Freeman (43), Fraenkel (44), Chernyi (45), _ 
Cole (46), Hayes and Probstein (1), Gonor (47,48), and Cheng _ 
(49). All of these investigations, except Gonor’s and Cheng’s, | 
were concerned with two-dimensional and axisymmetric 
flows; and all except Hayes’, Freeman’s, Hayes and Prob- 
stein’s, and Cheng’s considered a perfect gas. Both Gonor 
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(48) and Cheng (49) treated a circular cone at angle of yaw . ; 
Cheng also investigated certain general features of three-— 
dimensional hypersonic shock layers. : 


was the introduction of a stream function transformation 
which is somewhat similar to the von Mises transformation of — 
viscous boundary layer theory; we make use of this trans- 
formation in the following development. In a subsequent 


generally shaped conical-bodies at angle of attack and pro- _ 
vided two specific examples, i.e., the flat plate delta wing 
and the elliptic cone. 


sented here was carried out independently of Gonor’s. 
Several differences of varying degrees of importance exist be- 
tween the two treatments. Gonor considers a perfect gas, 
and his usage of the Lamé coefficients requires separate solu- _ 
tion for each case treated; he does not use boundary layer 
coordinates, and he employs expansions of the flow properties 
in powers of €; = (y — 1)/(y + 1), and thus his procedure for 
obtaining higher order solutions would be different, and he 
does not give special consideration to the problem of singulari- 
ties in the shock layer flow. 

In the analysis outlined here for conical configurations of 
arbitrary cross section, we derive differential equations de- 
scribing the flow which are parabolic in character. The 
derivation is based on an order of magnitude analysis which 
makes use of the thin shock layer assumption mentioned, to- om 
gether with the concept that the flow properties have much ml 


transformation, similar to the von Mises transformation, 
identical to that introduced by Gonor in (47). For the 
zeroth-order solution, the shock layer structure is obtained 
by an iterative procedure using the differential flow equations 
simplified by neglecting terms of O(e), but with the exact 
boundary conditions at the shock. Higher order solutions 
may be obtained by subsequent iterations of the full differen- 
tial equations, with the terms of 0(e) evaluated from the re- 
sults of the previous iteration. Although it has not yet been 
demonstrated, it is felt that employing the correct boundary 
conditions at the shock for the zeroth-order calculation might 
hasten convergence of the higher order solutions. In addition, 
we obtain a zeroth-order solution that involves a dependence on 
the free stream Mach number, which seems desirable; use of 
simplified shock boundary conditions eliminates the influence 
of Mach number until higher order solutions are calculated 
[see, for example, Fraenkel (44)]. A discussion is presented 
of the singular points in the shock layer flow, near which the 
flow equations can no longer be considered parabolic due to 
the breakdown of one or more of the basic assumptions. The 
reader is referred to the introduction of the previous section 
for a brief review of the use of the spherical projection surface 
r = constant in depicting the structure of the conical flow 


field. 


Basic Equations and Boundary Conditions 


The assumption of a thin shock layer suggests the use of a 
coordinate system of the boundary layer type with either the 
shock or body surface as a coordinate surface. We introduce 
the general conical coordinates r, n, §, where r is the distance 
measured along a ray from the origin, and 7 and & are the 
curvilinear coordinates of a point, measured across and along 
the shock layer, respectively, on the sphere r = constant. 
The curvature of the reference surface selected for the co- 
ordinate system must be finite and continuous at every point 
except, perhaps, at the origin of the conical flow or at a lead- 
ing edge. Two convenient surfaces that can be used as refer- 
ence surfaces are the body and the shock. Since we will 
usually be concerned with the direct problem (body given), 
we will employ body-oriented coordinates, as the coordinate 


An important part of Gonor’s work on the circular cone (47) 


Since this reference was not available © ry 
for translation until quite recently, the development pre- 


greater variation across the shock layer than they do along it. ‘_ i. 
In performing this analysis, we employ a stream function 
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If the 


system will then not depend on the solution. 


problem is formulated in shock-oriented coordinates, the co- 


ordinate system is not known beforehand and must be deter- 
mined by the solution itself. 

The form of the equations can be simplified somewhat by 
taking a plane for one of the coordinate surfaces, in our cas‘ 
the equal constant surfaces (see Fig. 18). We take the 
scale factor for n equal to r so that ry is the distance measured 
from the body positive in the direction of the shock. The 
scale factor for the — coordinate is rx:, where x; is evaluated 
using the Lamé relations for triply orthogonal aa 
x1 = cos — K’,(é) sin [34] 
where K’, i is defined as r times the the body 
surface, positive when the surface is concave on the side of 
positive n. Hence, rf corresponds to actual distance on the 
surface of the body only (i.e., at 7 = 0). The metric is 


(ds)? = (dr)? + (rd)? + [35] 


The coordinate network described here is shown in Fig. 18. 
The coordinate ¢ is defined so that it is equal to zero either 
in the plane of symmetry or at the leading edges of the con- 
figuration; the direction of ¢ is defined so that the coordinate 
system is a right-handed one. 

In this coordinate system the equations of motion governing 
the flow of an arbitrary gas in thermodynamic equilibrium 
over a conical body are 


OE + 2xipv, = 0 [36a | 
Ov, Ov; 
+ xi(vg? + 0,7) = 0 [36b] 
+ + + + K’, cos n) = 


~ _ x oP (36c] 
on 


where v,, ¥, and vz are the velocity components in the r, 7 and 
€ directions, respectively, and P, p and S are the pressure, 
density and entropy. Equation [36a] is the continuity equa- 
tion, Equations [36b, 36c and 36d] the momentum equations 
in the r, 7 and ¢ directions, respectively, and Equation [36e] 
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the entropy equation. The equation of state can be written 
symbolically for a gas in thermodynamic equilibrium 


h = p) ([36f] 


where h is the specific enthalpy. For an isentropic process, 
the first law of thermodynamics yields 


= (1/p)dP [37] 


In general, Equation [36f] will be available only in tabular or 
graphical form. In the special case of a perfect gas with a con- 
stant value of the ratio of specific heats y, a relation equiva- 
lent to Equation [36f] ish = yP/(y — 1)p. Another useful 
relation, the Bernoulli equation, will serve as one of the basic 
equations (in place of the &momentum equation) in the de- 
velopment of the theory 


h + + 09? + = [36g] 
where ho the stagnation enthalpy is constant throughout the 


flow. 
The boundary conditions at the shock are readily obtained 


from the shock wave relations in terms of €: at 7 = 7.(&) 
Ure = Ure [38a] 
en 
Ps = Peo [38d] 

€ 

Po + (1 — €); [38e] 
hs = ho + (1 — [38f] 


where the subscripts © and s refer to conditions at the shock 
wave on the undisturbed and disturbed side, respectively. 
The velocities Vy and Vr are the components normal and 
tangential to the shock on the spherical reference surface r = 
constant; these velocity components are simple algebraic 
functions of v,, vg, and the shock wave slope dy./xidé. In 
general, € is a function of the free stream conditions and the 
local flow deflection through the shock and must be deter- 
mined by iterative procedures. For a perfect gas, ¢€ is given 
explicitly by 


y+1 My.” 


where My,, is the component of free stream Mach number 
normal to the shock surface. The boundary condition of 
zero flow through the body surface is given at 7 = 0 as 


», = 0 [40] 


Following Gonor (47) we introduce a “stream function” 
which satisfies 


oy oy _ 


and apply a transformation very much like the von Mises 
transformation, changing from coordinates 7, ¢ to coordinates 
t, ¥(n, §). The stream function y is similar to the ordinary 
stream functions encountered in either two-dimensional or 
axisymmetric flow in that it is constant along the paths fol- 
lowed by the particles (see Fig. 18); however, in the present 
case it is impossible to define velocity components in terms of 
a stream function y in such a way that the continuity equa- 
tion is automatically satisfied, as is the case in two-dimen- 
sional or axisymmetric flow. Thus there is a certain arbi- 
trariness in defining y, and we shall set it equal to &, where é; 
is the value of £ at the intersection of the streamline of interest 
with the shock (see Fig. 18), ied 
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[41] 


Since the streamline pattern is unknown beforehand, the 
geometry of the coordinate system must be determined as 
part of the solution. This disadvantage is offset by the fact 
that the differential equations take on a particularly simple 
form, that the stream function serves as a vertical scale in the 
Newtonian limit where the shock layer thickness approaches 
zero [see Hayes and Probstein (1), pp. 110-111], and that 
certain difficulties associated with the entropy layer are gener- 
ally more easily handled. 

With D/Dt = (0/0£);,, we obtain after transformation 


D 
Do, 
7 + (sin + cos 9) = 
x1 
42 
p 
Duy 
DE + — (Sin + K% cos 9) = 
DP Dn 
h = KP, [42f} 


Equation [42e] is merely a statement of the fact that the en- 
tropy along a streamline remains constant. In this system of 
equations, since 7 is an additional dependent variable, another 
equation must be provided to complete the system; from 


Equation [41] 
Dn 


Method of Solution 


The transformed system of partial differential equations 
governing the flow field is nonlinear and is not solvable 
analytically. In order to derive a consistent solution of 
specified accuracy, we must first derive an approximate solu- 
tion that bears some known relation to the exact solution. 
Then an iteration procedure can be set up which is based on 
the known relationship between the exact and approximate 
solutions. We will take as a first-order solution, one which 
is asymptotic to the exact solution in the limit e > 0. With 
the a priori assumption that the shock layer thickness is O(e), 
we estimate the order of magnitude of the various terms from 
the value they take on at the shock surface using Equations 


[38] 
h — _ (:) 
O(e) 0 ; 0(1) 
=01) 1=0( 
and from Equation [34], 1 — x: = Oe). We note that the 


introduction of the stream-function transformation has elim- | 
inated 0/0n = 0(1/e) from our we have instead 
D/Dé = 0(1) so that the derivatives, 0/o¢ and D/Dé, are of 
the same order. After isolating the terms of lowest order in 
the equations of motion, we obtain 


D 
DE (in 22) + = {2% x) = 0(6) 


[43b) 


a= 1) + 


= 0(e) 
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: 
2 
= 


+ i 1 OP Des + vg? [sin n + K’(cos +- x1 vy = 0(6) [43c] 


In view of Equation [42e], Equation [37] applies as the equa- 
tion of state along a streamline, and thus 


he, £1) = ( x) Dé O(e) [43d] 


Combining Equation [43d] with the Bernoulli equation 


[v,? + 


mt (2) vel = 0(6)  [43e] 


— hel + 5 


Probstein in (1). The integral term appearing in the pres- 
sure relation is generally called the centrifugal correction 
term. 

Similarly, the equation of the streamline can be found after 
further calculation as 


| 


des (46) 


The third velocity component v, may be obtained fron 
Equations [43f and 46] 


Finally, Equation [42g] is written = 
= — = 06) [43f 
Dé The location of the shock surface in £,£; space is determined 


To a first approximation, with € small we may neglect the 
terms appearing in the braces on the right-hand side of Equa- 
tions [43]. Higher order approximations can be obtained by 
determining the terms in the braces from the solution of next 
lower order. This procedure can, in principle, be continued 
to yield results to any desired degree of accuracy. Since the 
exact equations are nonlinear, nothing can be said about the 
convergence of the above procedure; but it is felt that except 
at, or near, certain singularities, convergence should be ob- 
tained for € small enough. 


For the “zeroth-order approximation” (differential equa- 
tions to zeroth order in ¢, shock boundary conditions exact), 
we require a solution to the set of differential equations, 
Equations [43], with the terms on the right-hand side set 
equal to zero. In the following, the superscript (0) indicates 
solutions of the zeroth-order equations. For the inverse 
problem (i.e., shock given) the quantities P,, h, and p, are 
given once and for all, and therefore should not be super- 
scripted in that case. 

To this zeroth-order approximation, we see that the en- 
thalpy is constant along streamlines (Eq. [43d]), and that 
the magnitude of the total velocity is also (from Equation 
[43e]). Using Equation [43e] in [43f] and integrating, mak- 
ing use of the boundary conditions given by Equation [38a 
and 38c], we obtain 


1, = sin (§ — &) + cos — &) [44a] 


where the primed velocity components are to be evaluated at 
the intersection of streamline £, with the shock. 

Equations [43a, 43b, 43f, 38b and 38c] can be solved to de- 
velop a general expression for the pressure at any point in the 


shock layer 
PO = PLO + pak’ OG) 


— | dm 
= | 


As expressed by this equation, the pressure at any point in 
the shock layer is equal to the pressure at the shock minus 
the pressure differential across the shock layer due to the 
lateral curvature of the streamlines. This solution for the 
pressure is analogous to the solution obtained by Busemann 
for two-dimensional and axisymmetric bodies in (21) referred 
to as the ‘“Newton-Busemann” pressure law by Hayes and 


VE, 


tee 


from the boundary condition at the body, Equation [40] and 
Equation [47], from which either © = 0 or Dn®/DE = 0 
at = 0. 

The surfaces of the class of bodies with subsonic leading 
edges (or no leading edges at all) are wetted by streamlines 
which all originate at the apex. Streamlines in our zeroth- 
order approximation follow paths of zero lateral curvature 
(geodesics) on the body surface [see Hayes and Probstein (1), 
pp. 114-115]. Therefore, vg will be zero on the surface of 
these bodies, since, in this case, the geodesics are straight 
rays from the origin. Thus, the crossflow streamlines in the 
shock layer for the zeroth-order approximation will termi- 
nate at various points on the body surface as indicated in Fig. 
19. 

The streamline which intersects the body at a given point 
in £,£: space is denoted by &,. Using the boundary condi- 
tion ve = 0 and an assumed shock shape, we may deter- 
mine £;, for a given value of ¢ implicitly from Equation [44b], 
since v’;, and v’,, are then functions of ¢ only. However, 
the flow properties throughout the shock layer will be required 
for the calculation of the surface pressure and the shock layer 
thickness, and thus we may conveniently use an alternative 
calculational approach. For given &, v¢(é) in the shock 
layer is calculated proceeding from the shock to the body. 
When »v; changes sign we have bracketed the desired value of 
£,, which may then be readily obtained. These remarks are 
interpreted graphically in Fig. 19 where the desired £, cor- 
responds to the body location at point A. 

Conical configurations having simple convex surfaces with 
supersonic leading edges are wetted by streamlines that 
originate at the leading edges (Fig. 20). With the body sur- 
face coincident with a crossflow streamline, the second result 
of the application of the flow boundary condition at the 
body, i.e., Dn /DE = 0, is satisfied. In this instance, &, is 
equal to fizz. 


Fig. 19 ere streamline pattern, with v; = 0 on body, and 
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The desired expressions for the pressure on the cone sur- 
face P, and the shock layer thickness An are obtained 
directly from Equations [45 and 46], respectively 


= PLO + f 


(0) 
where the integrations are carried out along the line § = 

constant (see Fig. 19). 

The procedure for calculating the zeroth-order solution for 
the direct (body given) problem is outlined diagrammatically 
in Table 1 [similar to the approach of Hayes and Probstein 
(1)]. With the body shape specified, the iteration procedure 
required to obtain An is initiated by assuming the shock 
shape F(z, y, z) = 0 to be identical to that of the body. The 
velocities and thermodynamic properties of the fluid immedi- 
ately behind the shock are determined, and these quantities 
are used to calculate the lateral component of velocity vg, and 
thence the pressure P at any point in the ££ space. Then 
using the calculated pressure distribution, together with the 
energy equation, in the equation of state, we find the density 
in the ££, space. Finally, after fixing the value of &,, we may 
calculate a first approximation to An from which we may 
obtain an improved shock shape. This process is repeated 
until the desired accuracy for the zeroth-order solution is 
achieved. The analysis is simplified if P; is much greater 
than the integral (centrifugal correction) term in Equation 
{45], for then the integral term does not have to be recaleu- 
lated for each iteration. 

In the inverse problem, the shock shape is specified and 
the computational procedure is relatively straightforward 
since the flow properties behind the shock are determined 
once and for all. In this particular case however, it is gener- 
ally more convenient to use shock-oriented coordinates. 


Singularities in the Thin Shock Layer Solution _ 


As indicated in Fig. 19, the zeroth-order solution for de- 
tached shock configurations provides us with a pattern of 
streamlines which terminate at various points around the 
body surface. Thus, the entropy layer (and the associated 
nodal point singularity) which occurs in the actual flow, as 
shown in Fig. 6, does not appear in the zeroth-order solution. 
In effect, the nodal point singularity has been spread out over 
the body surface. This inconsistency arises from the fact 
that while our zeroth-order boundary condition at the body is 
v:/v. = 0, this velocity ratio is actually O(e). Cheng has 
investigated the problem of the entropy layer in hypersonic 
shock layers at some length (49), with special reference to the 


shocks is that, for large enough angles of attack, the pressure 
becomes zero at some point on the surface. As this point 

| of zero pressure is approached, the shock layer thickens 


Table 1 Procedure for zeroth-order thin shock layer solution 
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Fig. 20 Streamline pattern sketched for smooth convex conical 
body—leading edge shock attached 
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Fig. 21 Streamline pattern sketched for conical body having — 
reverse lateral curvature—leading edge shock attached 


proper representation of the entropy layer for a circular cone © 
at small yaw angle. Gonor (47) mentions that the entropy 
layer appears in the higher order calculations without any — 
special handling in the zeroth-order solution (although he_ 
provides very little information concerning his higher order _ 
solutions). In any event, whereas the entropy changes very | 
rapidly through the entropy layer and near the nodal point | 
singularity, the pressure does not, so that we may not have to — 
account for the structure of the entropy layer exactly in a 
theory aimed at predicting surface pressures only [see Ferri 
(5), and Cheng (49) ]. 
Another feature of the flow about bodies with detached — 


noticeably, and the assumption of a thin shock layer is vio- 
lated [see Hayes and Probstein (1), pp. 81-92]. This prob- — 
lem has been investigated to some extent by Freeman (43) _ 
who found that the solution diverged and that the shock 
layer thickness became infinite as this pressure singularity 
was approached. By restricting our present investigation to 
configurations’ with supersonic leading edges, we are able to | 
avoid in most cases the possibility of the pressure falling to — 
zero at any point in the shock layer (an advantage alluded to 
in the beginning of this paper). 

Streamline patterns associated with flow around conical 
shapes with attached leading edge shocks are sketched in 
Figs. 20 and 21. We note that the dominant feature of these | 
flow patterns is the presence of nodal point singularities, 
where the streamlines converge to a point. The location of 
these singularities depends on the cross-sectional shape and 
angleofattack, 
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In order to help clarify the following discussion, we intro- 
duce a parameter x which is equal to the radius of curvature 
of the body at the stagnation point in the plane of symmetry 
divided by the radius of curvature of a tangent right circular 
cone, having its apex coincident with that of the body and its 
axis aligned with the free stream. We note that when x > 1, 
the flow in the immediate vicinity of the stagnation point 
will be converging and thus we will have a nodal point singu- 
larity [or more properly, a half-node, see (17), p. 30]; when 
«x < 1, the flow will be diverging, and we will have a saddle 
point. 

For the case of the smooth, convex conical body with at- 
tached shock (shown in Fig. 20), x will always be greater than 
one and the flow converges from the leading edge to a nodal 
point singularity in the plane of symmetry [see also Waldman 
(and Probstein) (20)]. A somewhat more complex conical 
body shape, having a surface with reverse lateral curvature, 
is drawn in Fig. 21. For small enough angle of attack, x is 
greater than 1, and we will again have a nodal point at the 
body centerline. As the angle of attack increases, however, 
x will become less than one so that a saddle point appears in 
the plane of symmetry. Two nodal points occur in the shock 
layer, one on either side of the saddle point. For the type of 
body shape being considered here, the nodal points generally 
move outboard with increasing angle of attack, the streamline 
projections converging to them from each side of the so-called 
“dividing” streamlines. To the zeroth-order approximation, 
the dividing streamlines are perpendicular to the shock and 
body (lying along a line, = constant) and are located at the 
points of tangency of the inscribed right circular cone having 
its apex coincident with the body apex and its axis aligned 
with the free stream. 

At the forementioned nodal points, vg should equal zero. 
Since the zeroth-order equations are parabolic, this down- 
stream boundary condition cannot be satisfied in general. 
Neither will this condition be satisfied by going to higher 
order iterations, since the higher order equations are also 
parabolic. This was found to be true for the case of the flat 
plate delta wing, at least, in the solution obtained by Gonor 
(48). 

The problem of handling the flow in the vicinity of both the 
saddle and the nodal point stagnation regions is common to 
the solution for both the detached shock and attached shock 
configurations. The cause of the local failure of the thin 
shock layer theory can be traced to the nonuniformity of the 
approximations involved. In particular, v;¢ is not large com- 
pared to v, in these stagnation regions; therefore our order 
of magnitude analysis is no longer correct as it stands, and 
we must retain many of the terms we previously neglected. 
If we do this, the system of equations becomes elliptic in 
nature, and solutions which are locally valid near the stagna- 
tion points must be derived and matched with the solution 
in the remainder of the shock layer if uniformly valid results 
are to be obtained. 

In this paper we have presented the thin shock layer solu- 
tion, for conical configurations, which should be valid over the 
major portion of the flow field. Additional solutions which 
are valid in the stagnation regions are required, particularly 
for the problem of the nodal point singularity. Procedures 
for handling the saddle-point stagnation region have been 
considered by Hayes, Chester and Freeman for two-dimen- 
sional and axisymmetric shapes. 

In closing, it should be noted that, since pressure changes 
through the stagnation regions are mild, it is not unreason- 
able to expect that even without incorporating the local cor- 
rections, the hock: layer be 


Experiments 


In the experimental program currently being run at the 
AEDC Gas Dynamics Facility, we have included several 
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conical bodies of identical planform shape but with different 
cross sections, namely: flat plate, circular arc, and a family 
of smooth shapes having reverse lateral curvature. All of 
the pressure data discussed here were taken at a Mach num- 
ber of 8.1 and are for a planform with 50-deg leading edge 
sweepback. The programming of the thin shock layer theory 
for the IBM 704 is currently in the final stages; thus we are 
presently unable to draw any direct comparisons between 
theory and experiment. Sample data are exhibited in Figs. 
22-24 to provide some indication of the scope of the prograi 
and to allow a few brief remarks concerning certain antici 
pated results. 

The main purpose in testing the flat plate delta wing is t 
provide data for comparison with results of the method out 
lined in section under “Approximate Solution of The Conica 
Flow Equations.” However, this model is also representativ: 
of the simplest case which we can treat with the conical thi 
shock layer theory, namely, one in which the centrifugal ef 
fects are zero. As can be seen from Fig. 22, the pressur 
reduction in the elliptic region is rather noticeable, particu 
larly at the higher angle of attack, amounting to approxi- 
mately 10 per cent of the two-dimensional pressure in th: 
hyperbolic region. Gonor has found (48) that with straight 
forward usage of the thin shock layer theory, the pressure o1 
the flat plate delta is constant, even for higher order solutions 
the proper behavior of the equations in the elliptic region must 
be taken into account if the pressures are to be calculate: 
correctly. The exact theoretical, two-dimensional pressur: 
in the hyperbolic region is plotted in Fig. 22 for a = 4 and 
16 deg. 

Pressure data for the circular-are cross section are plotted 
in Fig. 23. The general equation for this cross section is 


Zz E (2 _ tan [50] 

where 6; is the leading-edge wedge angle in the plane x = 
constant. In the case considered, 0g = 40 deg and 6p” = 
15.3 deg (20 deg normal to leading edge). This shape will 
have moderate centrifugal force effects in the shock layer, and, 


as indicated in the discussion for Fig. 20, will have a nodal 
point which is always located on the centerline for the angle 
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Fig. 22 Experimental pressure distributions on flat plate delta 
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23 Experimental pressure distributions on conical body 
having circular arc cross section 


Fig. 
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of attack range of interest. Values for the exact the oretical 
pressure behind the leading-edge shock are plotted in Fig. 23 
using the values of a as recorded. As with the flat plate 
delta wing, we believe that an as yet undetermined a@ correc- 
tion must be incorporated in the data reduction. Results 
from the empirical Newtonian pressure law are also plotted. 
If these results were modified by matching pressures at the 
leading edge, the agreement, although still lacking, would be 
improved. 

The cross section for the family of conical bodies having re- 


verse lateral curvature (e.g., see Fig. 21) is delineated by the 
equation 


— = tan — 30? + 304 — 08] 


with 


Q = (y/z/(tan 6*) 


In this expression, tan 4 equals y/z in the plane of symmetry, 
and tan 6* equals y/z at the point of tangency of the body 
curve to the plane of the wing. We have selected three basic 
shapes for study; they are identified by tan 0* = n tan Ozz 
with n = 0.5, 0.7 and 1.0 (see Fig. 24). In all three cases, 
0 = 12.5 deg and 6x2 = 40 deg. 7 

Fig. 24 presents recently obtained pressure data for the 
shape which has n = 1.0, the solid contour in this figure. 
Since this is the thickest of the three bodies, we should expect 
the least difficulty in applying the thin shock layer theory to 
this case. We also expect that the centrifugal force effects 
will not be quite so strong as for the other two bodies. In the | 
case of the n = 1.0 body, the nodal point remains at the | 
centerline throughout the angle of attack range (see Fig. 21a); 
with the other two bodies we anticipate a movement of the — 
nodal point outboard, as discussed earlier. 

The data for the n = 1.0 body, shown in Fig. 24, are com- | 
pared with values at the centerline (where the centrifugal ef- _ 
fect is zero) predicted by the empirical tangent-wedge and — 
tangent-cone methods, and with values at the leading edge © 
predicted by exact theory. At the lower angles of attack, 7 
significant viscous interaction occurs close to the leading edge, — 
which, at a = 0, is at zero incidence. 

Results of calculations using the Newtonian pressure law © 
are plotted and we note that the trends of the experimental © 
data are only roughly approximated by this empirical method. 

In this case, the modified Newtonian pressure law is not ap- 
plicable; matching pressures at the leading edge produces _ 
results which are generally at considerable variance with the | 
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experimental data. The conical thin shock layer theory, as 
we have developed it, is expected to give improved pressure 
predictions in that the correct oblique shock relations will be 
satisfied, and the effect of the centrifugal forces generated by 
lateral streamline curvature will be in the right sense. 
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Nomenclature 


a = local speed of sound hal 

Cp = pressure coefficient | - 
h = specific enthalpy 

k = thermal conductivity 

Ky} = r times the curvature of the body surface, positive 


when surface is concave on side of positive 


M = Mach number 

= pressure 

r = reflection distance ratio defined by Equation [1] 
r,n,& = conical curvilinear coordinates 

r, 9, ¢ = spherical coordinates 

R = specific gas constant in the perfect gas law qo 
R = overall reflection coefficient — 
R; = shock reflection coefficient 

R = overall vortical layer reflection coefficient > 
Re = Reynolds number 7 
8 = coordinate measured along a streamline 

S = specific entropy 

‘ i = temperature 

Vi = velocity components in the coordinate directions 


where 7 indicates the particular coordinate direc- 
tion (e.g., 7 =r, 0, gorr, n, 

V = magnitude of total velocity 

Vy, Vr = velocity components normal and tangential to the 
shock on the spherical reference surface r = con- 


stant 
Wie = maximum adiabatic velocity for a perfect gas 
z,y,2 = Cartesian coordinates a 
a = angle of attack {os 
= adiabatic index 
r = Mach number parameter (y-M/“WM? — 1) oe 
6 = local flow deflection angle a 
bw = maximum inclination of body surface oN 
A = shock layer thickness 
= itv i j 
€ density ratio across a shock wave (p/p a Aue 
€1 = limiting density ratio for a perfect gas +i ) 
Xe = angle between wing centerline and the direction 
of velocity in the hyperbolic region on the wing 
A = sweepback angle 
m = Mach angle 
rH = maximum inclination of body surface 
ll,, I~ = strengths of outgoing and reflected waves in units of 
pressure gradient 
p = density 
o = shock wave angle (equivalent to 6; in conical flow) 
x1 = conical scale factor 
y = streamfunction 


| 


| 


Subscripts 

b = conditions at the body surface 

i = ‘fnitial’’ value 

LE = leading edge 

M = point on sonic line 

8 = conditions immediately behind the shock wave 

0 = stagnation conditions 

@0 = conditions in the free stream 

Superscripts 

(0) = zeroth-order solution ; 

1 = evaluated at intersection of streamline & with the 
shock 
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Error Analysis Considerations for 
a Satellite Rendezvous 


HE NECESSITY for the achievement of a satellite 
rendezvous devolves from a variety of military and space 
technology requirements: 
1 The inspection and possible negation of a potentially 
hostile satellite. 
2 The in-space assembly of subsystems into a large satel- 
lite. 
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the ascent the phases. 
orbit approaches are considered. An error analysis of the ascent phase, employing both analytical 
_ and computer techniques, shows that either the direct ascent or parking orbit approach can place 
_ the rendezvous vehicle in a favorable position for acquisition of the target and initiation of a simple 

terminal maneuver to effect the rendezvous. 
a a self-contained radar to track the target, and body mounted, non-throttleable engines to 
An error analysis of the terminal maneuver shows that a 


__ provide discrete orbital corrections. 
rendezvous within 50 ft of the target can be achieved with a terminal relative velocity less than 3 fps. 
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For the ascent miadiia both atom t ascent and parking 


The terminal maneuver, which lasts several minutes, 


3 The supply and maintenance of satellites, including the 
possibility of personnel, data, equipment or fuel transfer. 

4 Interrogation and transfer from interplanetary return 
vehicles to obviate the necessity for atmospheric re-entry and 
landing of large vehicles. 

For purposes of technical discussion, the overall idea of a 
rendezvous involves a target and a rendezvous vehicle; the 
necessity to track the target and thence to compute its 
ephemeris; a scheme of space kinematics and a corresponding 


means of implementing this scheme via launching and guid- 
ance. 
lowing elements: 


A satellite interception system is composed of the fol- 
the target: and its trajectory; ground 
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tracking for target ephemeris determination; a ground com- 
puter; a rendezvous vehicle; a launch system; a scheme of 
space trajectories; and a guidance concept and its mechaniza- 
tion. 


The Target, Its Trajectory, Target Tracking and Ground 
Computing 

A completely passive target is presumed. In considering 
the target cross-section area for use in an analytical exercise 
or in an experimental demonstration, one is concerned with 
the necessity for properly simulating an operational satellite 
as well as with the appropriateness of the target for ground 
tracking and rendezvous vehicle tracking. A nominally cir- 
cular orbit somewhere in the region 200-1000 nautical miles 
is similarly reasonable. 

The target must be ground tracked to maintain an up to 
date ephemeris, necessary for exact rendezvous vehicle launch 
timing and for determination of the parameters of a nominal 
launch trajectory which will place the rendezvous vehicle in 
a favorable position for the terminal or homing phase. In 
considering the magnitude of ground tracking errors, note 
that, for a passive satellite, skin tracking is mandatory. 

The ephemeris determination program is based on a best 
fit to the actual measured radar data from several radar sites; 
this best fit expresses the six orbital parameters. These orbi- 
tal parameters enable prediction of the target’s future posi- 
tion as a function of time. It is obvious, in view of radar 
errors, that the accuracy of the prediction decreases with the 
prediction time span. 

When the radar data starts to come in, an initial determina- 
tion of target ephemeris is made and constantly improved as 
more data are received. A launch decision can be made after 
the target ephemeris is known to an acceptable degree of 
confidence. After such a decision, the parameters associated 
with the rendezvous ascent trajectory are calculated. The 
following parameters are of importance: 

The position and velocity vector of the launch site. 

The position and velocity vector of the target in the iii 
of rendezvous. 

The firing azimuth. 

A realizable time of flight, which is denoted as ¢ and is de- 
termined for a nominal vehicle. In addition, for a direct as- 
cent trajectory it is necessary to compute a rendezvous 
launch vehicle aiming point vector r4 occurring at t = t. 

These parameters are computed and transferred to the 
guidance computer in the rendezvous vehicle. 


Space Kinematics and Trajectories 


Two types of ascent trajectories have been found promising: 
After launching, a direct transfer ellipse to target altitude. 


After launching, a parking orbit plus transfer ellipse to 


target altitude. 

For the direct ascent approach, it is possible to partition 
the rendezvous vehicle trajectory into four phases: 

1 Launch: the first period of powered flight plus the 
transfer ellipse. During the launch phase, the vehicle ac- 
quires most of its characteristic velocity. 

2 Adaptation: a short second period of powered flight 
near the apogee of the transfer ellipse. 

3 Search and Acquisition: a period during which the 
rendezvous payload searches for and acquires the target. 

4 Homing: a period of active terminal guidance by the 
payload, culminating in rendezvous. 

The low-altitude parking orbit, having an angular rate 
higher than that of the target orbit, permits the rendezvous 
vehicle to advance upon the target prior to injection into the 
transfer ellipse which carries the rendezvous vehicle up to 
target altitude. Thus, unfavorable target in-plane angular 
position at launch or launch time delays can be made up by re- 
maining in the parking orbit for a greater or lesser time. For 
the parking orbit approach, the trajectory can be broken into 
phases: a powered flight phase, during which the rendezvous 


vehicle is placed in a circular parking orbit; a parking orbit 
phase; a boost and yaw phase, to turn into the target plane 
and achieve enough velocity for transfer (this is a velocity 
match procedure); a Hohmann transfer ellipse; adaptation 
(necessary only for high altitude targets); search and acquisi- 
tion; and homing. 

A schematic drawing of the parking and transfer orbits i 


shown in Fig. 1. From the standpoint of errors, the parking 
orbit has two disadvantages: 

1 Launch guidance errors have a varying effect depending 
upon dwell time in the parking orbit. There is both a peri 
odic and a secular variation. The effect of launch guidanc: 
errors increases markedly if the dwell time is greater than, say 
half an orbit. 

2 The long period of approach allows the error due t 
target ephemeris prediction to build up. 

The rendezvous vehicle is injected into a Hohmann trans 
fer ellipse which carries it to apogee at an altitude very slight; 
greater than the target altitude. A timer set by the launcl 
guidance system may initiate this injection as a function of 
launch time and of the powered-flight thrust history. 

The velocity increment for this injection is a fixed magni- 
tude, regardless of launch time (if the target orbit is circular 
and is directed essentially along the local horizontal. To 
produce this velocity increment, one would use a restart 
capability. The boost vehicle could be carried until target 
acquisition is obtained, or it could be jettisoned immediately 
after injection. 

The nominal transfer ellipse for the parking orbit case is 
chosen so that the relative velocity transverse (perpendicular) 
to the line of sight is zero at a range between bodies ap- 
propriate to the acquisition range of the terminal guidance 
(see Fig. 2). The apogee of this ellipse is slightly above the 
target altitude. The nominal distance of closest approach, 
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in the absence of any terminal maneuver would be very small 
and would occur after apogee. The transfer ellipse is initiated 
at a time such that near apogee the rendezvous vehicle is 
ahead of the target. The target, however, has a speed ad- 
vantage, so that it actually closes upon the rendezvous 
vehicle. Therefore it is not necessary to use propulsion of the 
rendezvous vehicle to provide closing velocity in the homing 
phase. Indeed, for very high targets, the closing velocity 
may be excessive, so that (as for the direct ascent approach) 
an adaptation increment is needed to reduce this velocity to a 
value convenient for search, acquisition and homing. eT TARGET ORBIT 
For the direct ascent, a profile of the rendezvous vehicle 
trajectory is shown in Fig. 3. The launch phase begins with 
a period of continuous powered flight. A relatively long 
coast period follows, at the end of which the vehicle arrives at 
the aiming point. The aiming point is very slightly above the 
target altitude and is very nearly at the apogee of the rendez- 
vous vehicle coast ellipse. 
At the aiming point the vehicle will lack a considerable 
icrement of circular orbital velocity. A short second burn- 
ing period begins, lasting but a few seconds. The function of 
this adaptation burning period is to add an incremental 
velocity vector Av (including a yaw correction), thus chang- 
ing aiming point velocity to a value convenient for the initia- 
tion of the rendezvous phase. Termination of this burning 
period occurs at a predetermined point in space, referred to as 
the adaptation point, at a predetermined time. (See Fig. 4.) 
\t the adaptation point, the rendezvous vehicle is consider- 
bly ahead of the target but still deliberately lacks an incre- 
ment (v.) (fps) of circular orbital velocity. 
After adaptation the kinematics and hence the error analy- ' (“ee 
is are essentially the same irrespective of whether a direct or 
parking orbit ascent had been used. The velocity dif- 
srential between target and rendezvous vehicle serves as the 
losing velocity during the rendezvous phase. The reason for TARGET ORBIT 
dapting ahead of the target, rather than behind, is seen from 
the fact that, for a closing velocity of v., the vehicle speed at 
the adaptation point is v, less than orbital velocity, rather than 
greater. A saving of 2v, in velocity margin results. (In 


TO VERTICAL 


either case, a v, velocity increment must later be applied at a vy * TAROET VELOCITY 
range close to the target to complete the rendezvous.) eis 0 snared 
Although the adaptation point has been referred to as a : Ava * NOMINAL ADAPTATION INCREMENT 
A Av = ADAPTATION INCREMENT FOR DELAYED 
predetermined point in space, it is clear that certain system i -riee <niaemaataaaa 
errors could affect its position. The nominal trajectory and : Ve * CLOSING VELOCITY (NOT SHOWN ) 


the guidance philosophy during the launch burning period and 
the adaptation burning period have been chosen such that: 

1 A launch time delay does not affect the position, 
velocity or time of arrival at the adaptation point. 

2 Propulsion dispersions occurring during the launch and 
adaptation burning periods do not affect the velocity at the 
adaptation point but do result in small errors in adaptation 
point position and time of arrival. 

3 Anerror in the time of initiation of the adaptation burn- 
ing period does not affect the velocity at the adaptation 
point but does result in a large error in absolute position of 
the adaptation point. However, the relative position between 
rendezvous vehicle and target is hardly affected since the 
adaptation velocity increment is much less than the orbital 
velocity. 

After adaptation, the vehicle is reoriented to face the ap- 
proaching target, and the boost vehicle is separated and jet- 
tisoned in the opposite direction. A profile of rendezvous is 
shown in Fig. 5. 
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Launch Guidance 


An attractive launch guidance scheme, for the direct ascent 
approach, operates to force the rendezvous vehicle to pass 
through a particular point at a particular time, the point be- 
ing known as the adaptation point. A closely related point, te 
known as the aiming point, at which adaptation burning be- | eae ina 
gins, is computed shortly after launch. (The aiming point : ‘ Fig. 5 Rendezvous profile aS 
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and the adaptation point would be identical if the second 
burning were impulsive.) By explicit solution of the orbital 
equations of motion, the guidance system continuously selects 
that orbit which causes the rendezvous vehicle to coast from 
its present position to the aiming point at the correct time. 
In order to be on such a coast ellipse, the vehicle must have, at 
any instant, a particular or required velocity. The difference 
between this required velocity and the vehicle’s actual velocity 
is the velocity to be gained, 5,. Appropriate functions of 6, 
are then used to generate attitude commands for the pitch 
and yaw autopilot channels. 

Immediately after launch phase cutoff, the guidance sys- 
tem computes the time of coast, the incremental velocity to be 
added by the second (adaptation) burning period, and the 
vehicle attitude required during the second burning period. 
The vehicle is then reoriented to this attitude under control 
of the guidance system using torque from the coast attitude 
control jets. After this maneuver is accomplished, constant 
attitude is maintained for the duration of coast. 

At the aiming point, the boost vehicle main engine is reig- 
nited for a short second burning period. During this burn- 
ing period, attitude is held constant, and the inertial guidance 
system measures the incremental velocity added. When this 
increment equals a precomputed adaptation velocity incre- 
ment, cutoff is commanded. The vehicle is then at the 
adaptation point. The rendezvous vehicle is separated from 
the boost vehicle and is reoriented to point in the direction of 
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Rendezvous Vehicle and Terminal Guidance 


Various methods of terminal (homing) guidance (1-4)4 
may be conceived which lead to different requirements as 
to sensors, computation, propulsion and payload vehicle con- 
figuration. One method which appears attractive for rendez- 
vous with a noncooperative target employs a radar tracker, a 
small digital computer and a set of moderate size, constant 
thrust, nongimballed rocket nozzles. Thus the rendezvous 
vehicle would contain tracking and guidance equipment, a 
propulsion system including suitable tankage for homing 
velocity corrections and an attitude control system. The for- 
ward face of the vehicle contains the radar dish and the longi- 
tudinal correction nozzle (Fig. 6). 

The attitude control system operates to maintain the body 
roll axis closely aligned with the radar dish axis during hor- 
ing. The homing guidance system is based upon an active 
radar providing data on range, range rate and the two coni- 
ponents of the line of sight inertial rate. A digital guidance 
computer calculates relative velocity perpendicular to the line 
of sight (using range and line of sight angular rate data). 
Closing velocity is obtained by differentiation of radar range 
or else by doppler. A block diagram of the homing guidance 
system is shown in Fig. 7. 

Shortly after separation a radar search mode is initiated by 
the rendezvous vehicle computer. A (large) solid angle is 
searched periodically until target acquisition is obtained. 
The kinematics after adaptation result in a very long avai!- 
able time for search before the target escapes from the searc!i 
sector, in order to maximize the probability of acquisition. 
When detection is accomplished, the search mode is stopped 
and the tracking mode initiated by locking a tracking gate on 
the target return and conically scanning the antenna about 
an axis always directed toward the target. 

After acquisition, the final or homing phase begins. At 
acquisition, the relative velocity vector will lie generally in the 
direction of the line of sight, but a substantial error may 
exist, equivalent to a relative velocity component perpendicu- 
lar to the line of sight. The range at acquisition and the mag- 
nitude of the closing velocity are such that the homing phase 
duration is several minutes. A reasonably long period is e$- 
sential to an accurate rendezvous, since sufficient time must 
be allowed for smoothing of inherently noisy radar tracking 
data, as well as for correction of the measured errors. A 
period as great as ten minutes is still short, however, com- 
pared with the overall duration of the mission including ascent 
and the waiting period before launch, and is generally not ob- 
jectionable. The effect of the differential Earth gravity field 
(tidal acceleration) has been shown by Hord (5) to be negli- 
gible for homing durations not exceeding about ten minutes. 

The homing phase may be considered as two successive 
phases, somewhat independent of each other. 

1 A transverse correction phase wherein the relative 
velocity component perpendicular to the line of sight (trans- 
verse velocity) is reduced to zero by application of several 
transverse pulses of thrust, resulting in a collision course. 

2 A longitudinal correction phase wherein, at reasonably 
close range, the closing velocity is reduced to zero by applica- 
tion of several longitudinal pulses of thrust, resulting in 
rendezvous. (Actually, additional transverse corrections may 
occur during this phase to maintain an accurate collision 
course to very close range.) 

Discrete velocity corrections are used in both phases, 
primarily to avoid the need for proportional thrust engines, 
but for other reasons as well, e.g., tracking measurements and 
guidance computations are more easily made during the 
reasonably long force-free periods between thrust pulses. 

After acquisition, the vehicle longitudinal axis is slaved to 
the direction of the radar axis, using gimbal pick-offs. This 
procedure maintains the vehicle along the line of sight to the 
target, automatically pointing all engines in the proper direc- 


* Numbers in parentheses indicate References at end of paper. 
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tion for thrust, and eliminating the need for resolvers or an 
additional platform slaved to the line of sight. 


Transverse Correction Phase 


In the transverse correction phase, target range r is meas- 
ured by the radar and the inertial angular rate of the line of 
sight w is measured by gyros on the radar tracking head. 
Except for a negligible gravity effect, the angular momentum 
of the target, H = r?w is constant between thrust pulses. H 
is computed and filtered in an optimum manner by mere time 
averaging over several seconds. The transverse velocity cor- 
rection v, required at any instant to yield a collision course is 
given by H/r. After a certain filtering period has elapsed, a 
velocity correction equal to v, is commanded provided that v, 
exceeds a given threshold function of range. Thrust is then 
initiated from a transverse engine and is terminated when the 
integrated output of a body mounted accelerometer indicates 
v, has been achieved. The process is iterated as necessary, 
each succeeding correction tending to be smaller than the last 
one. Target tracking data are not used during thrust pulses 
since the pulses may be too short for accurate measurement 
of the rapidly varying w. Tracking is resumed after a thrust 
pulse. 

The method described permits accurate homing despite 
noisy data on r and w and despite large accelerometer errors, 
since iteration of corrections provides the effect of closed loop 
guidance. Moreover, large, reasonably accurate, transverse 
corrections may be made quite early if the v, threshold is 
properly selected. This tends to minimize propellant con- 
sumption, since v, tends to grow inversely with range if uncor- 
rected. 


Longitudinal Correction Phase 


Longitudinal corrections to reduce r to zero are not begun 
until the range to the target is reasonably small, by which 
time the transverse corrections have placed the rendezvous 
vehicle very nearly on a collision course to the target. Since 
a rendezvons requires that r and 7 be brought simultaneously 
to zero, some form of longitudinal thrust control is required 
unless r *, and the thrust acceleration level are all perfectly 
known at the initiation of longitudinal thrust. 

A simple and satisfactory method, not requiring a propor- 
tional thrust engine, is to use several successively shorter 
pulses of constant thrust, separated by reasonably long 
periods of coasting. A typical closing profile is shown in 
Fig. 8. (The coast periods shown are sufficiently long to per- 
mit additional transverse corrections to be made, should 
longitudinal thrust misalignment produce any transverse 
velocity errors.) 

The range at which a thrust period is initiated is computed 
in the vehicle to satisfactory accuracy by the following equa- 
tion which neglects the effect of mass change during the 
thrust period. 


Ves? — Vyi? 


2a, + += 1,2,3 (1] 


range at which to initiate 7th longitudinal correction 
ry; = desired range at termination of ith correction 


vei = measured closing velocity before ith correction 
vy; = desired closing velocity at termination of ith cor- 
rection 
a; = predicted average acceleration during ith correction 
roi is continually computed during a coast period, using 


smoothed values for v.;. Thrust is initiated when r,; equals 
the smoothed value of measured range. 
The desired longitudinal velocity correction is 
Avy = — Vsi += 2, 3 [2] 


The longitudinal engine is shut off when the integrated output 
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Fig. 8 Nominal closing velocity profile 


of a body mounted accelerometer indicates that Av; has been 
achieved. 


ke 

The purpose of the launch guidance error analysis is to de- 
termine the variations in the acquisition geometry which oc- 
cur because of errors during the ascent phase. The acquisi- 
tion geometry parameters which are important to the homing 
guidance system are: the required acquisition search angle; 
the transverse velocity of the target relative to the inter- 
ceptor; and the variation in closing velocity. 

Launch guidance errors arise from several sources: during 
the initial powered flight phase, there are guidance instru- 
ment and equation errors, as well as engine shutoff uncer- 
tainties. During the ascent trajectory, other errors may be _ 
injected by other burning periods, e.g., boost, yaw, and © 
adaptation maneuvers. The actual series of maneuvers is 
determined by the type of launch trajectory employed for — 
performing the rendezvous. ‘This error analysis will consider | 
two typical schemes, parking orbit and direct ascent. 

The burnout errors at the end of the initial powered flight — 
phase determine the ballistic trajectory that is followed there- _ 
after. The error analysis which follows assumes that these 
burnout errors are available from other analyses and con- © 
siders how they propagate into acquisition geometry uncer- — 
tainties for each trajectory. The effect of errors in the _ 
powered flight maneuvers peculiar to each trajectory is con-— 
sidered. 

The error sources are assumed independent and with nor- | 
mal probability density distributions. For linear situations, 
an RSS technique is used to find the combined errors. How- 
ever, the acquisition geometry can be quite nonlinear. To 
illustrate, consider the line of sight angle between a fixed tar- 
get and a moving interceptor. Assume that the interceptor 
moves in a straight line track that does not intercept the tar- 
get. Even for linear variations in position along this track, 
the angular variations are quite nonlinear near the point of 
closest approach. To treat this nonlinear situation, a limited 
Monte Carlo technique is employed. 7 


Purpose and Assumptions 


Parking Orbit Trajectory 


Sources of error 


Each phase of the trajectory contains sources of error- 
The initial powered flight errors cause the parking orbit to be 
slightly perturbed. Since the attitude reference will drift 
during the parking orbit phase, the boost and yaw thrusting 
will also be in an erroneous direction. 


Moreover, since this 


509 


| 
1 
15) 
Launch Guidance Error Analysis 
Re 
2 
zat 
nd 
wi) 


thrusting eevides a precomputed velocity increment, posi- 
tion errors can accrue with a nonstandard propulsion system. 
Finally, position errors cause the adaptation thrusting to be 


in the wrong direction. An analysis of how these errors 
propagate through the various phases of the parking orbit is 
presented in the following. For convenience, this analysis is 
divided into two parts, in-plane and out-of-plane analyses. 


In-plane analysis 


This section considers a two-dimensional model, except for 
the yaw maneuver. Fig. 9 presents the geometry assumed. 
The subscript 7 denotes the initial value upon entering the 
parking orbit, and f denotes the final value at the end of the 
parking orbit (before boost-yaw) when 6 = @,. 

Parking orbit phase. For small perturbations about a circu- 
lar parking orbit, the errors after an Earth angle 6; are related 
to the initial errors as shown in the (matrix) equation (3). 
Refer to Figure 9 for notation. 


erence drift of @q¢ radians. Since the angle A is almost 90 
deg, angular errors have negligible effect on the thrusting 
time. Therefore, the errors injected, beyond those already 


present at the end of the parking orbit, are pany: 
AVin : 
| 


Next, consider a perfect attitude reference, but a thrust :c- 
celeration uncertainty 6a. The AVi, component of velocity 
can be neglected and the thrust assumed normal to the in- 
stantaneous velocity vector (¥ = 90 deg). Consider the yw 
maneuver to be complete after t, sec, with A(t,) = Az = 0. 
The position and time uncertainties at the end of thrusting 
are 


bx(ty) = Vidty 


2 — cos 0, 0 (1 — cos 6) —R sin 6, 
V ans 
56, (2 sin 6, — 30,) 1 sin 6; — — cos 50, 
; (cos 6; — 1) 0 2 cos 6; — 1 6V; 

5B; 6; 0 — =sin 0, 5B: | 


Notice that 5R,;, 5V; and 68; are periodic with time spent in 
the parking orbit (i.e., with 6;). However, 60, contains secu- 
lar terms which increase with @;. 


the initial powered flight errors. Notice also that, in practice 
the most important contributors are the burnout velocity 
errors, 6V; and 66;. 

Boost and yaw phase. The boost and yaw maneuver causes 
both in-plane and out-of-plane errors. Assume that during 
this maneuver the velocities to be gained are AVin, parallel to 


The worst case is for AVou > AVin, since with no yaw 
The simplified 


the target plane, and AVou, normal to the target plane. 7 


(AVout = 0) the errors injected are small. 

geometry assumed is shown in Fig. 10. 
Consider first that the thrust acceleration is perfect but 

that the thrust angle ) d is in error because of an attitude ref- 


EARTH CENTER 


Fig. 9 Parking orbit launch trajectory spieinateyinidinad 
plane 


The parking orbit, there- 
fore, is limited to some maximum value of 6; depending 


(1 — cos A;)ét, 


éty = — A, 6a [8] 


in which V; and A, are the initial velocity and yaw angle at 


point (1). Also during this maneuver, the target is in error by 
V ot, ft. 
Thus the true error caused by thrust uncertainty is 
V.—V 


in which V, is the target’s velocity. 

Hohmann transfer and adaptation phase. ‘The errors present 
upon entering the Hohmann transfer ellipse are computed by 
forming the square root of the sum of the squares of all con- 
tributing errors discussed above, i.e., those at the end of park- 
ing orbit and boost-yaw period. 

With these total errors, a digital computer routine (IBM 
704) was used to calculate the resulting transfer trajectory, as 


OF FIG.9 
Fig. 10 Parking orbit trajectory-boost-yaw phase geometry- 
horizontal plane 
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Fig. 11 Typical variation of in-plane acquisition geometry wit 
launch guidance errors 77h 


well as the relative geometry between target and rendezvous 
vehicle. The adaptation thrusting was included in this simu- 
lation. 

A typical variation in aquisition geometry is shown in Fig. 
il. For the errorless case, the rendezvous vehicle follows the 
standard trajectory. This nominal situation is designed so 
that, at some predetermined range, the transverse velocity 
V. (perpendicular to line of sight) is zero. The line of sight 
direction is known, and the acquisition radar is directed 
exactly at the target. Moreover, there is a definite closing 
rate; i.e., the target is gaining on the rendezvous vehicle. 
However, with launch guidance errors the rendezvous ve- 
hicle’s trajectory is perturbed; a typical path is shown in 
Fig. 11. In this case, the nominal geometry no longer ap- 
plies. The radar must search for the target through the 
angle 6¥. The transverse velocity is no longer zero. The 
homing guidance system must correct this velocity, 6V:. 
The closing velocity is also perturbed somewhat. 

Fig. 12 shows transverse velocity error 6V, plotted against 
the error 6V, present upon entering the Hohmann transfer 
ellipse. 

The nonlinearity in 6V; (and also in 6y) is evident from 
Fig. 12. With nonlinearities present, it was necessary to 
compute perturbed transfer trajectories for various combina- 
tions of errors and dwell times in the parking orbit. The in- 
terpretation of these results must consider that some cases 
will be extreme combinations. 

Thus a series of digital computer runs is required to deter- 
mine the in-plane acquisition geometry, once the errors at the 
end of boost-yaw are obtained. a 


The analysis of errors effecting the out-of-plane acquisition 


geometry is straightforward. In the parking orbit, the out-of- 
plane errors propagate as follows 


bey cos 6; sin 0; be; 
= [10] 

6A; —sin 0; cos 0; 6A; 
It was shown in Equation [4] that the positional reference 
drift causes an azimuthal velocity error. Similarly, from 


Equation [7] it is seen that the boost-yaw acceleration uncer- 
tainty causes an out-of-plane angular position error of 


Out-of-plane analysis 


be. = (1 — cos A) [11] 
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Fig. 12 Transverse velocity variation at acquisition—initial 
velocity error—parking orbit trajectory—330 n. mi. target altitude 


Moreover, since the transfer is Hohmann (180 deg) all of the 
out-of-plane errors transfer (almost) directly. Therefore, if 
R, is the target altitude from Earth-center at acquisition 


Out-of-plane velocity error = V + 


Out-of-plane search angle = + [13] 


in which r is the range between target and interceptor. 


Error analysis summary 


The error analysis presented above can be summarized as: 

The various contributing error sources are used to calcu- 
late the errors present upon entering the Hohmann transfer 
ellipse. 

A digital computing routine is used to find the resulting in- 
plane search angle, transverse velocity and closing rate varia- 
tion for the interceptor-target ranges of interest. 

The out-of-plane search angle and velocity requirements 
are computed using Equations [12 and 13]. 


= 

Direct Ascent Trajectory ar: aot 


Sources of error 


The major sources of error for the direct ascent are those 
during initial powered flight, as previously described. Other 
errors are injected during the adaptation (yaw maneuver) 
because of the position and propulsion system errors. — 


In-plane analysis 


Although the perturbation Equations [3] previously pre- 
sented apply rigorously about a circular orbit, they can be 
used to determine the effect of burnout errors upon acquisi- 
tion geometry for the direct ascent trajectory. Instead of 
using these equations for a parking orbit, they are used for 
the complete transfer ellipse; 6; is 90 deg. However, it was 
found that the digital computer simulation technique is 
more convenient for obtaining the relative geometry. Equa- 
tion [3] is useful in obtaining approximate effects. 

An interesting method for presenting the computer results 
is shown in Fig. 13. This figure presents the tracks of the in- 
terceptor relative to the target (at the center) in a vertical 
plane. Various combinations of boost shutoff errors 6V; and 
68; were assumed. If positions corresponding to intermedi- 
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Fig. 13 Interceptor position at acquisition—direct ascent trajec- 
tory—1000 n. mi. target (no adaptation) 


ate times, 6V, and 68; are desired, they 1 may be found by in- 
terpolation, since the results are approximately linear. An 
example is shown for t = 1800 sec in Fig. 13. At any given 
target to rendezvous vehicle range, the required search angle 
can be found directly from these plots. 

The inclusion of an impulsive adaptation maneuver is 
straightforward. If, for example, an in-plane velocity of 
1800 fps is added at time 1700 sec in the direction of the 
nominal line of sight, then the interceptor tracks of Fig. 14 
are obtained. 

Since this adaptation maneuver can be accompanied by 
large yaw velocity maneuvers, the propulsion system errors 
must be included. For a velocity match yaw procedure, the 
analysis presented in the parking orbit case applies; Equa- 
tions [4, 5, and 9] apply. The interceptor tracks can be 
altered accordingly. 


Out-of-plane errors 


The out-of-plane velocity and position errors at burnout 
propagate to position and velocity errors, respectively, at 
acquisition, because of the 90 deg ascent a Therefore 


The yaw maneuver at adaptation will inject an additional 


out-of-plane position error at adaptation given by equation 
[11], for a nonstandard thrust acceleration. Thus 


out-of-plane velocity error = Vde; 


A out-of plane search angle =— aa. + be ] 


Error analysis summary 


For the direct ascent trajectory, the in-plane acquisition 
geometry can be found from the burnout errors using the 
aforementioned digital computer routine. Some additional 
in-plane errors can be caused by the adaptation maneuver. 
The out-of-plane errors are given by Equation [16]. mi 


Homing Phase Error Analysis 


l'ransverse Errors 


Due to the effect of radar tracking noise, accelerometer 
error, and engine shutoff uncertainty, a transverse velocity 


error remains at the end of each transverse correction pulse, 


including the final one. 
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Fig. 14 Interceptor position at acquisition—direct ascent trajec- 


tory—1000 n. mi. target (with adaptation) 


‘Rater noise arises from: receiver thermal! 
noise; amplitude scintillation of the target; angular scintil- 
lation of the target; radar antenna servo jitter; and radar 
range measurement noise. 

The first four sources result in a random error in the meas- 
ured line of sight angle. This error has a nearly flat spectrum 
at frequencies below about 1 cps and is heavily attenuated at 
higher frequencies by action of the radar angle tracking loop. 
The standard deviations of the angular noise due to these 
sources varies with range in the following manner: re- 
ceiver noise with the square of range; amplitude scintilla- 
tion invariant with range; angular scintillation inversely 
with range; and servo jitter invariant with range. 

Since the computer accepts angular rate data, the angular 
noise is effectively differentiated before use. The computer 
then performs an arithmetic averaging of the angle rate noise 
over a smoothing period 7. (Actually, the computer oper- 
ates on H rather than w but this is unimportant in the present 
discussion.) Since 7 is large compared to the reciprocal of 
angle noise bandwidth, the resulting angle rate noise after 
smoothing is ia by 


RMS T 


where joe is the standard deviation of the total angle 
noise at the radar output due to all four noise sources. The 
error in measured transverse velocity due to radar tracking 
noise varies as range times angle rate noise. Thus the veloc- 
ity error due to radar tracking noise varies with range in the 
following manner: receiver noise with the cube of range; 
amplitude scintillation directly with range; angular scintil- 
lation invariant with range; and servo jitter directly with 
range. 

Fig. 15 shows the transverse velocity error resulting from 
typical radar errors, plotted against range, with 7’ = 10 sec. 

The transverse velocity error due to radar range noise is a 
second order effect since the error is a product of range error 
with the small angular rate of the line of sight. The acceler- 
ometer error in terminating thrust has a negligible effect for a 
similar reason. The error due to transverse engine shutoff 
uncertainty is small and constant for any correction period, 
and is only important at the end of the last correction. Its 
value may be held less than 0.6 fps (3 o) by a reasonable 
choice of engine thrust level. 

Fig. 16 shows a worst possible profile of transverse velocity 
error. The correction threshold function shown has been 
chosen empirically and is not necessarily optimum. The 3 o 
noise envelope of Fig. 16 is just three times the value of the 
curve of Fig. 15. The pessimistic assumption has been made 
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in Fig. 16 that the magnitude of the residual error at the end 
of each correction period is 3 ¢. This has been done for the 
purpose of sizing the propellant tanks of the homing vehicle 
for the worst case. The initial transverse error of 250 fps 
corresponds to a worst case for the launch guidance system. 

In determining an acceptable correction threshold function, 
it must be remembered that too high a threshold will generally 
result in a propellant penalty since corrections are unneces- 
sarily delayed. Too low a threshold will result in frequent 
small corrections which are undesirable for several reasons, 
among them the fact that insufficient smoothing time is 
available between corrections. 

Using typical numbers for a final transverse correction oc- 
curring at a range of 200 ft, a 3 o value of transverse velocity 
of less than 1.5 fps may be achieved, considering all sources 
o! error. 


Longitudinal Errors 


The longitudinal error analysis is quite straightforward for 
the system proposed. The errors in r and * (= —V,) at the 
termination of any but the final longitudinal thrust period are 
quite unimportant, provided that the nominal closing pro- 
file (Fig. 8) has been chosen intelligently. Intelligent choice 
of this profile, i.e., proper choice of the parameters of Equa- 
tion [1] permits sufficiently long coast times, so that r and 7 
may be adequately smoothed before the next correction be- 
gins. If this is done, errors in the radar measurement of r 
and # occurring at the beginning of a prior correction pulse, as 
well as accelerometer error, thrust acceleration uncertainty, 
and thrust shutoff uncertainty occurring during the prior cor- 
rection pulse, only serve to alter the range at which the sub- 
sequent correction begins (i.e., lengthen or shorten the coast 
period before the next correction). No significant accumula- 
tion of error results. 

The profile is also chosen so that the final correction in clos- 
ing velocity is small and begins at very close range. The 
terminal error in r and # results from the following sources: 

1 Radar measurement error of 7 at initiation of final 
longitudinal correction. 

2 Radar measurement error of 7 at initiation of final 
longitudinal correction. 

3 Accelerometer error. 

4 Thrust acceleration uncertainty (uncertainty in pre- 
dicted a;). 

5 Thrust shutoff uncertainty. 

Sources 1 and 4 produce only a terminal range error. 
Sources 2, 3 and 5 produce primarily a terminal closing 
velocity error. For a small final correction, the terminal 
range error is primarily due to source 1, and for a good radar 
is surely less than 50 ft (30). The 30 terminal closing 
velocity error due to 2 is about 1-2 fps for a good radar. 
The 30 error due to 3 may be held to less than 0.4 fps with 
almost any decent accelerometer. The 30 error due to 5 
may be held to less than 1 fps by proper choice of longitu- 
dinal engine size. Thus, the total 30 error in terminal clos- 
ing velocity is no more than 2.25 fps. 

The total terminal velocity including transverse velocity is 
therefore, no more than 2.7 fps (30). This velocity defines 
the quality of rendezvous obtainable with the vehicle de- 
scribed. If desired, a vernier system could be incorporated 
on the vehicle to effect either a soft contact with the target, 
or else a standoff position with respect to the target, main- 
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gnition of Solid Propellant Rocket 


Motors by Injection Of comer 
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teu 
_A preliminary experimental investigation was conducted to determine the feasibility of igniting 
solid propellant motors with hypergolic fluids. Ignition was accomplished by injecting a fluid 
into the propellant port, which upon contact reacted spontaneously with the fuel component of the 
propellant, providing sufficient heat for ignition and sustained reaction between the fuel binder and 


oxidizer. Motors containing composite and double-base propellant were ignited in this manner. 
Chlorine trifluoride was found to be the most effective ignition fluid; this was a result of its superior 


Spe article describes preliminary experiments in which | thick was added to the siesta core to fowen the pocket. 


solid propellant rocket motors were ignited by injecting a The radial injector tube inside diameter was 0.104 in., and it 
fluid that reacted hypergolically with the propellant grain. contained four radial drilled holes 0.06 in. in diameter. The 
This novel method of igniting solid propellants, which Y-type injector consisted of two drilled passages of 0.072-in. 
heretofore has been unexplored, may offer advantages diameter located at a 90-deg angle to each other. The axial 


applications. One such application is re-ignition of solid 
propellant motors during space missions. Of course the Double-Base Recket Motor 
problem of the satisfactory quenching of such motors will , 
still remain. A cutaway view of the double-base propellant motor is 

Experiments were conducted with motors containing com- shown in Fig. 3. The propellant consisted primarily of a 
posite, and in a limited number of cases double-base, solid mixture of nitrocellulose, nitroglycerine, and triacetin. The 
propellants. Chlorine trifluoride, bromine trifluoride, and hollow, cylindrical shaped propellant charge was uninhibited, 
bromine pentafluoride were investigated as hypergolic ig- 
nition fluids. The effect of altitude on the ability to ignite 
the motors with hypergolic fluids was determined, and several 
methods of injecting the fluids were evaluated. Measure- 
ments of the ignition delay time and the maximum ignition 
pressure were made. A comparison of typical pyrotechnic FLUID STORAGE BOTTLE ~ 
and hypergolic ignition pressure transients is also presented. 


over conventional pyrotechnic ignitors for some specific injector consisted of an open-end 0.104-in. ID tube. ~ 


VALVE ~ OPENED BY ELECTRIC MOTOR—, 


Apparatus and Procedure 


Composite Rocket Motors 


A cutaway view of the composite propellant motor is shown 
in Fig. 1. The propellant consisted primarily of polysulfide 
polymer fuel and ammonium perchlorate oxidizer. The 
ignition fluid injector and chamber pressure taps were lo- 
cated in the steel block at the motor head end. The injection 
system consisted of the following units: a storage bottle 
previously filled with the ignition fluid and pressurized with 
15-psig helium gas, a control valve operated remotely by an 
electric-motor-driven mechanical device, a check valve, and 
the injector. The types of injectors used are shown in Fig. 


2. The inside diameter of the open-end injection tube for the ee 2. : 

pocket injector was 0.104 in. A plasticized polyvinyl chlo- GRAN DIAM 

ride and ammonium perchlorate solid propellant disk }-in. to" CHAMBER=PRESSURE TRANSDUCER : 
Received July 7, 1960. : aay 
Aeronautical Powerplant Research Engineer, Propulsion 

Chemistry Division. Seren Fig. 1 Cross section of composite propellant motor and injection 
* Professor, Mechanical Engineering Department. system details 
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Type |Reac-|Ignition Injector details 


injec-jtion [pressure 


tor j|time,| ratio, 
sec | P. max | 
Po normal 


Pocket |0.34 


1.94 


Radial|0.59 | 1.64 
NZ 


1.86 


Fig. 2 Cross-sectional view and performance of several types of 
injectors—Composite propellant motor; chlorine trifluoride 
ignition fluid; ambient pressure 1 psia 


Fig. 3 Cross section of double-base propellant motor with igni- 
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and therefore it burned internally and externally. The Y 

injector (Fig. 2) and chamber-pressure tap were located in the 

steel block that also held the resonance paddle. The injection 

system was the same as used for the composite rocket motors. 


All the experiments were conducted in an altitude facility 
that was capable of maintaining a pressure of 1.0 psia, equiv- 
alent to approximately an 11.7-mile altitude. To obtain 
lower ambient pressures, some of the rocket motors were 
mounted in a 23-ft diameter by 5-ft long vacuum tank that was 
installed in the altitude facility. This tank could be pumped 
down to 100 yu, equivalent to approximately a 50-mile alti- 
tude. When the rocket motor was ignited, a 0.002-in. thick 
aluminum diaphragm (capable of holding a pressure differen- 
tial of 1 to 2 psi) on the end of the tank was blown out, and the 
vacuum tank was thus vented to the pressure existing in the 
altitude facility. 

Chamber pressure was measured with a strain gage type of 
pressure transducer. The pressure side of the transducer 
and vertical pressure line above the transducer were filled with 
a high temperature silicone oil for protection from the combus- 
tion gas. (This left less than 4 in. of open line between the 
combustion chamber and oil surface.) The electrical signal 
from the pressure transducer was recorded on a direct-re- 
cording oscillograph. 

The direct-recording oscillograph was also used to measure 
ignition delay for both types of rocket propellant ignitions. 
This was accomplished by imposing a separate signal (marking 
time, zero) on the oscillograph record at the moment when 
electric power was applied to the valve actuator. Ignition 
delay was the elapsed time from time zero until the chamber 
pressure rose to 50 per cent of its normal value. Ignition 
delay consisted of system dead time and reaction time, which 
was the parameter of interest in these experiments. Dead 
time was the time required for the fluid to reach the injector 
after application of electrical power to the valve actuator. 
The dead time of the fluid system used, which was determined 
by high speed photography, was approximately 1.1 sec. 
The reaction time, which was found by subtracting the dead 
time from the ignition delay, was then the time required, 
after the fluid had reached the end of the injector, for the 
chemical reaction to ignite the grain and raise the pressure to 
50 per cent of its normal value. 


Results and Discussion 7 


Evaluation of Several Hypergolic Fluids 


Chlorine trifluoride, bromine trifluoride, and bromine penta- 
fluoride (each 99 per cent pure) were investigated as possible 
fluids for hypergolic ignition. These interhalogen compounds 
were chosen because they are highly reactive with the fuel 
component of the propellant and because they are easily 
stored as liquids. Ignition and normal combustion of the 
composite propellant were obtained with each of the fluids. 
Reaction times for several ignition attempts are listed in Table 
1. With the Y-type injector the reaction time for ignition 
with chlorine trifluoride was 0.71 sec, about half that of either 
bromine trifluoride or bromine pentafluoride. One ignition 
attempt with bromine trifluoride was unsuccessful, although 
there was an indication of some reaction. On the basis of 
reaction time, chlorine trifluoride appeared to be the more 
effective hypergolic ignition fluid. The lower reaction time 
obtained during ignition with chlorine trifluoride is attributed 
to its higher reactivity. Ignition of the gomposite propellant 
motor with chlorine trifluoride exhibited a high degree of 
reliability; in 15 firings over a wide range of conditions no 
ignition failure was encountered. 
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Typical Transient Chamber-Pressure Behavior for 
Hypergolic Ignition 


A typical transient chamber-pressure record for ignition of 
the composite propellant motor with chlorine trifluoride is 
shown in Fig. 4. The reaction time (see procedure), which is 
the time increment from the moment the fluid is injected into 
the chamber until the chemical reaction ignites the propellant, 
was of primary interest in this investigation. The data for 
hyperglolic ignition was therefore presented in terms of the 
reaction time. The reaction period was characterized, as 
typically illustrated in Fig. 4, by only a slight increase in 
chamber pressure, except for occasional small pressure surges, 
up until ignition was accomplished and the chamber pressure 
suddenly increased to at least the normal chamber pressure. 

During ignition of the composite propellant motor, a 


Table 1 Comparison of typical reaction times obtained 
during ignition with several hypergolic fluids—composite 
motor; Y injector 


Reaction Ambient Chamber 
time, pressure, pressure, 


ane 


‘Fluid sec? psia psia 
0.71 1.0 600 
trifluoride 
bromine 1.79 1.0 600 
trifluoride noignition® 1.0 600 
bromine 1.39 1.0 600 
pentafluoride 


* Reaction time is defined as the time required after the 
fluid has reached the end of the injector for the chemical 
reaction to ignite the propellant and raise the chamber 
pressure to 50 per cent of its normal value. 

> Although ignition was incomplete, an indication of 
some reaction was observed on the chamber-pressure trace. 


Table 2 Reaction time for a range of simulated altitude 
pressures—composite propellant motor; chlorine tri- 
fluoride ignition fluid; Y injector 


Altitude Reaction 
Altitude, pressure, time, 
mile psia : sec 
0.6 oa 1.16 
3.3 7.5 0.51 
11.7 0.71 
40.5 0.0085 0.61 
45.4 0.0014 0.71 


Table 3 Reaction times for double-base propellant motor 
at several pressure levels—chlorine trifluoride ignition 
fluid; Y-type injector 


Fluid 
Ambient injection Quantity Reaction 
pressure, pressure, of time, 
psia psia ce sec 
13.6 30 5 0.66 
13.0 1.43 
7.0 2.0 
7.0 30 0 9.2 
7.0 me no ignition 
1.0 30 no ignition 
1.0 no ignition 
1.0 65 £10 no ignition 
1.0 no ignition 


fairly large pressure peak (see Fig. 4) was obtained. Ignition 
pressure ratio (P.,max/Pe,normai) averaged about 1.7 for ignition 
with chlorine trifluoride. The high ignition pressure may bi 
due in part to a local increase in burning rate in the vicinit) 
of the propellant surface due to the heat conduction into th« 
propellant during the comparatively long reaction time. It 
was estimated from the dependence of propellant burning 
rate on temperature that the burning rate can be about 4( 
per cent higher (equivalent to a 40 per cent increase in pres- 
sure) near its auto-ignition temperature compared with an 
initial temperature of 70 F. Erosive burning may also 
have contributed to this pressure peak. The initial motor 
port to throat area ratio was 1.2, which is in the range where 
erosive burning is encountered. 

The unduly high ignition pressure ratios are probably not 
inherent to hypergolic ignition. Optimization of design, 
with its attendant reduction in reaction time, may also 
reduce this ratio to a more acceptable figure and yet retain 
the other potential advantages of this ignition appreach. 


Comparison of Several Injection Techniques 


A comparison of the reaction time for several different fluid 
injectors is given in Fig. 2. The reaction time varied from 
0.33 sec for the pocket injector to 0.91 sec for the axial injec- 
tor. It is interesting to note that the injectors that tend to 
concentrate the fluid at the head end of the grain core (pocket 
and radial) have shorter reaction times than those that tend 
to distribute the fluid over more of the grain surface (Y and 
axial). Concentration of the ignition fluid at the head end 
of the core results in a greater probability of reaction with 
the propellant before escaping through the nozzle. Combus- 
tion gases generated at the head end of the core contribute 
to the heating of the remainder of the propellant surface by 
convection and radiation during passage to the nozzle. 

Although most ignition data were obtained using 5 ce of 
fluid, the composite propellant motor was also ignited with 2.5 
and 10 ce of chlorine trifluoride. The ignition characteris- 
tics were roughly similar for this range of fluid quantities. __ 


Effect of Altitude on Ignition Delay E 


Since the rate of vaporization of the ignition fluid during in- 
jection increases as the altitude is increased (decreasing ambi- 
ent pressure), ignition attempts were made over a range of 
simulated altitude pressures to determine whether low ambient 
pressure would affect ignition characteristics. The composite 
propellant motor was successfully ignited at simulated altitudes 
from sea level to 50 miles. The effect of altitude on reaction 
time is shown in Table 2. Except for the data point near sea 
level which is apparently in error partially as a result of the re- 
duction in fluid pressure drop at lower altitudes which increased 
dead time, the reaction time was approximately constant 
with increasing altitude. Since no significant trend of in- 
creasing reaction time with altitude was apparent for altitudes 
up to 50 miles, it is reasonable to assume that no difficulty 
igniting this motor would be encountered under complete 
vacuum conditions. 


Ignition of Double-Base Propellant 


The chemical composition of double-base solid hati 
is basically different from that of composites; therefore, a 
brief study of the ignitability of a motor containing a typical 
double-base propellant using chlorine trifluoride was made. 
Reaction time averaged 1.15 sec (see Table 3) for the double- 
base propellant with a Y-type injector at sea-level ambient 
pressure. However, at an ambient pressure level of 7.0 
psia, reaction time increased significantly and became 
somewhat erratic. Reaction time varied from 2 to 9 sec, 
and several ignition failures were obtained. At ambient 
pressures of 1.0 psia, several ignition attempts were made and 
alJ were unsuccessful. In all cases where the propellant failed 
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Fig.4 Typical transient chamber-pressure record for hypergolic 
ignition of composite propellant motor using chlorine trifluoride 


with Y-type injector met 

ar... 


to ignite, a reaction with the propellant surface was evi- 
denced by a gummy surface residue. 

It is interesting to note that, while the composite propellant 
exhibited little or no effect of ambient pressure on reaction 
time, the ignition of the double-base propellant was severely 
affected by reduced ambient pressure. Although differences 
in reactivity between the chlorine trifluoride and the fuel 
binders of the composite and double-base propellants are a 
possible explanation for the wide difference in ignitability of 
these propellants, geometrical factors such as those that affect 
fluid residence time and distribution may also have contrib- 
uted to this difference. Further study in these two areas is 
necessary to determine their relative importance. 


Comparison of Hypergolic and Pyrotechnic Ignition 


A comparison of typical pyrotechnic and hypergolic ignition 
transient pressure variation for the composite propellant motor 
is shown in Fig. 5. The pyrotechnic ignitor was a standard 
jelly-roll type developed for use with the composite propel- 
lant motor. The hypergolic ignition system used chlorine 
trifluoride with the Y-type injector. The ignition delay 
with the pyrotechnic ignitor averaged about 0.01 sec com- 
pared with a reaction time of 0.71 sec for hypergolic igni- 
tion. 

This wide difference in ignition delay is a result of the dif- 
ferent conditions under which the propellant is ignited. 
Experimental evidence indicates (1 and 2)* that the mechanism 
for ignition of a composite propellant is the pyrolysis of the 
fuel polymer and oxidizer until a combustible gas mixture is 
formed and subsequently ignited. With a pyrotechnic ig- 
nitor the propellant is suddenly exposed to hot gases at high 
pressure, which results in a rapid heating of the propellant and 
consequently short ignition delay. With hypergolic ignition, 
the heating of the propellant results from a reaction between 
the fuel polymer and the fluid. An important factor in the 
ignition delay with this type of ignition is believed to be the 
absence of high chamber pressure during ignition. Low 
chamber pressure can result in lower reaction rates, lower 


3 Numbers in parentheses indicate References at end of paper. 
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Fig. 5 Comparison of hypergolic and pyrotechnic ignition 
chamber-pressure transients 


propellant burning rates when ignited, and decreased ability 
to heat those areas remote from the injection point. Im- 
provement in ignition delay may come from improved in- 
jection techniques aimed at maintaining higher chamber pres- 
sures during ignition and from adequately exposing more of the © 
propellant surface to the hypergolic reaction. 

Ignition pressure ratio with pyrotechnic ignition averaged 
about 1.3 compared with 1.7 for hypergolic ignition. As 
mentioned earlier, the high ignition pressure ratio obtained 
with hypergolic ignition may be reduced by improved tech-— 
niques. It is possible that reduction in reaction time may 
help to decrease the ignition peak pressure to a more accept- 
able value. 


Summary of Results 

An experimental investigation of the ignition of solid pro-— 
pellent rocket motors by injection of a fluid that reacted — 
hypergolically with the propellant can be summarized as 
follows: 

1 Composite and double-base solid propellant motors — 
were ignited by reaction with a hypergolic fluid. 

2 Of the hy pergolic fluids investigated, chlorine triflecride 
was the most promising because of its superior reactivity. 
Ignition of the composite propellant motor with chlorine — 
trifluoride exhibited a high degree of reliability over the range — 
of conditions encountered. 

3 Reaction time was shortest when the injected hyper- 
golic fluid was concentrated locally at the head end of the | 
propellant port rather than distributed over more of the 
propellant surface. 

4 Ignition characteristics of the composite propellant 
motor were not affected by extreme altitude. Ignition was 
obtained at a simulated altitude of 50 miles, the limits of the - 
tests. Although double-base propellant ignition was com- 
parable to the composite propellant at sea-level ambient pres- 
sure, ignition was progressively more difficult as ambient | 
pressure was decreased. 

5 Longer reaction time was obtained with hypergolic 
ignition compared with the ignition delay obtained with con- 
ventional pyrotechnic ignition. Peak ignition pressure 70 
per cent higher than normal chamber pressure was obtained 
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with hypergolic ignition, compared with 30% for pyrotechnic. 
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orbit from the outside. 


4 bas PROBLEM considered in this study was to find the 
path along which a vehicle should travel in order to trans- 
fer between two points in a minimum time. This is equiva- 
lent to maximizing the payload on a vehicle of fixed initial 
weight, since the rate of fuel consumption is a constant for 
each stage. The minimum time path is found by obtaining 
a particular time history, called the optimum, of one or more 
of the parameters which control a vehicle’s flight. In this 
study the optimized parameter is the thrust direction. 

This realm of problems, optimizing trajectories, has been 
widely treated in the literature. Miele (1)? lists an extensive 
bibliography of effort and reviews the general formulation of 
trajectory optimization problems by the calculus of variations. 
However, the solution of these problems, once formulated, 
may be quite cumbersome and no general, systematic ap- 
proach has yet been reported. A method of solution (ac- 
knowledged to be limited to the class of problems Sonnet) 


is presented and tested with a sample problem. — r: 
Received July 27, 1960. wees 
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Optimum Steering Program 
_ the Entry of a Multistage 
— Into a Circular Orbit 


be 


The problem of finding the thrust steering program to place a maximum payload into a circular 
orbit has been investigated by the Mayer formulation of the calculus of variations. 
of an example problem is discussed, and the mass discontinuity at change of stage is considered. 
The numerical method of solution is believed to be applicable to a large class of problems. 
sample problem, the boost vehicle is a continuously burning, multistage rocket; atmospheric 
effects are not considered. Three initial and three final conditions are specified: 
direction of the velocity and the radius from the center of Earth. For the sample problem, 
it is found that the optimum trajectory first goes beyond the circular orbit and then enters the 
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The problem is to place the maximum payload into a 
circular orbit from a given set of initial conditions on », ¥, r, 
to a specified set of final conditions on v, y, and r; v is the 
velocity, y is the direction of the velocity vector relative to 
the local horizontal, and r is the distance from the center of 
the earth (see Fig. 1). A multistage, continuously burning 
vehicle is assumed. The following parameters are assumed 
to be fixed: ee. 


Statement of the Problem 


1 Initial gross weight. 
2 Number of stages, n. 

3 Thrust for each stage. 

4 Time of burning for all but the nth stage. 


The maximum payload is placed into the orbit by finding 
the trajectory corresponding to the minimum time of burning 
the nth stage. This is achieved by finding the optimum 


steering program, that is, the time history of the angle a 
between the thrust vector 7 and the velocity vector v. 
Atmospheric effects are not considered. 
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Equations 


Equations [1-4] are dynamic and kinematic relations 
which apply to the motion of a particle in a plane under the 
influence of thrust and central gravitational forces 


T cosa sin 
T sin a cosy , vcosy 
2) 
mv ur r 


where u is the product of the universal constant of gravity — 


aid the mass of Earth.* 
The rate of fuel consumption is a constant for each stage, — 
given by 
Gol sp 


where go is the acceleration due to gravity at the surface of 
Earth and J,, is the specific impulse in a vacuum. 

Equations [6-8] are the differential equations for the 
Lagrange multipliers, which arise from the Euler necessary 
condition in the calculus of variations. Their derivation is 


given in the Appendix 


° 
hy = + 2) sin y [7] 


» Si 2 
r r? \or 


The thrust steering angle a is found by 
a = tan (A,/vA,) [9] 


The conditions to be met upon entry into the circular orbit 
are 


vi= Vy/a = (1 — = f(y}, tn) 

yi =0 Ay! = unspecified 7 

ri=a = unspecified 


where a is the radius of the circular orbit. The initial condi-— 
tions are 


‘7. 


Superscript 0 indicates the value at end boost of stage one, 
and superscript 1 indicates the value at entry into the orbit. 

Method of Solution 

The solution of the boundary value problem is obtained 

when the six first-order differential equations are integrated 

and satisfy the prescribed conditions at the terminal and 

initial point. In this study all integrations were backward, 

ie., from the terminal to the initial point. 


3 Equations [1-3] may be solved independently of Equation 
[4]. In fact, o as a function of time need not be determined 


until after the problem has been solved. 
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To initiate a backward integration it is necessary to specify 
the terminal values for the six dependent variables v, y, 1, 
A», Ay, Ar and the time of burning of the nth stage t,.4 

Three of the starting conditions are specified by Equation 
[10]. Thus values for \,, A, and ¢, need be assumed before 
a backward integration may begin. To evolve a method of 
attack which would mitigate the difficulties inherent in the 
two-point boundary value problem, it was decided to study 
the dependence of each of the computed initial values v°, 7°, 
and r° on the variation of the assumed values for \,, A,, and 
tn, taken one at a time. Since an obvious physical meaning 
is attached to the burning time ¢, and to the steering angle 
a, these two parameters were fixed at arbitrary values while 
A, was varied. As a starting point a was taken as zero. 
From Equation [9] it follows that A, = 0 and from Equation 
[10] that A, is a function of ¢, only.’ A first value for ¢, was 
selected on the basis of nominal ballistic trajectories. It 
soon became clear that no conclusions could be drawn from 
the graphs of \,! vs. v° computed and A,! vs. y® computed. 
However, A,! vs. r° computed yielded significant information. 
The monotonic character of this plot (see Fig. 2) showed that 
for a wide range of t, a A,! could always be found so that the 
desired value for r° could be reached at ¢®. This was the most 
important find, and, of course, the monotonic character 
occurs regardless of the initial choice of a; ie., a A,' can 
always be found so that r° occurs at t®. The next step taken 
was to plot t, vs. v’ computed (see Fig. 3) for a fixed value 
of X,! selected from Fig. 2. From Figs. 2 and 3 it was pos- 
sible to select values for A,! and ¢, for which v°® and r° com- 
puted were close to the desired values. The last step is to 
converge on all three of the initial values v°, r°, and y°. This 
is accomplished by varying a! along with small changes in 


4 By defining new variables, 7 = Ayv/Av, r = Ar/Av, two equa- 
tions for 7 and 7 can be used to replace the three Equations 
[6-8]. See (2, 3.) However, although it is usually advanta- 
geous to reduce the number of dependent variables in a system of 
equations, it was not done in this report due to the simplicity of 
solution exhibited by the present system. The monotonic be- 
havior of the plot of A, vs. r° (Fig. 2) is the important property 
which allows a rapid determination of the solution; without 
that behavior the extremely sensitive variable \,1 would take 
long to determine and the problem would be extremely tedious 
to solve. 

5 Note from Equation [10] that », at the terminal point is 
uniquely determined by the choice of \y and tn. 
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| ae... Values Table 1 Data for sample problem 
te 
Tn ne, Mota! = 31,493.8 slug 
T, = 1.58X10%lb ri, = —181.8slug/see t, = 127 sec 


Ts = 8.X< 10* 1b M2 = —5.915slug/sec te = 467 sec 
T; = 4X 10‘lb ms = —2.958slug/sec t; = ? 


hy fadins pree = 14.0775 X ft?/sec? mstage1 = 3,510.3 slug 
t= as a = 21,433,000 ft mstage 2 = 334.8 slug 
—™ 2 dr! vs. r° computed Terminal conditions | Conditions at burnout of stage 1 
fie ; v = 25,545 fps v = 9,340 fps 
r = 21,433,000 ft r = 21,105,000 ft 
Ay = f(ts, ry) altitude = 200,000 ft 
» =1 


The data used are shown in Table 1. Since atmospheri: 
effects were not mechanized in the digital computer program, 
it was decided to determine the optimum steering program foi 
' only stages 2 and 3 where the atmosphere is negligible, and 
|Vorbit to assume a ballistic first-stage trajectory. The end burnout 


the variational problem. 

=== About twenty runs were made until values of a, A,', and t, 
were found which yielded a trajectory, the initial conditions 

Rig, 3 t, vs. v° computed 4 of which reasonably match the end burnout conditions oi! 

stage 1. Three of the trajectories’ runs are illustrated in 


| vVedesired 


Figs. 4 and 5 
ai a aoe | In Fig. 4 the distance from the surface of the earth is plotted 
io ngs eecar" against the range angle a. This is a distorted plot since a 
\,! and ¢,. Convergence in this last step was found to be 
rapid. 

The method of solution is summarized as follows: 


1 Select ¢, on basis of ballistic trajectory and set a! = 0. i | 
This defines A,! = Oand X,'(t,). 

2 Findr®asa function of A,' with ¢, as a parameter. 

3 Find v° as a function of ¢t, using a value of \,' found 
from step 2. 

4 Select A, and ¢, such that convergence on v® and r° is 
obtained. 

5 Vary a! while slowly changing ,! and ¢t, found in step 
4 until convergence on v°, r° and 7° is achieved. 


600F 


500F 


In summary, steps 1 through 4 correspond to satisfying the 
mechanical energy requirement at the initial point, while step 


5 considers the additional constraint upon °. 


v°=7794 FT/SEC @'= 
6°=27.7DEG  t, = 344 SEC 


Computer Mechanization 


h, DISTANCE ABOVE SURFACE OF EARTH (FT X 10-3) 


rhe defining equations were mechanized on the Bendix n° = -103X10° FT 
G-15D digital computer using the Intercard system of RUNS 
coding. The details of the program mechanization are not = 10,002 FT/SEC a@'= 
covered in this report; however, a brief description of the SEC 
integration technique seems appropriate. The terminal 
conditions, Equations [10], and ¢, are the starting values for ergs 
& ® ALTITUDE v9 = 9361 FT/SEC a@'=11 DEG 
the backward integration. A predictor-corrector method =22.7DEG t, = 294 SEC 
which allows a variable step size is used to integrate Equations ial hn? = 202X109FT 
[1, 2, 3, 6, 7, 8] to #°. The computed values for v®, y° e a DESIRED INITIAL VALUES 
and r° are then compared with the desired values, and ad- | a A. v9 = 9340 FT/SEC 
justments in the starting values are made, in accordance oro h° = 200X10°FT 
ith ? ‘l the initial conditi ‘ §° = 25 DEG 

with steps 1-5, until the initial conditions are reasonably met. 

10 20 30 

Sample Problem RANGE ANGLE (DEGREES) 

In the sample problem considered it was desired to place 
-100 


the maximum payload into a 100-statute-mile orbit with a 
three-stage vehicle. 


. §20 


Fig. 4 Sample trajectories 
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4(-deg range angle corresponds to about 1.47 < 107 ft. 
computed initial conditions from run 1 are in poor agreement 
with the end burnout, conditions of stage 1. In carrying 
out step 2 mentioned earlier, that is, varying A,! until r° 
is met, run 9 finally resulted. Since the computed v° from 
run 9 was already in good agreement with v° desired, it was 
decided to jump to step 5 and attempt to bring y°® into 
closer agreement with the desired 25 deg. Such an attempt 
is shown in run 20 where it may be noted that v° also moved 
closer to the desired value even though ¢, was not changed. 
Thus the computed initial conditions from run 20 are in fair 
agreement with the end burnout values of stage 1. By con- 
tinuing the iterative process as indicated in step 5, any de- 
sired agreement with the initial values will be met. As soon 
as a solution is obtained which yields initial conditions that 
are in the vicinity of the desired ones, a Taylor series ex- 
pansion, truncated after first order terms, can be used to 
achieve rapid convergence. 

The time histories of the steering angle a for runs 1, 9 and 20 
are shown in Fig. 5. Although the time histories of a do not 
vary greatly, the resulting trajectories as shown in Fig. 4 
appear to be highly ‘sensitive to small changes in a. It is 
interesting to note that for all three runs the thrust vector 
points above the flight path. 

In all three runs the trajectory path first exceeded the 
orbital altitude and then entered the orbit from the outside. 
This somewhat unexpected occurrence may be attributed to 
the following two facts: 1 The average thrust to weight 
ratios for the second and third stages are less than unity. 
2 The radius of the desired orbit is relatively close to the 
Earth. Thus the vehicle can not acquire orbital energy in 
just the flight from the earth to orbital altitude, but must 
exceed that height and approach the required energy when 
it is beyond the orbit radius. | 


Conclusion 


A systematic procedure for solving a minimum time prob- 
lem in which three initial and three final conditions are 
specified has been presented and successfully tested on a 
sample problem. The relatively small parameter study 
involved leads one to expect that other classes of problems 
also may be solved without an excessive amount of computa- 
tion time. It is felt that general, systematic techniques must 
be developed for solving problems formulated by the calculus 
of variations, if this approach is to become a strong tool for 
trajectory optimization. 


= 


The following derivation is based on the Mayer formula- 
tion, an approach which has been extensively investigated by 
Miele (1). It is desired to extremize the difference between 
the end states of a function G* of the dependent variables 
x; = v, y, 7, a and the independent variable ¢, subject to the 
constraints 


Appendix—Derivation of Equations 


$;(xi, t) = 4; — t) =O [A-1] 


imposed by the eal of motion. 


The function 
J= 


is to be extremized where the \,(t) are the undetermined 
Lagrange multipliers. The superscripts 0 and 1 refer to initial 
and terminal points, respectively. A repeated subscript in a 
product indicates summation. For example 


Ajj; = Aridi + + j= 


Since the 2;° and ¢° are assumed to be specified, variations of 


In the in this report, G'(xi}, t') 
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these quantities do not exist. The requirement that the 


first variation of J be zero yields 


fa) 

= 0 [A-3] 

By Equation [A-1] the last term in Equation [A-3] vanishes. 

Integration of the first term in the integrand by parts gives 


Sra 
dt 


( dj dxidt [A-4] 
Ox; 


The term 6G! is given by 


where Az; is related to a virtual variation 6x; by «an 7 
Ax; = 6x; + [A-6] 
Substitution of Equations [A-4, A-5 and A-6] into Equation 


[A-3] provides 


0G! 
(=) 4 


(Ax; |. + 


Ox; dt 
Thus 


For the problem considered, G! = ¢! 


The boundary conditions are 


0¢; 
| 1 — A; — 
which reduces tu 


& 


and 


| 
| 
6x; dt = 0 
1 
= 
A-9 
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Aj dt (x = 0 [A-10] 


This formulation is now applied to the particular — 
The explicit form of Equations [A-1] are 


(Fans 
m r 
T sin a _ 
= ¥ 
mv vr 
—vsiny 
Equations [A-10] become we 
dy Tsna . . 
A = cos (1 + 4) + dr, A, sin Y 


A, = cos 0.4 ww) + 


tT 
cos y /2u ers 


and in Equation [A-9] v!, v°, y!, r', are specified. 


We now examine the mass discontinuity at change of stage. 
Consider Equation [1] 


A + Bt r 
After the change of stage, [A-11] becomes ae 
cos @ sin 
b= — [A-12] 
where 
C = m-2/T2 D = 
A, B, C, D are, of course, constants for each stage. There- 


fore, since ¢; is different for each stage, the integral in [A-2] 
should be written 


fi nt 19j(Xi, Xi, t) dt 


where #4, ¢8,..., are change-of-stage times.’ 


7 Note, however, that both [A-11 and A-12] may apply over 
an unlimited range of ¢; i.e., there is no inherent discontinuity 
in the equations, as in, say, y = Q/t — t in which case some 
provision must be made for the point t = t:. 


Oa; Oa; 


Now, if the first variation of the sum of integrals is sought, 
the formal parametric procedure explained in (4), p. 9, may 
be applied, and it will demonstrate that the variational opera- 
tor disdistributive. Thatis 


After the operator is applied to the n + 1 integrals, a partia 
integration of the first term of the resulting integrands is per 
formed, and an expression analogous to [A-4] is obtained 
typical boundary terms are 


1B 


At the intermediate times, t°, t?, .. ., 
the vanishing of 6J 


> 


, or to re- 


we require, in part, for 


Thus, the choice is either to specify 2; at t°,t?, .. 
quire the bracketed part to equal zero. 

Now note, however, that specifying the 2; at t°, t?, .. . is 
the more restrictive of the choices, and simply requiring 


will admit a larger set of admissible variations; in fact, the 
set will include those permissible variations arising from the 
first choice. 

Therefore, [A-13] is the specification at the change of 
stage times, and it states simply that A; is continuous across 
the change, by dint of [A-1]. At the initial and final time, 


the end conditions [A-8 and A-9] result. a { 
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Nomenclature 
a = radius of the circular orbit a 
Jo = acceleration due to gravity at surface of Earth 
Tsp = specific impulse in a vacuum ; 
m = mass 
n = number of stages 
r = radius 
T = thrust 
t = time 
v = velocity 
a = angle between thrust and velocity vectors 
y = angle between the local horizontal and the velocity 


vector 
Ar, Ay, Ar = Lagrange multipliers 


8 Formerly with the Missile Gatien, North American Avia- 
tion, Inc. 
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The vanishing of 1 “ 
7 
For a given stage, this is explicitly written as 


“ = product of the universal gravitational constant and 


the mass of Earth 
o = range angle 
Mstage i = Structural mass of the ith stage a cel 
mo-i = initial mass of the ith stage 
Superscripts 


0 = initial time 
= final time 


* 


in turn be established. 
= is useful only after powered flight. 
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Missile propulsion and guidance systems’ performance is determined from analysis of the mis- 
sile’s trajectory. During powered flight, the trajectory itself is most accurately determined by 
radio tracking of a missile-borne beacon. 
The standard used for comparison is the ballistic camera which presently 
This paper presents comparisons which establish that, in the 


The accuracy of the radio measured trajectory data must 


low frequency domain, the radio tracking system has the capability of measuring missile position to 


| iy THE measurement of missile traje ctories, the basic 
question arises as to the accuracy of the values obtained. 
The precision of the measuring system may be evaluated by 
statistical methods, which have been developed to describe 
the so-called random errors. These are errors which are 
characteristic of precise measuring systems, and are caused 
by numerous uncontrolled factors such as small temperature 
changes. In addition to these random errors, there exist 
the so-called systematic errors. These are errors which 
might be caused, for example, by incorrectly calibrated scale. 
Systematic errors may be detected, insofar as detection is 
possible, by comparison with some other measuring system. 
This report presents such a comparison between two precise 
systems—a radio tracking system and a ballistic camera 
system—using data obtained from the flights of Thor 221 
and Thor 238. 

In the past, such comparisons have been made only on air- 
craft flights which differ considerably from missile conditions 
in the ranges, velocities, accelerations, etc., involved. For 
example, it is not possible to track an aircraft at a slant range 
of 100 miles and an elevation angle of 30 deg, because it would 
require a flight at an altitude of 50 miles above the Earth’s 
surface. (Although special balloons can ascend to this height, 
they do not simulate the velocities and accelerations with 
which we are concerned.) Currently, only ballistic missiles 
are capable of this performance. Consequently, the amount 
of systematic error, or bias, under such conditions has been 
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the same order of accuracy as the ballistic camera standard. 


unknown. Since knowledge of this bias is essential in the 
evaluation of a missile’s propulsion and guidance systems, 
this comparison is of interest to many in the ballistic missile 
programs. 


The Ballistic Camera System(1)* 


Ballistic cameras are regarded as the standard for evalua- 
tion and calibration of other tracking systems. The basic 
reason for using ballistic cameras is that the directions of 
stars may then be computed without errors caused by atmos- 
pheric refraction. Since it is above most of the atmosphere, 
a missile flashing light is affected by refraction to almost the 
same degree as a background star having the same apparent 
elevation angle. 

The camera itself is simple in construction, similar to a box 
camera; at the same time, its geometry is precisely known. 
This characteristic, together with the known directions of 
the background stars photographed on ultra flat (six fringe) 
glass plates through lenses calibrated to one micron or better 
(by means of star recordings), result in a system with the least 
possible amount of systematic error, hence, the standard for 
measuring angles. 

Fig. 1 is a plate of a ballistic missile taken by a ballistic 
camera. The bright streak is the flame of the gases, ending at 
burnout. On board the missile is a light which flashes ap- 
proximately twice per second. (The timing of these flashes is 
known to about a millisecond from a telemetry system.) 
The light flashes are visible after burnout. Shortly before 
the missile flashes are to be recorded, successive precalibration 


_ 2 Numbers in parentheses indicate References at end of paper. 


a = 
= 


exposures of 2, 1, 3, and } sec are made, separated by30- 
sec intervals. Each star thus gives four images of varying 
size and density, and produces a large selection of stellar 
images whose photographic characteristics closely match 
those of the flashing light images. This, in turn, minimizes 
personal bias in measuring, for personal bias would tend to be 
the same for both stellar and flashing light images. 

After the precalibration, the camera shutter stays closed 
until just before the missile flashing light is in the camera 
field of view. Then the shutter is opened and kept open 
until the light flashes end. Shortly thereafter, a post- 
calibration is performed with flashes in the sequence of 3, 
3, 1, and 2sec. The final plate shows a series of images of 
the missile-borne flashing light against a background of 
stellar images which serve as the standard reference points. 

The position of each missile flash is established by trian- 
gulation of rays from two or more ballistic camera stations. 
Because of measuring errors, three or more rays will not 
meet at a point. The plate coordinates are statistically ad- 
justed by a least squares method to determine the most 
probable point of intersection of the rays. 

D. C. Brown (1) reports that a typical 3 » standard devi- 
ation currently exists in measuring ballistic camera plates 
because of the combined effect of setting error and emulsion 
instability. Dividing this figure, i.e., dividing 3 » by the focal 
length of the camera, gives the angular accuracy of the meas- 
urement. With a pair of ballistic cameras, bias-free positions 
may be obtained accurate to one part in 10° of the range from 
the cameras. 


The Radio Tracking System(2)* 


With few exceptions, all missile, satellite and space probe 
boosters launched on the Atlantic Missile Range are tracked 
by the well-known Azusa radio tracking system, built by 
Convair Astronautics and operated by RCA. This is a 
precision interferometer with a resolution in angle of several 
parts in a million, and a resolution in range of about 0.1 ft 
at ranges of 600 miles (or about one part in 30 million). 
This system is the one that is compared in this report with 
ballistic camera data. 

The Azusa Mark I radio tracking system is used to provide 
trajectory data in real-time, which consists of measurements 
in analog form of the slant range and direction cosines from 
the Azusa ground site to the vehicle being tracked.4 These 
measurements are supplied in digital form to an IBM 704 
or IBM 709 computer for real-time impact or orbit prediction. 
The data are also recorded on magnetic tape for post-flight 
analysis. 

The determination of direction cosines is based on measure- 
ments of the differences in the phase delay between pairs of 
antennas receiving the signal from the missile-borne trans- 
ponder. Slant range is derived from measurements of the 
phase difference between the transmitted and received mod- 
ulated signals at one of the ground receivers. Incremen- 
tally derived slant range data are obtained from a phase locked 
loop that enables the Doppler shift to be utilized in measuring 
slant range increments. (The precision of this measurement 
is better than one foot in position at a slant range of over 500 
miles.) 

Figs. 2 and 3 (3) illustrate the Azusa ground station config- 
uration, transponder diagrams, and overall theory. 


Ballistic Camera—Azusa Comparisons(4)° 


Figs. 4 and 5 are graphs of the difference in rectangular 
coordinates between missile position as determined by ballistic 


3 This description is condensed from that given in (2). 

* The Mark pre measures position. From these measure- 
ments, velocity may be derived. Errors in the derived velocities 
depend on the derivation method. This report is _ erned only 
ith errors in the position measurements. 

The comparisons follow Saastad’s method. dna 
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Fig. 1 Ballistic camera plate 


(The ballistic camera points were 
fitted by RCA to an elliptical orbit which was modified to take 
into account a small residual thrust which occurred after 


cameras and by Azusa. 


vernier engine cutoff. The ballistic camera positions were 
then obtained by RCA from this fitted, thrust corrected orbit.) 
The average differences were 


Thor 221 Thor 238 


AX = (Xzc a) = 36 ft 33 ft 
AY = vou (Vee Ya) = 11 ft 21 ft 
AZ = = ~56ft —8ft 


At a point in the data period, the rectangular Azusa positiom 
data were transformed back to range and direction cosine: 
measurements as follows 


Thor 221 Thor 238 


7? 


r= 685,986 ft 700 , 533 ft 
t= X/r +0 .742798 +0.749515 
m= Y/r —0. 284409 —0. 283880 


From these values the third direction cosine was computed 
Thor 221 Thor 23 
+0.606105 +0 


The azimuth @ and elevation ¢ angles were obtained from 
the relations 


Viz @ 


—0.362056 radian 
0.641040 radian 


—0.365671 
0.651153 


» = are tan (m/l) 
J = are cos Vi? + m? 


The above values of r, J, n, » and J are measured 
by Azusa or computed ‘ted fn measurements. They 
contain an unknown amount of bias which is determined by 
comparison with the ballistic camera data. Since the ballis- 
tic cameras measure the position of the optical beacon 
and the Azusa system tracks the antenna phase center (which 
is located about 17 ft aft of the optical beacon), corrections 
must be made for the displacement of these two sources. 
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_ Another correction which should be applied adjusts for the 
second-order Doppler effect, which amounts to about 20 
parts per million or about 14 ft at the range under discussion. 

Reference (1) indicates that at these ranges, with a two- 
camera fix, the ballistic cameras are capable of providing posi- 
tions accurate to the order of one part in 100,000 of the range 
from the cameras, approximately 7 ft. 

Considering the above factors and the small differences, half 
the average position differences were attributed to the Azusa 
system. The initial coordinates were then corrected as 


follows 
Thor 221 Thor 238 
Az 
509 , 500 ft 525,076 ft 
Ay 
y+ 2 —195,070 ft —198 ,857 ft 
& 415,697 f 418,935 f 
2+ t 935 ft 
A 
“VN 


Time (sec) 


Fig. 4 Position 221 


Next the Azusa measurements were recomputed 


Thor 221 Thor 238 
r= V(x')? + (y’)? + (2’)? 685,891 ft 700,539 ft 
= z'/r' +0.742829 +0.749531 
m! = y’/r’ —0.284404 —0.283863 
and similarly 
Thor 221 Thor 238 
n’ = V1 — (V’)? — (m’)? 0.606068 0.598018 radia: 


—0.362028 radia: 
0.641026 radia: 


arc tan m’/I' —0.365647 
are cos V (I’)? + (m’)? 0.651783 


Finally, the biases in the measured Azusa parameters wer: 
obtained 


(r’ — r) —5 +6 ft 
(l’ — l) +31 10 +17 X 
(m’ — m) +5 x +17 x 10-° 


a also the biases in the computed parameters 


(n’ — n) —37 —12 x 
(6’ — 8) +0.02 x +0.01 X 10-3 radians 
(¢’ — ¢) +0.03 —0.01 X 107% radians 


Summary of Results 


The Azusa system measures two direction cosines, / and 
m,and ranger. The systematic errors in these measurements 
_ were determined to be 


l m r 
Thor 238 +16 xX +1710 +6 ft 
Thor 221 +31 x 10-* +5xX10% —5ft 


Expressed in terms of elevation and azimuth bias, the values 


obtained were 


Azimuth (Ag) 


= Elevation (Aé) 
Thor 238 +0.01 mr —0.01 mr 
te Thor 221 +0.02 mr +0.03 mr 
These values may be compared with ballistic camera plate 
tt2 t+4 +6 48 measuring accuracy of 2 sec of arc (based on a standard devia- 


tion of 3 » and a focal length of 300mm). Two seconds of 
are i in turn represent about 0.01 mr. 


The third direction cosine n, which is a computed param- 


aap fy =e. eter, was found to have a bias of —12 X 10-* and —37 X 
10~* on Thor 238 and Thor 221, respectively. 


onclusions 
— Ww The above approach is simple. The results are encouraging 
20 and justify a refinement of the procedure. Such a refine- 
P hag ment is under way and includes fitting the Azusa data to an 
elliptical orbit with the same residual thrust modifications 
= a . that RCA applied to the ballistic camera data. However, it 
230 ™ is evident from the above results that under the conditions of 
> eae a¥-218 the missile tests presented, the Azusa radio tracking system is 
capable of measuring missile position with only extremely 
10 == small systematic error. 
7 References 
20 WV 1 Brown, D. C., ‘‘Precision Photogrammetry in Missile Testing,”’ RCA, 
4 AFMTC, Fla. 
-20 2 Pepple, R., “The Azusa Tracking System,” RCA, AFMTC, Fla. 
0 2 4 ppie, e Azusa irac Sy! 
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Escape From Planetary 
Gravitational Fields 


by Use of Solar Sails 
Radio Corporation of America 


NORMAN SANDS! 


An escape maneuver by use of solar radiation pressure is computed for an initially circular orbit 
in the plane of the ecliptic of a planetary gravitational field. The flat sail is rotated about its axis 
at half the revolution rate about the planet. It is assumed that the sun is the only body that pro- 
vides a flux of radiant energy, and that the sail perfectly reflects this energy specularly from either 
surface. Effects of extraneous gravitational fields, including that of the sun and moons (if any), 
are al] neglected, as are other perturbing phenomena (such as atmospheric drag, magnetic fields, 
solar winds, meteoric showers, re-radiation from the planet’s surface, etc.). Under these assump- 
tions it is found that for a practical case of escape from Earth’s gravitational field, solar sailing 
could accelerate a payload to escape condition in a period of time of the order of several months, 
during which time it would pass the vicinity of the moon’s orbit about Earth. 


'y.O ESCAPE from a planetary gravitational field by use oriented normally to the incident radiation is _ 
of solar radiation pressure, the orientation of the sail with “ae 
respect to both planet and sun must be such as to increase : i 
(Ke \’ Ver 
c Rp 


efficiently the total energy of the sail-spaceship system. The 
method of escape employed in this paper, first suggested by 
Cotter,? was adopted for analysis despite the fact that it does 


not represent the most efficient escape maneuver. Accord- When the normal to the surface subtends an angle @ with 


ingly, the sail rotates about its own axis at half the rate of the sun’s rays, the pressure decreases in proportion to cos? 6, 
revolution about the planet (see Fig. 1). 1.€. 

To simplify the analysis, the following assumptions were > ey 28. (Re\? 7 
made: P = Py cos? 96 = — (22) cos? 6 [2] 
1 The escape maneuver is executed in the equatorial plane c \Rp aa 
of the planet, which is also the plane of the ecliptic. Let the reference axis of a polar coordinate system be 

2 The sail-spaceship system is initially placed in a circular a line perpendicular to the sun’s rays, with origin at the 
orbit about the planet by means of conventional rocketry. center of the planet, and positive ane in ths diemetitaoal 

3 The sail is assumed flat and perfectly reflecting specu- motion of the planet about the sun as viewed from the north 
larly yess both surfaces. , : pole (line BB’ in Fig. 1). Let y be the angular displacement 
~ of the sail-spaceship system as measured from this reference 
of other gravitational fields (i.e., the planet’s moons, if any, axis, and assume that at ¥ = 0 the reflecting sonia aiiiaedl 
and those of other planets, and the sun). - 

5 Other phenomena that could affect the escape maneuver, 
such as the planet’s atmospheric drag, solar winds, meteoric 
showers, magnetic fields, re-radiation from the planet’s sur- O Prmerenence 
face, etc., are all neglected. ‘PLANET AROUND 

6 The sun is assumed to be the only body that provides *% —o ~ 
a flux of radiant energy. tos 

7 The flux of energy is constant in the entire region 
in which the maneuver takes place, even in the region that Bid a7 Fae 
would normally be the planet’s shadow. ee be 4 

Propulsion in a Planetary Gravitational Field 
by Solar Radiation Pressure peered 

The pressure exerted on a perfectly reflecting flat surface a 

Received Sept. 6, 1960. —- 
1 Systems Engineer, Physics Group. Member ARS. 


2 Cotter, T. P., ‘‘Solar Sailing,’’ Sandia Corp. Research 
Colloquium SCR-78, April 1959. 
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Fig. 1 Orientation of sail with respect to planet and sun 
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to the sun’s rays (i.e., 0 = 2/2). As stated above, the sail where Ws: 
is assumed to rotate about its own axis at half the rate of a R 
revolution about the planet. Hence = (1/2) — (y/2), and 2ASz (2) 


[2] becomes Me \Rp 
P= 2Se (#2) sin? [3] Apply ing to [9, 10, 11, and 12] 


c Rp 2 2 | 
R + sin 4 sny [16] 
The equations of motion of a =. sys stem in the ee ks dT R? 2 2 | 


(radial component) 2 aR\ (dy +R ay _ |. 


[4] 


dt? with initial condition 
dr dy dy at T = 0 
— = —_-—S— 5 
and F, and F,, the radial and tangential components of the yg K= H (Q\” 
force exerted on the sail by radiation pressure, are given by fo, 
— 
(72) sin y [7] Numerical Integration 
‘hie, fo For numerical integration purposes, the two second-order 


differential Equations [16 and 17], were transformed into 
four first-order equations and, for better convergence of the 
sin? ¥v [8] problem, the independent variable was changed from T' to y. 
: Accordingly, let R = R(y) and T = T(), and define 
dR 
aT 


|. ¥| 2ASe (2 
F, = AP |sin Rp 


Substituting [6, 7 and 8] into [4 and 5] 


dt? dt "Me \Rp) 


dt? Me (#2) 


subject to the following assumed initial condition 


sin 


[9] 


[10] 


| 


sin? — 
2 


ati = 0 
dy Equations [16 and 17] become 
dt H® dt? 
The final condition of escape is reached when the total dy R 


velocity equals the local escape velocity, i.e., when ion on 
Transformation of Coordinates | R 


Let r and ¢ be nondimensionalized with respect to rp and 


vile Jo; Le. 


with initial and final conditions, corresponding to [18 and 
201, respectively 
oo 


{151 
€s 
F 
Then, since 
qT Q dT? 0 \" dy dy 
dy 1 d 2y 1 Ff a) 
i 
e 
1992] t 
Ss 
n 
c 
t 
I 
t 
‘A lo r 
To To 0 t 
and let at = dQ (th 
( 
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Fig. 2. Solar sail escape trajectory; K = 0.10 g 
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Fig. 3 Relation between gain in total energy and angular dis- 
placement; AK = 0.10 


and 


(2) ( = 2 
= R 
The Runge Kutta method was used in programming the 


solution of these equations on an IBM 709 computer. 


A typical escape trajectory, with K = 0.10, is shown in 
Fig. 2. (The value K = 0.10 was chosen to illustrate the 
nature of the solution merely for convenience, as this value 
leads to rapid escape (see Figs. 2, 3, 4 and 5). More prac- 
tical values of K would be in the order of 0.02.) 
in Fig. 2, apogees and perigees lie along or close to the refer- 
ence axis BB’ of Fig. 1, with the apogees occurring ahead of 
the planet in its path along the sun. That quasi-symmetry 
should occur along BB’ would be expected from the sym- 
metry of the orientation of the sail with respect to this axis 
(see Fig. 1), with the resulting energy gain being essentially 
symmetric about this reference line. Consequently, the 
integrated energy gain over a complete revolution can, to a 
close approximation, be regarded as applied impulsively at 
the perigee, thus vindicating the quasi-symmetry about BB’. 

In the particular case shown in Fig. 2, escape occurs near 
perigee. Although escape can occur at any angular posi- 
tion, it is more likely to take place near y = (2n + 1)z, where 
n = an integer, since most of the energy is gained in this 
region; this is brought out in a somewhat clearer form in 
Fig. 3, which is a plot of the total energy at any point along 
the trajectory versus the angular position y. The slopes 
of Ep vs. w are smallest near y = 2mn and largest near 
wy = (2n + 1). Hence the chances of crossing the line 
E, = 0 in Fig. 3, which represents the conditions for escape, 
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Results and Discussion 


As seen 


are much better near a perigee than near an apogee. Ratios 
of kinetic to potential energy for the escape trajectory of 
Fig. 2 are shown in Fig. 4, where the parameter 


(H/1)'7 


rather than T was selected as abscissa, since for a given planet 
and radius of initial circular orbit, it is directly proportional 
tot. Itshould be noted in connection with Fig. 4 that 


dy\?. (dR\? 
(x + 
(2/R) 


representing the ratio of kinetic to potential energy, is always 
equal to 3 as (7'/K*/?) > 0, regardless of K, as is immediately 
seen by substitution from [18]. Likewise, as seen from [20], 
ratio [27] approaches unity upon reaching escape condition. 

The locus at succeeding perigees of the ratios of kinetic 
to potential energy is shown in Fig. 6 for several values of K. 
As seen in this figure, these loci do not reach unity at the last 
perigee, since, for the cases shown, escape did not occur at 
perigee. Escape points corresponding to the respective 
values of K are, nevertheless, included so that these curves 
may be used to evaluate the time required for an escape 


[27] 
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Fig. 4 Ratios of kinetic to potential energy along an escape tra- 
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maneuver. A cross plot of the escape times given in Fig. 6 
is shown in Fig. 7 as a function of the parameter K. Escape 
times cannot be predicted accurately, as is seen from the 
scatter in Fig. 7, since they depend on the angular position of 
the last cycle in which escape occurs, because of the nonuni- 
form manner in which energy is gained per cycle (see Fig. 3). 

The number of revolutions required to escape are given in 
Fig. 8 as a function of the parameter K. For the range of 
values of K shown, there is obtained 


number of revolutions required to escape ~ 0.1/K? [28] 


The length of time required to complete the nth revolution 
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Fig.6 Locus of the ratios of kinetic to potential energies at 
perigees 
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Fig.8 Effect of parameter K on the number of revolutions about 


about the planet compared to the length of time required to 
complete the first revolution is shown in Fig. 5. 

The variation of R along the escape trajectory of Fig. 2 
is shown in Fig. 5. For K = 0.20, 0.10, 0.05 and 0.02 it 
was observed, as is also apparent from Fig. 9, firstly, that 
at any angular position with respect to BB’ of Fig. 1, R in- 
creases in successive revolutions, and, secondly, that the 
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a planetary satellite propelled by solar radiation pressure 
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Table 1 Sample calculation for planet Earth 


SIZE OF SAIL OISTANCE TO 
RADIUS OF INITIAL MASS PER UNIT | MASS OF SPACESHIP TIME REQUIRED | LAST APOGEE 
CIRCULAR ORBIT | 564 | OLAMETER OF | AREA OF SAIL | EXCLUDING SAIL « TO ESCAPE PRIOR TO 
MILES) 2 EQUIVALENT (qr /em?) (er) (Days) ESCAPE 
(em?) (MILES) 
4500 10'° 0328 261,000 
4500 10° 20 10° 378,000 
4500 N20 3x107* 10° "9 473,000 
4500 2.46110" 560 10° 0290 73 297,000 
4500 10” 356 10° 105 364,000 
4500 10° 356 107 * 3x10? 0302 6s 288,000 
5000 356 10 3410 “7 260,000 


ratio of apogee to perigee also increases in successive revolu- 
tions. These observations can be stated mathematically as 


1 at any value of = Ya + 27 [29] 
and 
— 
( | ) > ( ) = [30] 


where n = number of completed revolutions = 0, 1, 2,.... 
To see whether R ever decreases below its initial value K 
(Equation [18]), several runs were made with unrealistically 
large values of K. The results, shown in Fig. 10, indicate 
that R < K can indeed be achieved for sufficiently large K; 
in these cases, escape conditions were reached in exception- 
ally short intervals of time, corresponding to angular dis- 
placements of the order of one revolution about the planet 
or less. Such high values of K, almost equivalent to the high 
thrusts obtainable through conventional chemical rocketry, 
are obviously unattainable in reality, and were used to com- 
pute the data shown in Fig. 10 merely to illustrate the point. 

The maximum value of R reached in the last revolution 
about the planet prior to escape is shown in Fig. 11 as a 
function of K. As in the case of the time required to escape 
(Fig. 7), it is not possible to predict Rasx accurately, as it 
will depend on whether escape occurs just before reaching 
the apogee of the nth revolution (in which case Riaz will be 
taken to correspond to that of the (n — 1)th revolution), or 
just after reaching the apogee of the nth revolution (in which 
case Rmax Will, of course, be taken to correspond to that of the 
nth revolution). 

The results of some sample calculations for the planet 
Earth, for which 7) = 6.375 X 108 cm, go = 981.5 cm/sec?, 
and w = 4 X 10” cm/sec?, are given in Table 1. In view 
of the many assumptions made to simplify the analysis (see 
above), these results could, at best, be used as a rough esti- 
mate of the time involved and span covered in an actual 
escape maneuver of this kind.’ 

Placing the sail-spaceship system in an initially circular 
orbit and rotating it about its own axis at half the rate at 
which it revolves about the planet does not constitute an 
efficient escape maneuver. The inefficiency is mainly at- 
tributed to the fact that most of the traveling time is spent in 


’ The reviewer pointed out that at an initial orbital radius of 
4500 miles, the Earth’s atmospheric drag is comparable to solar 
radiation pressure and would seriously impair the effectiveness 
of solar sails. The reviewer also noted that at a distance of 
approximately 160,000 miles from the Earth, solar gravity is equal 
to the Earth’s gravity, thus casting doubt as to the validity of 
assumption 4. 

Assumptions 4 and 5 were introduced to circumvent just such 
difficulties, and it might perhaps be well, at this point, to draw 
attention to the restrictive nature of assumptions 1-7. Future 
work should relax some of these assumptions, which would then 
make the analysis of an escape maneuver more realistic. ros) 
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Fig. 11 Effect of parameter K on the maximum radial distance 
to the last apogee prior to escape 


the neighborhood of the apogees where the rate of gain of total 
energy is small. 

A method which would greatly improve the performance 
(i.e., reduce the time interval required to escape) would be to 
place the spaceship-sail combination in an elliptic rather 
than circular initial orbit (but, in order to be fair, of equivalent 
total energy), with the apogee along BB’ extended in the 
negative direction, so as to have this initial apogee trail behind 
the planet in its revolution about the sun. The eccentricity 
of the initial ellipse, as well as the most profitable way of 
orienting the sail with respect to the sun so as to minimize T 
escape, will, of course, have to be determined. 
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Nomenclature 


= area of sail 
c = velocity of light in vacuum 
dR\? dy\? 1 
E, = total energy, 4 | + R? 4) ] 
F, = radial component of force a 
F; = tangential component of force 
go = planet’s gravitational acceleration at sea-level 
H = radius of circular orbit into which the spaceship and sail 


is initially put by conventional rocketry 
K = defined by Equation [19] 
M = mass of spaceship including sail M = My + pA 


M>, = mass of spaceship excluding sail 

P = solar radiation pressure on an obliquely oriented re- 
flecting flat surface 

Py = solar radiation pressure on a normally oriented reflecting 
flat surface 

Q = defined by Equation [15] 


r = radial distance in plane polar coordinates 
7 = defined by Equation [13] 


ro = radius of planet 
R = defined by Equation [14] 


Rp = mean distance from Earth to sun 

Re = mean distance from planet to sun 

Se = solar energy constant at the Earth’s distance from sun; 
Sz = 1.94 cal/em? min = 1.35 X 108 erg/cm? sec 

t = time 

# = defined by Equation [13] 

T = defined by Equation [14] 

V = defined by Equation [21] 

6 = angle subtended between normal to sail and sun’s rays 

un = planetary gravitational constant, Equation [6] 

p = mass per unit area of sail 

y = angular displacement of sail-spaceship system relative — 
to axis BB’ of Fig. 1. 

Q = defined by Equation [22] 


dots denote differentiation with respect to T’ 
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such chemical reaction. 


species are treated analytically. . 


HEN a typical inorganic-reinforced plastic such as 

Fiberglas-reinforced phenol-formaldehyde resin is sub- 
jected to atmospheric re-entry at hypersonic velocity, a com- 
plex process occurs which destroys only a thin surface layer 
of the material and protects the bulk of the material from 
thermal damage. 

Recognition of the effectiveness of ablation in heat protec- 
tion came first from an evaluation of empirical materials 
testing programs. A preliminary understanding of the 
process of ablation soon followed, based in part on examina- 
tion of materials exposed to a rocket exhaust. The first suc- 
cessful re-entry and recovery of an ablating nose cone, after 
an intermediate range ballistic missile flight in August 1957, 
followed months of testing and evaluation at the Army 
Ballistic Missile Agency (1).* Although much of the data 
on military uses is still classified, there is considerable open 
literature on the results of tests of many different materials 
thought to be possible candidates for ablation heat shields, 
e.g. (2,3,4 and 5). 

Considerable effort has been expended in attempting to 
predict the heat transfer to a re-entering vehicle. Because 
of the backlog of aerodynamic analysis techniques available 
for its solution and the importance of this part of the problem, 
most investigators have devoted their attention to the gas 
dynamics. In re-entry of a blunt body, the shock wave 
stands off ahead of the nose a distance of some centimeters. 
Behind the shock the air is hot and compressed with typical 
temperatures of 5000 to 10,000 K depending on the velocity 
and air density. Analyses around the stagnation point have 
been made based on laminar boundary layer theory which in- 
clude effects such as gas dissociation and chemical reaction 
(6,7,8). In general, calculations for the turbulent flow re- 
gime have been highly empirical (9,10). 

Attempts to define the mechanism by which heat is ab- 
sorbed in the surface layers of the heat shield have, in gen- 
eral, dealt with the simpler materials. Included among the 
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Experimental and theoretical studies are described which clarify the nature and importance of 
the chemical and physical processes that occur in the ablation of these materials. 
amount of gas from resin pyrolysis are determined from tube furnace tests, the rate of the process 
is inferred, heat effects are measured by calorimetric methods, and the rate of inorganic reaction 
between carbon and glass is measured in an induction heated furnace. 
carbon reaction is coupled to aerodynamic conditions and this results in a cutoff temperature fo: 


Products and 


The heterogeneous silica- 


From an examination of re-entry specimens and order of magnitude calcu 

lations of possible carbon-consuming processes a realistic overall picture of the ablation is emerg- 
ing. Resin decomposition during ablation and further reaction of the high molecular weight 


analyses available are, for glass, Bethe and Adams (11); for 
carbon, Lees (12); and for Teflon, Scala (13). 

The present investigation was undertaken to define the 
mechanisms of protection in ablation of a thermosetting plas- 
tic with inorganic reinforcement. The various heat sinks in 
general involve decomposition, melting or endothermic 


chemical reaction. 


Ablation Described 


At low heat flux reinforced plastics, like many other mate- 
rials, absorb heat without appreciable ablation. Time is 
available for deep penetration of energy and the surface tem- 
perature is maintained below the decomposition level by re- 
moval of heat to the interior of the material. 


The heat flux at which ablation begins depends on the 
plastic but at energy fluxes of 200 to 400 w/cm?, under the 
influence of moderate shear and pressure forces, a practical 
glass-reinforced phenolic resin loses material at rates up to a 
millimeter per second. On the surface of the plastic is a 
layer of molten glass beneath which is a layer of carbonized 
plastic supported by the glass fibers. Still deeper in the 
material there is a decomposition zone in which the resin is 
pyrolyzed to a mixture of light gases and carbonaceous ma- 
terials. The gases pass through the “epg ae “char” and 
the liquid ihe into the gas stream. These layers are shown 
diagrammatically in Fig. 1. 

Because of the high energy flux and low conductivity of 
the plastic, the heat penetrates only to a shallow depth before 
decomposition temperatures are reached. The layer of 
pyrolyzed material at the surface is continually and rapidly 
removed. Therefore, the temperature gradients are extremely 
steep and the thickness of plastic material affected at any 
instant is small, of the order of less than one millimeter. 

The success of the ablation mechanism in protecting the 

- underlying layers of the nose cone against thermal destruc- 
tion results from a combination of insulating layers alter- 
4 nating with heat sinks, the latter being defined as processes 
which absorb energy. To develop new heat shield materials 
of the ablating type one should understand the mechanism 
by which the various heat sinks operate and the properties 
of the insulating layers. ca sae 
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Experimental Approach 


The approach taken in the present work has been to study 
the individual reactions and processes occurring during 
ablation. No attempt at overall simulation was made. 
The initial decomposition of the plastic has been studied in 
pyrolyses conducted in tube and are image furnaces. The 
products of this reaction consist of volatile material and a 
nonvolatile residue of glass and carbon. The volatile 
products have been analyzed and where secondary decom- 
position or reaction is indicated, as zones of higher tempera- 
ture are reached, these processes have been studied analyti- 
cally. The solid residue of glass and carbon was expected to 
undergo a secondary reaction when it was heated to higher 
temperatures. The kinetics of these reactions have been 
determined by separate studies of samples of this material in 
an induction furnace. The residue was found to be stable 
up to temperatures of about 1100 C. By 1400 C a rapid 
reaction occurred which released carbon monoxide as the 
gaseous product. This could only come from a reduction 
of the oxides present, by the carbon. 

In a typical ablation material of the glass-reinforced phe- 
nolic resin type the resin content is of the order of 20-25 per 
cent by weight. In the initial decomposition reaction about 
10-12 per cent by weight of the material is gasified, repre- 
senting about half of the resin content. The remaining part 
of the resin, amounting also to 10 to 12 per cent of the original 
weight of the material, remains as carbon in the glass matrix. 
A typical analysis of the gaseous products of the original 
decomposition is shown in Table 1. The gases which actually 
enter the boundary layer include less large molecules, such as 
phenols and cresols, and more light gases because of subse- 
quent secondary reactions. 

The effect of this mass addition to the boundary layer in 
reducing heat transfer is substantial. Methods of calcula- 
tion have been treated in detail by others; it has not been 
the purpose of the present work to consider at length the 
effects in the gas boundary layer but to study the condensed 
phases. Nevertheless, the material referred to in Table 1, 
when injected into the boundary layer, is sufficient to reduce 
heat transfer by about 20 per cent when surface material is 
being removed at about one-half millimeter per second.‘ 


‘It is of interest to estimate the heat blocking due to this 
mass addition. In the ease of turbulent flow, Mickley (14) 
found good correlation of flat plate experimental results with 
film theory in the form y = B/(e® — 1) where y is fractional heat 
unblocked, B = (m cp)/ho, and m is the mass flux of material from 
the wall, cp is the heat capacity of gas, and ho is the heat transfer 
coefficient with no mass addition. Conditions for ablation at 
0.05 em/see are approximately known, and using a heat flux 
calculated by the method of Fay and Riddell (8) and straight 
temperature driving force, B = 0.2 and y = 0.9; i.e., there is 
10 per cent heat blockage. 

In the case of laminar flow the correlation recommended by 
Adams (15) reads y = 1 — 0.7(29/MW)!3B. The injected gases 
have a molecular weight MW = 9.8. For the same value of 
B as above, y = 0.8; i.e., there is 20 per cent heat blockage. 
Characteristically, the laminar flow heat blockage is predicted to 
be greater than for turbulence. 


Table 1 Gaseous products of pyrolysis of typical glass- 
reinforced phenolic resin 
| Ho 54. mole % 
phenol 2.5mole % 
cresols 2.5 mole % 
| CO 12. mole % 
| CH, 12 mole% 
H:O d 12. mole % 
miscellaneous (toluene, benzene, 5 mole % 


xylene, C2H,, C3H., CiHs) 
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Chemical Reactions and Process Zones 


The relationship of the liquid, char and decomposition 
zones in actual re-entry is shown diagrammatically in Fig. 1. 
As ablation occurs, the heat penetrates deeper into the mate- 
rial as the surface is continuously removed. A quasi-steady 
state condition is reached wherein the thickness of the af- 
fected material is nearly constant. A given layer is very 
short-lived, as can be seen by considering that the rate of 
ablation is about one-half millimeter per second and the 
affected zone about one millimeter thick. 

A convenient reference that can be used to describe this 
quasi-steady process is the liquid-gas interface. The material 
continuously moves toward and through this reference as 
ablation occurs. The heat flux, on the other hand, is inward 
from the interface, countercurrent to the flow of material. — 


Heating and Decomposition of Plastic 


The material in the affected zone farthest from the inter- 
face undergoes a process of rapid heating. This is equivalent 
to one dimensional heat penetration into a semi-infinite 
moving slab at a uniform surface temperature. 

In the decomposition zone the rate of reaction is a function 
of kinetics and heat transfer into the zone. 


Reactions of Gases 


From the decomposition zone the gaseous products of the 
resin flow through the porous matrix of carbon and glass 
and then pass through the liquid glass. The dimensions of 
the pores in the char layer are not precisely known, but small 
size is unquestionable. In the glass there is doubtless some 
channeling, but again the flow channels appear to be quite 
small. For approximate calculations, therefore, it is prob- 
ably a good assumption that these gases reach the tempera- 
ture of the material through which they are passing. 

At such temperatures three types of chemical reaction can 
occur. First, the gases can thermally decompose. Second, 
they can react with the solid material; that is, the glass or 
the carbon. Third, they can react with each other. 

The exact specification of all these reactions is difficult, 
but considerable light can be shed by consideration of the 
kinetics and thermodynamics of reactions available to each 
individual component of the gas. It is a tacit assumption 
that no significant amount of air diffuses back through the 
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glass layer to react with these gases in the char. This view 
is supported by the consideration of the relatively large mass 
addition, relative to the rate of oxygen diffusion. It is 
estimated that the flame front for combustion of these gases 
lies a small but significant distance above the surface in the 
boundary layer. In addition, there is the shielding effect 
due to the physical presence of the glass. 

Some of the reactions mentioned above can be dealt with 
summarily because of minor importance, e.g., if the gaseous 
component is in small concentration and/or the enthalpy 
change on reaction is very small. 


Reactions Between Glass and Carbon 


At the upper part of the char layer, the Fiberglas softens 
and eventually forms a liquid layer subject to flow removal. 
In addition, there are in the glass a number of compounds 
which can react with the carbon. These reactions are ex- 
tremely interesting from the aspect of providing heat pro- 
tection in that they are all highly endothermic. The reac- 
tion thermodynamics have been considered with respect to 
individual components of the glass, as if they were pure 
compounds. This neglects the effect of solution on activity, 
but some order of magnitude estimates of relative reaction 
temperatures are possible. Kinetic data studies have been 
made with samples of charred plastic and the further reaction 
between the char and Fiberglas observed. That is to say, 
the char remaining after substantially complete thermal de- 
composition of the resin at 1000 C has been subjected to the 
higher temperatures at which inorganic reactions begin. 


Analysis of the Chemical Reactions 


In the following sections the chemical reactions described 
above are analyzed semi-quantitatively. Briefly, they are 
the thermal decomposition of resin, the reactions of the 
gaseous products of the decomposition, and the reactions be- 
tween carbon and molten glass. 


Analysis of the Decomposition of the Resin 


The model for analysis of the solid is illustrated in Fig. 2. 
This process is regarded as one of steady state dissipation. 
The surface temperature of the solid is designated T, and, 
from the viewpoint of an observer stationed at this surface, 
the solid material approaches at velocity v. The solid mate- 
rial is removed from the surface by any process capable of 
doing so; the detailed mechanism is immaterial for this 


BASE MATERIAL 


CHAR 


REACTION 
ZONE 


Fig. 2 Steady state ablation 


analysis. A continuous temperature gradient exists through 
the char region, the reaction zone, and the unaffected plastic. 
The material is initially at 7.. and is raised to decomposition 
temperatures by the influx of heat. 

The extent of reaction will be indicated by the variable \, 
which equals the fraction of unreacted material. With re- 
gard to applying the model represented by this analysis to the 
ablation behavior of materials of interest, the products of 
decomposition may be assumed to leave as gases through 
the char; for this initial analysis the heat transfer between 
char and gas is assumed negligible.® 

The material is composed either wholly or in part offa 
chemically active species which undergoes an irreversib]: 
reaction which can be described according to the following 
overall first-order reaction scheme 


The reaction rate expression istakenas 
dd/dt = 


It is also assumed that volume changes are negligible. Ac- 
cordingly, a material balance on a differential slice for a one- 
dimensional system gives 


v(dr/dn) + = 0 [3] 


where 7 is the distance from the surface and v is the ablation 
rate. An energy balance is written assuming constant 
physical properties of density p; specific heat c,; therma! 
conductivity k; heat of reaction AH; and f is the fraction 
of reactable species in the initial material 

aT vpcp) dT k""pAHX 

(vpcy) dT k"pAHf = 0 [4] 

dn k dn k 

The solution for a semi-infinite slab is considered for which 

the boundary conditions are 


when 


T=T, when =0 


To take account of the decomposition reaction, a tempera- 
ture dependent reaction rate expression is introduced 


k” = k’ exp[—AE/R(T — T..)] [6] 


This is an expression of the Arrhenius type but with one 
modification: (Z7’ — T..) has replaced the usual 7. Some 
assumption of this nature is necessary to restrain the mathe- 
matical model from predicting a completely reacted condition 
at all finite depths. Hence, 7. plays the role of an ignition 
temperature for chemical reaction. This is in accord with 
experience of the sort which says a container of combustible 
gases does not ignite itself when stored at low temperature 
for an indefinitely long period. It will become clear that 
for the problem at hand the composition profiles in the regions 
of interest are unaffected by this assumption. This artifice 
would have been unnecessary if instead the problem were 
set up for a slab with finite thickness, but this would add 
another variable and, in the end, would contribute nothing 
of value to the result. 

The following dimensionless groups are defined 

~ 


T+ = (T. — T.) = reduced temperature 
Lo 


° This is justified because the heat transfer relative to the total 
heat content of the solid is small. Later, in treating the gas 
this heat transfer is included, since it is more important relative 
to the heat content of the gas. 

6 In currently used cpiotion materials, changes on the order of 
15 per cent are encountered. 
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Fig. 3 Theoretical analysis of decomposition of solid; effect of 


nt = TP — w/a = reduced distance; ratio of depth 
k in solid to a characteristic abla- 
tion length (a = thermal dif- 
a’ fusivity) 
= fractional unreacted reactant 
D, = > = ratio of an ablation time to a 
chemical time 
D, = ___ = modified Arrheni 
>= modified Arrhenius group 
= = ratio of chemical enthalpy to 


sensible enthalpy 


Substituting these groups into the basic Equations [3 and 
4] gives the dimensionless equations which describe the 
process of decomposition in the solid for the model studied 


d\+ = X+D, exp (—D,/T*) [7] 

@T+ 

dn* dy* — D,D3;\* exp (—D2/Tt) = 0 [8] 


The new boundary conditions are 

nt =o 
when nt =@ | 
when 7t =0 


A numerical calculation is necessary to find the most general 
solution due to the coupling inherent in these equations. 
However, an important simplification is possible at this point, 
since the AH is expected to be quite small.’? This means 
that a solution for Ds = 0 is of interest. With D3 = 0, Equa- 


7 The heat of decomposition AH, of a glass-reinforced phenolic 
resin, corresponding to conversion to the products listed in Table 
1 was determined from calorimetric data to be endothermic and 
about 90 cal/g of resin. 

The chemical energy associated with complete reaction of a 
unit mass of ablating solid = fAH; the sensible energy associated 
with the temperature rise of a unit mass of ablating solid = 
cp (T. — Ta). Thus 

p, = _ (0.2290) 
— To)  (0.3)(1600) 


The heat sink effect of reaction amounts to but 4 per cent of 
the heat sink effect of sensible enthalpy changes. This small 
fraction does not, however, indicate quite such a correspondingly 
small effect on the composition pattern since the zone of appre- 
ciable reaction extends over a limited temperature range. The 
effect of an appreciable AH would be to broaden the reaction 
zone. 
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tions [7 and 8] become uncoupled. The solution of [8] then 


isgivenby 


Eliminating 7'+ between [10] and [7] gives 
d+ = exp (—D,) i, exp (—Dzexp dyt [11] 
7 


As it stands, this equation is not convenient for obtaining 
numerical results due to the unwieldy integration. A con- 
venient equivalent form for the final result is 


\+ = exp [D,; Ei(—D, exp n*)] [12] 


In this equation Ez stands for the exponential integral func- 
tion, a known function for which tables are available (16). 


Bi (-2) = ae (13] 


In the above connection z = D, exp n*. 

The type of solutions obtainable with Equations [10 and 
12] are illustrated in Figs. 3 and 4. The curves of A*, the 
fraction unreacted material, have the anticipated shape, 
changing more gradually at the beginning of reaction than 
at the end due to the imposed temperature history of a 
particular element of solid. 

The effect of the constant D, = k k’'/v?pcp = k’a/v?, the 
ratio of an ablation time to a chemical reaction time, is shown 
in Fig. 3. When the ablation time is long, relative to chemi- 
cal reaction time (i.e., ablation slow, the decomposition 
reaction fast), decomposition occurs farther from the surface. 
As this ratio becomes smaller, decomposition is nearer the 
surface and, because of the relative slowness of reaction, is 
spread over a thicker zone. 

The effect of the constant D. = AE/R(T — T.,), the 
modified Arrhenius group, is shown in Fig. 4. As this con- 
stant increases, i.e., higher activation energy required, the 
rate of reaction is reduced. Thus, with large D2 the zone of 
reaction is closer to the surface where the temperature is 
higher. The activation energy has little to do with the thick- 
ness of the reaction zone, however, which is determined by D,. 
Thus, the form of the curve for Dz, = 25 is virtually identical 
to that for D, = 10 so long as D, is held constant. The two 
curves are displaced from each other by a considerable dis- 
tance, however. 

A calculation has been made for a point on an IRBM 
trajectory at which the ablation rate is estimated to be 0.05 
cm/sec and the temperature at the outside edge of the char 
zone approximately 1900 K. The following physical con- 
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a = thermal diffusivity = 0.0029 cm?/sec 
AE = activation energy = 11 kcal/mole 
k’ = rate constant = 10° sec™ 


A base temperature of 300 K is used so that T, — T.W 
1600 K. 

The constants AE and k’ were estimated from the results 
reported by Madorsky and Straus (17) for decomposition of 
a phenolic resin. Their value of 18 kcal/mole is equivalent 
to the 11 kcal/mole value when the latter is used with the 
modified Arrhenius expression in the reaction temperature 
range. 


uj N A/ 
Od + 
06 

a 
04 

o2 — 
22 
> 
0 
=G oO 02 04 O06 O8 10 12 14 

= 
a 


BE kK 
35 \7 


Theoretical analysis of decomposition of solid; 
values of constants 


““best”’ 


Fig. 6 Cross section of ablation test specimen. From top to 
bottom: glass; char; decomposition zone; heat discolored 
plastic; unaffected plastic 
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e exact thickness of the char layer cannot be known either 
from recovered re-entry nose cones or from ground test speci- 
mens, since the transient cooling stage will thicken the 
pyrolysed layer. However, the indications from both re- 
entry and ground test specimens are that the curve of “best 
calculated results” shown in Fig. 5 is close to that anticipated 
for these conditions. 

A comparison of the results in Fig. 5 can be made with an 
ablation test specimen shown in Fig. 6. The various reac- 
tion zones are easily identified, although the char zone ani 
layer of heat-discolored plastic are somewhat thicker than 
would be expected at the high ablation rate for which calcula- 
tions were made. This difference is probably due to a lowe: 
heating rate occurring at the end of the test period or during 
cooling. 


Reaction of the Gaseous Products of Resin Decomposition 


The gaseous products flowing through the char layer wil 
undergo further thermal decomposition of the high molecula: 
weight components such as phenol, cresols, benzene and 
toluene. An illustrative calculation is presented. 

Material and energy balances are taken over a differential 
slice of the char, dy, infinite in extent in the plane of the sur- 
face of the material. The gas and solid are assumed to be 
in thermal equilibrium. Since the number of moles of gas 
undergoing reaction is a small fraction of the total gas, the 
total number of moles present and the m, c,, product are 
assumed constant. 

The energy balance then yields 


oT 


oT 
= — €)psCp, + ttl, + 


AH exp (— AE, rr) | = 0 [14] 


ks, ko = conductivity of solid or gas 
= fraction voids in solid 
Us, Mts, My = Velocity and mass rate of flow of solid and gas 
toward reference plane at surface 


where 


= temperature 
Ds = density of solid 
Cys Cpg = heat capacity of solid and gas 


The term in brackets is due to heat of decomposition. 
Because of the low bonding energies of the organic molecules 
involved and the large sensible enthalpy gradient in gas and 
solid, this effect can be ignored with small error. Integration 
of the resulting equation with the boundary conditions of sur- 
face temperature, thickness of char, and initial gas composi- 
tion gives an expression for the temperature as a function of 
depth in the char 


T—T _ 1 — exp (-yr) 
Ty-T, 1 — exp (—Yr) 


where 


_MLps + 


T,) = surface temperature 


y = distance measured from surface into the char 


Y,Y (subscript) = distance to or referring to plane at 
which the gas enters the char prior to decomposition 


The material balance on an element of the reacting gas 


P(MW)aveke E 
mR rex (- an) [16] 
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tits, My = mass flow rate of solid and gas toward the refer- 
ence plane at surface 
kr = reaction pre-exponential rate constant 
x | = mole fraction undecomposed reactant gas 


Data for the kinetics of o-cresol decomposition have been 
obtained by extrapolation of the results of Jones and Neu- 
worth (18). Other constants have been estimated from the 
literature for typical Fiberglas reinforced phenolics. These 
values have been used in a numerical solution of Equations 
{15 and 16] with the results shown in Fig. 7 


7, = 1700 & Ks = 0.001 cal/em sec 
K 

= 7205. xy = 0.0290 mole frac- 

m, = 0.250 g/cm? sec ¥ = 0.08 em 
m, = 0.025 g/cm? sec FP = 7 atm 
c,, = 0.25 cal/g-K (MW)ave = 10 7 
c,, = 0.75 cal/g-K ke = 2.1 X10"sec"! 
e = 0.100 AE = 69,000 cal/mole | 
k, = 0.003 cal/em sec K - 


In Fig. 7 the mole fraction of o-cresol remaining unreacted 
and the temperature are plotted as a function of depth. No 
reaction occurs over most of the char thickness but when 
reaction begins, it proceeds rapidly to substantial completion. 

The other gaseous components are much more stable than 
the eyclie compounds like o-cresol. Carbon monoxide, 
methane, water and hydrogen are unlikely to decompose. 
Their reactions with inorganic materials in the char are 


practically ruled out by equilibrium considerations. The 
most likely reaction of this type is 
Si0.(s) + H2(g) SiO(g) + H:0(g) [17] 


The free energy change is of the order of 35 kcal (positive) at 
2000 K. With this free energy change and assuming a 
hydrogen partial pressure of one atmosphere, the partial 
pressures of SiO(g) and H.O(g) would be about 10 mm Hg. 

A likely reaction is that between water and the carbon in 
the char 

H,O(g) + C(s) ~ + CO(g) + H,(g) [18] 

At 1500 K the free energy change is 19.0 kcal (negative) and 
at 2000 K, it is 45.9 keal (negative). Rate data have been 
investigated (19,20,21,22) and appear to be rather incon- 
sistent. 

However, two factors operate to reduce the importance of 
this reaction. First, the carbon and water have a common 
source in the phenolic resin, and even if all the oxygen were 
tied to hydrogen, there would be insufficient water to react 
with more than one fifth of the carbon. Furthermore, the 
heat absorption of this reaction is compensated for by the 
heat absorption of the silica-carbon reaction, which generally 
would remove any carbon not reacted with water. 


> 


Reactions Between Carbon and Fiberglas 


Thermodynamic analysis shows that the three reactions of 
carbon and Fiberglas most likely to occur from the point of 
view of equilibrium are (23 and 24) 


SiO, + — SiC + 


AH n000°k = 133 keal [19] 
Sid. + 2C — Si(1) + 2 CO 

AH x = 157 keal [20] 
SiO. + C > Si0(g) + CO 

AF 901°K 147 keal [21] 


The equilibria are shown in Fig. 8 and from these data 
several conclusions can be drawn. At high pressure of carbon 
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monoxide, reaction [19] can occur at lower temperature than 
(20 or 21]. For the reaction to proceed vigorously, the equilib- 
rium carbon monoxide pressure would have to be sufficient to 
force the gas out through the pores of the char against the stag- 
nation pressure of re-entry. The latter is in the neighborhood 
of 10 atm during the ablation considered here. For reaction at 
10 atm the temperature for reaction [19] is 1680 C. This 
on-off feature of the reaction presents a significant coupling 
of chemical and aerodynamic processes. 

Kinetics were suspected to be controlling rather than 
equilibrium. Therefore, samples of char from pyrolyzed 
Fiberglas-reinforced phenolic plastic were held at high 
temperature to observe the reaction of the carbon and glass. 
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_ The apparatus tied of a modified NRC-912 vacuum 
fusion apparatus as shown in Fig. 9. Samples were held at 
1100 C to drive off residual hydrocarbons or adsorbed gases. 
They were then dropped into the crucible, held at tempera- 
ture, and the gas released was pumped to the storage flask 
and measured by the Alphatron ® pressure gage connected 
to a recorder. Reaction temperatures from 1350 to 1700 
C were used. After reaction was completed the gas that had 
been pumped over was analyzed by oxidation and con- 
densation and found to be 100 per cent carbon monoxide or 
carbon dioxide. Calculations were made on the basis of the 
monoxide. 

Typical data curves are shown in Fig. 10 and initial reac- 
tion rates are plotted in Fig. 11. Using an Arrhenius analy- 
sis, the activation energy was found to be 92,000 cal/mole. 
The pre-exponential rate constant was calculated for the fol- 
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Fig. 9 Diagram of inorganic reaction apparatus 
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three-fold, and allowing for rate decrease as reaction pro- 


lowing equation, which assumes proportionality to the volume 
V of reacting mass. It is pictured that the reaction is a 
heterogeneous one, occurring at interfacial surfaces between 
carbon and silica, such interfaces being more or less uni- 


formly distributed throughout the volume 
d 


ane! = = kV exp (— AE/RT) 
where n, = grams of carbon. 

The value of k was found to be 2 X 10'4 g/cm min, based 
on initial reaction. 

It should be noted that these experiments in vacuum do not 
necessarily measure the rate of reaction [19] in which silicon 
carbide forms. At pressures of a few microns, thermod, - 
namics does not limit any of the reactions, even at 1300 C, «s 
is evident from Fig. 8. However, as has been pointed out by 

_ Fulton and Chipman (25), the slow step is probably either 


_ the breaking of SiO bonds or the slow removal of oxygen by 


carbon at the interface. . Both these steps affect the rate of 


- appearance of carbon monoxide in all three reactions almost 


equally. 

In the conditions of re-entry, assumed as 10 atm CO pres- 
sure and short reaction time, it appears likely that only reac- 
tion [19] occurs. It can be shown that at 1680 C a tempera 
ture sufficient to overcome the thermodynamic limitations 
on reaction [19] but not on [20 or 21], the measured reactio: 
rate would easily produce the observed results. Thus, at 
the measured initial rate, carbon would be consumed by this 
reaction at the rate of 


—dn, 2X 10" x - 92000 1 
60 (1987) (1680 + 273) 
= 167 g/cm sec at 1680 C 


Even if the measured rate is in error by a factor of two or 
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ceeds, all the carbon present would be consumed in less than 


one second. It would not appear, therefore, that the tempera- 
ture could reach levels that would permit reactions [20 and 
21] to occur, as long as sufficient reactants remained for reac- 
tion [19]. It is quite possible, however, that in a zone 
nearer the surface than the carbon reaction level, the tem- 
perature may be sufficient to cause the silicon carbide formed 
to react further 


SiC + SiO, > 2Si0 + CO, [23] 


The question arises whether processes other than the 
silica-carbon reaction remove carbon. Combustion with air 
was considered. ,With the aid of the data of Parker and Hot- 
tel (26) it can be shown that diffusion rather than surface reac- 
tion limits the combustion, but that it is too slow in com- 
parison with the silica-carbon reaction. Furthermore, there 
is considerable doubt that a significant amount of oxygen can 
reach the surface because of shielding in the gas boundary 
layer by the combustible gaseous products of resin decom- 
p sition. 

Sublimation of the carbon is completely impossible under 
IRBM conditions because thermal radiation would be suffi- 
cient to keep the surface below the 3000 C or higher tem- 
perature required. 

The carbon can flow off with the glass. We have ob- 
served that when a gas-oxygen torch flame is played on the 
niaterial, it softens and the melt flows under shear carrying 
along the carbonaceous material with it. However, as is 
true of the ablation specimen shown in Fig. 6, the surface 
layer frequently consists of a clear or white glass. Hence, in 
such areas, there must be some reaction to remove carbon. 

Thus, it appears very likely that the silica-carbon reaction 
is at least partially responsible for removal of carbon, although 
under certain conditions carbon may flow off with the glass. 

Evidently, the rate of ablation is determined by the rate of 
molten excess glassy material flowing off the surface. This 
is caused by shear and pressure forces acting on the surface 
material whose viscosity is lowered by the high temperature. 
In turn the surface temperature is in large measure deter- 
mined by the silica-carbon reaction. Thus, in a very real 
sense, rate of ablation is controlled by the characteristics of 
this reaction: the amount of heat it absorbs and the reaction 
temperature. 

If a different set of materials with different reaction char- 
acteristics were substituted, the material would ablate at a 
different rate and with a different surface temperature. 
Reactive materials could, incidentally, be chosen to be most 
effective at the surface temperature anticipated for a par- 
ticular re-entry service. Thus, the ablation material could 
be tailored to the thermal environment to be encountered. 

Formation of new char appears to be a secondary process, 
regulated by a balance between the kinetics of the pyrolysis 
process and the rate of heat conduction through the char, 


Conclusions 


It has been shown that an improved understanding of the 
ablation mechanism in glass-reinforced plastics can be ob- 
tained by application of thermodynamic and kinetic analyses. 
Three processes occurring in the condensed phases have been 
considered: (a) the thermal decomposition of the resin; 
(b) the reactions of the gaseous products of this decomposi- 
tion; (c) the reactions between carbon and Fiberglas. 
These processes absorb heat: processes (a) and (b) minor 
amounts, but process (c) about 4 kcal per gram of carbon 
consumed. Process (c) is thus an important heat sink. 
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"ti ' Adams (15) has presented a calculational procedure for 


estimating heat of ablation for a fiberglass material and finds 
agreement with arc tunnel and rocket exhaust tests. In 
those calculations it was found necessary to assume a heat 
of evaporation of 750 Btu/Ib to fit his theory to the facts. 
Our work serves to better define the source of this heat effect. 
It is clearly not due to pyrolysis of resin as discussed above. 
We believe inorganic reactions account for the heat effect in 
question. 
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Drops in a Rocket Combustor 


Lewis Research Center a 


Ethanol and Liquid! Oxygen on. 


Single jets of ethanol were studied photomicrographically inside a rocket chamber as they broke 
up into sprays of drops which underwent simultaneous acceleration and vaporization with chemical! 

. reaction occurring in the surrounding combustion gas stream. In each rocket test-firing, liquid 
_ oxygen was used as the oxidant. Both drop velocity and drop size distribution data were obtained 
from photomicrographs of the ethanol drops taken with an ultra-high speed tracking camera de- 
veloped at NASA, Lewis Research Center. 


JET of ia fuel injected into a relatively high tempera- 
ture, high pressure, combustion-gas stream very quickly 
atomizes and ignites into a spray of burning drops. Knowl- 
edge of the size distribution and the velocity of burning fuel 
drops in a combustor is required in order to determine spray 
vaporization rates which are generally considered to control 
the rate of the overall combustion process (1).? 

The purpose of this investigation was to obtain the size 
distribution and velocity of ethanol drops in a rocket combus- 
tor burning ethanol and liquid oxygen. Other investigations 
(2) have produced some results in this field by means of 
photographic technique. From past experience, photo- 
graphic methods appear to hold the most promise for this 
type of investigation. For the present study, a high speed 
tracking camera was developed at NASA, Lewis Research 
Center [described in (3)] which gave photomicrographs as 
shown in Fig. 1. A magnification of 15 was used for these 
pictures. 

From the photomicrographs of burning ethanol drops taken 
at a distance of 4 in. downstream from the injector face, it 
was possible to determine the size distribution of the drops and 
analyze the data using the Nukiyama-Tanasawa, log prob- 
ability, and Rosin-Rammler expressions for size distribu- 
tion. Also, drop velocities were determined from the speed 
at which the mirror tracked the drops in stopping their 
images on the infrared film. 

The velocity V, of a stopped ethanol drop image (as shown 
in Fig. 1) was calculated from the expression Vz = 4rwl./M, 
where L is the distance from the mirror to the film plane, / is 
the magnification (M = 15), and w is the mirror speed, A 
semilog plot of the observed drop velocity against the drop 
diameter, at a distance 4 in. downstream from the injector 
face, is shown in Fig. 2. The injection velocity for the etha- 
nol jets was approximately 25 fps, whereas drop velocities 
were found to be approximately 30 and 70 fps for the 344- and 
35-u diameter drops, respectively, at the camera station. 

The volume median drop diameter Ds was found to be 152 
u as calculated by direct integration of the experimental drop 


Presented at the ARS Propellants, Combustion and Liquid ; 
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Fig. 1 Photomicrograph of burning ethanol drops i 
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size data. This agrees with the value of 154 uw obtained for 
Ds from Fig. 3, which shows a plot of the following Nukiyama- 
Tanasawa expression 


129 
which may be rewritten as 
AR D 
120 
108 = pe + | | 


since integration of Equation [1] gives Dy = 3.915/b = 
— 1.7/slope. 

The drop size data were also plotted, as shown in Fig. 4, 
using the log probability expression 


[3] 


where y = In (D/D*). Integration of Equation [3] and the 
slope of the plot in Fig. 4 gives a value of Ds of 158 uw, which 
also agrees fairly well with the value obtained by direct in- 
tegration of the drop size data. 

A plot of the Rosin-Rammler expression 


1 — R = [4] 


shown in Fig. 5, gives a Dgo value of 116 uw. This is consider- 
ably below the value of 152 uw obtained by direct integration 
of the drop size data. Thus, the Rosin-Rammler expression 
appeared to give the poorest results. However, more experi- 
mental drop size data for fuel sprays burning in rocket com- 
bustors are needed to establish the general applicability of the 
Nukiyama-Tanasawa and log probability expressions to 
burning sprays. 


Concluding Remarks 


The most difficult problem encountered in photographing 
the fuel spray was that of providing sufficient light to pene- 
trate the relatively opaque flame without scattering appreci- 
ably and still operate on an extremely short time scale (ten 
billionths of a second for a 10-u diameter drop traveling 100 
fps and magnified 15 times). However, with the tracking 
camera it was possible to have an exposure time of approxi- 
mately 8 microsec. Also, since long wave length light gave 
less light scattering, it was found that infrared film used in 
conjunction with a red filter on the light source gave the best 


results. 
Nomenclature 
b = constant Equation [1] 
D = drop diameter, cm 
D = size parameter in Equation [4], em _ 
D* = drop diameter at R = 0.50, em 
Ds) = volume median drop diameter, defined by the general ex- 
e-f = 
pression (D,,) which gives 
|'/: 
=n 
diameter notation 
e€ = mean diameter notation 
f = mean diameter notation 
L = distance from tracking mirror to film plane, em 
M = magnification 
n = number of drops 
q = constant Equation [4] 
R = volume fraction of drops having diameters <D 
AR = n D*/=nD3 
V. = drop velocity, fps 


y = In(D/D*) 
5 = constant Equation [3] 
w = tracking mirror speed, rps 
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Some Comparisons of Sloshing 


At higher surface levels, the equivalent flat bottom dept!) 
Behavior in Cylindrical Tanks | 


would be 


e 
With Flat and Conical Bottoms! [2 | 
yi, GUIDO E. RANSLEBEN Ie where h; is the height of the liquid surface above the junctio: 
NSLE 


of the cylindrical wall and conical bottom. On this basis 
the natural frequencies for the conical bottom given in (1 
are compared with corresponding values for the flat botton 
given in (2), in Fig. 2. d w,?/a is a dimensionless frequency 
parameter, where w, is the natural frequency and a is th 
acceleration in the direction of the tank longitudinal axis 
The difference between the two theories is slight in the first 
and generally the most important, mode, but increase: 
somewhat in the higher modes, particularly at very shallow 


Some results obtained from sloshing experiments with 
rigid model cylindrical tanks in translation, and having 
both flat and conical bottoms, are discussed and com- 
pared. On the basis of both total force and wall pressure 
distribution measurements, it is concluded that sloshing 
behavior in tanks with conical bottoms can be represented 
quite adequately by an “‘equivalent”’ flat bottom (based on 


equal liquid volumes). depths. 
Experimental Results 
HE PRACTICALLY important problem of sloshing The test facility and measurement techniques employed to 
behavior in a cylindrical tank of circular cross section and obtain the data reported here have been described elsewhere 


having a conical bottom has recently been studied theoreti- 
cally (1).4 This analysis is, however, limited to free oscilla- 
tions, although the designer more frequently desires infor- 
mation applicable to forced oscillations. Because the slosh- 
ing characteristics of tanks with flat bottoms undergoing 
forced oscillations are readily available from theory (2-5), 
the question arises as to the possibility of utilizing theoretical 
flat bottom sloshing characteristics for tanks with nonflat 
bottoms. Of course, it is recognized that for extremely shal- 
low liquid depths the bottom shape must govern the fluid 
motion, and that for relatively great liquid depths the bottom 
shape will not influence the fluid motion to any appreciable 
extent. In view of the latter fact, the question then becomes 
one of investigating sloshing behavior at moderately shallow 
depths to explore the possibility of utilizing theoretical 
results for the flat bottom case for problems involving nonflat 
bottoms, on the basis of an “equivalent” flat bottom tank 
having an equal liquid volume. 

Using the notation of Fig. 1 we may define a tank with an 
equivalent flat bottom depth h., such that the liquid volumes 
are equal. Thus, assuming the liquid surface to be at the 
junction of the cylindrical wall and conical bottom | Aa 
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(6). The models were mounted vertically and oscillated in | | — 
the transverse direction. Two different sizes of tank models i 
and two different liquids were employed in these experiments Ter | J 
(6). 


The results of total fluid sloshing force measurements are DIMENSIONLESS 0 ‘ | 
shown in Figs. 3-6, in terms of amplitude and phase angle cman 
with p the fluid density and the excitation amplitude. | 
| 


The theoretical curves shown in each of these figures cor- 
respond to those for an equivalent flat bottom tank. Note - . | 
that the liquid depth of h/d = 0.25 (Fig. 6) corresponds to To a oP Vee 
the liquid surface being approximately at the juncture of the 
conical bottom and the cylindrical wall, and thus represents FREQUENCY PARAMETER dw a 

a rather shallow condition (approximating the condition 
assumed in Fig. 1). 
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Fig. 6 Total force measurements for conical bottom model with 
h/d = 0.25 
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The results of wall pressure distributions for both flat and 
conical bottoms at h/d = 0.50 are shown in Figs. 7 and 8 for 
two values of the frequency parameter.® h’ represents the 


5 A more detailed study of pressure distributions during slosh- 
ing is given in a separate paper in this issue of ARS woomaas, 


(pp. 545-547). 
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Fig. 7 Comparison of wall pressure distributions for flat and 
conical bottoms at dw?/a ~ 2.5, h/d = 0.50 
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‘Fig. 8 Comparison of wall pressure distributions for flat and 


conical bottoms at dw?/a ~ 7.7, h/d = 0.50 ne _ with the location of the lowest pressure cell at h’/h = 


height from the equivalent flat bottom to the point at which 
the pressure is measured. 

The data presented in Figs. 3-8 are intended to be only 
representative examples of a vast amount of data collected 
as part of a more general research program. However, no 
data were collected for h/d values less than 0.25, and no 
reliable pressure distribution data were obtained for h// 
less than 0.50. It may be of interest to note that the compari- 
sons between measured total force and integrated pressure 
distributions almost invariably showed agreement within 
less than 10%, and usually within only a very few per cent. 


Discussion 


The total force data of Figs. 3-6 show generally excellen: 
agreement with the equivalent flat bottom theory, at least 
through the second mode. It is clear that even at the rathe: 
shallow depth of h/d = 0.25, the agreement between th: 
measured total force and the flat bottom theory is quite good 

The wall pressure distribution data of Figs. 7 and 8 show 
that the conical bottom data are virtually identical to th: 
flat bottom data, at least to the depth of the lowest pressur: 
cell (h’/h = 0.620).° It is unfortunate that no pressure dats 
are available for h/d < 0.50; however, on the basis of the tota! 
force measurements there is no reason to expect that th« 
agreement would not continue to be quite good, at least down 
to h/d = 0.25. 


Conclusions 


It appears from the experimental data presented here 
and obtained under the test conditions described, that there 
is ample justification for the use of an equivalent flat bottom 
theory to describe sloshing behavior in tanks with nonflat 
bottoms, except for relatively shallow fluid depths (h/d < 
0.50). This conclusion appears to be valid at least through 
the second mode, and possibly through the third. This 
knowledge should be of extreme value during the design 
stage of new configurations. 
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SURFACE OF UND'ST 


| Wall Pressure Distributions During _ 
Sloshing in Rigid Tanks’ 


hich 


‘ted H. NORMAN ABRAMSON? and 
no GUIDO E. RANSLEBEN Jr.*® } 
no Southwest Research Institute, San Antonio, Texas Puase wits DISPLACEMENT: 
h d | | 
ari- Tank gort 
ure Some measurements of wall pressure distributions ob- 
hin tained during sloshing experiments with rigid model 
cylindrical tanks having flat bottoms and excited in 
translation are presented and discussed. Total force and a 0 = = 
moment, obtained by integration of the measured pres- € rane ; 
sures, and the pressure distributions themselves are com- Fig. 1 Wall pressure distributions (h/d = 1.00) 


” pared with theoretical predictions. 
- 


WALL PRESSURE MEASUREMENT 
POSITION 


he Pressure Distributions 


NOWLEDGE of wall pressure distributions resulting 10 
g from fuel sloshing in missile tanks is important for 
h understanding the flow mechanisms involved and for struc- >: 
4 tural design studies. It does not appear that measured pres- = & 
ta sure distributions have previously been reported in the 
he test facility and measurement techniques employed to DIMENSIONLESS 
obtain the data reported here have been described else- er Pree 
where (1).4 The models were mounted vertically and os- op 
cillated in the transverse direction. 
The results of wall pressure measurements are shown in [> WA rreavency panaueren £5° 
Figs. 1-4. Fig. 1 is a plot of pressure distributions on the 
wall and flat bottom at various frequencies, and Fig. 2 is a ‘| 
‘ cross plot showing pressure vs. frequency at various depths in : y. 
. the liquid. Figs. 3 and 4 present similar data for a different ? / 
liquid level. Pressures and frequencies are given in non- : i ae 
dimensional form (1), where a is the acceleration in the direc- _ Fig. 2. Wall pressure distributions (h/d = 1.00) 
: tion of the tank longitudinal axis and other symbols are de- 
, fined on the figures. It may be mentioned in passing that 
the bottom shape has little influence on wall pressures, ex- 
cept possibly at extremely small liquid depths (2) (h/d < 


4 


ACE OF UNDISTURBED 


0.25). 

3 Some interesting observations may be made from the re- a 
sults shown in Figs. 1-4. It appears that approximately the | me ie] 
lower third of the liquid behaves essentially as a rigid mass, acc onessune weasunenent 8 er 
while most of the sloshing effects occur near the surface, as | halal a £ 23h 
has been predicted theoretically, and qualitatively observed ‘win 
experimentally. This is, in fact, the basis upon which some OUT-OF-PMASE 235 
of the various mechanical analogies involving spring-mass or ;—ymsortge ad rae 
pendulum systems are founded (3). It may be possible to —— oe aebtcm 
employ such pressure distributions to assist in arriving at the 
optimum arrangement of, and parametric values for, such 


analogous systems. 

Figs. 1 and 2 may also help to explain a peculiarity ob- 
served during the test program, which occurred in the fre- 
quency range from the resonant frequency of the first mode 
to the frequency at which the total force passes. through zero, 
between the first and second modes (dw?/a “& 3.7-4.7 for 


h/d = 1.00, Fig. 1). Just below the latter frequency the 8 
pressure traces all showed a distortion of the peaks in one : | 
direction only. As the frequency was decreased to the first 
resonance, this distortion grew to the point that the pressure- : = | 
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time traces appeared to be almost sinusoidal, but of twice 
the exciting frequency. Examination of the pressure distri- 
butions at frequencies between the first and second modes 
(Fig. 1) shows that pressures near the surface are 180 deg 
out of phase with those near the bottom (which are in phase 
with the displacement) over a significant portion of this 
range. Indeed, the distribution at dw?/a = 4.70 shows such 
a balance of the in- and out-of-phase portions and that the re- 
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Fig. 5 Comparison of theoretical and experimental wall pressure 
distributions (h/d = 1.00) 
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Fig. 6 Force from integrated pressure distribution (h/d = 
1.00) 
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sulting total force is near zero, although actual pressure 
magnitudes, near the surface especially, are relatively high- 
A similar situation exists betwen the higher modes. It ie 
probable that shearing action between the layers of liquiss 
which are moving in opposite directions introduces the di.s 
tortion noted in the range where the out-of-phase portion di 
larger in magnitude than the in-phase portion. 

The distortion of the pressure signals previously discussed 
was reflected by only a slight distortion of the total force 
signal, which, when reduced, provided very good correlation 
with theory, even in this frequency range. 

A comparison of theoretical (4) and experimental (Figs. 1 
and 2) wall pressure distributions is given in Fig. 5 for 
h/d = 1.00; the agreement is excellent. Similar agreement 
was obtained for a fluid depth corresponding to h/d = 0.50. 


Total Force and Moment 


For the purpose of integrating the pressures from bottom 
to surface, it was assumed that the shapes of the radial pres- 
sure distributions remain constant from bottom to surface. 
This was justified by the fact that measured variation of 
bottom pressures and radial wall pressures at one height indi- 
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Fig. 8 Moment about c.g. of undisturbed liquid from integrated 
pressure distributions (h/d = 1.00) 
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cated the same shape. The total forces obtained by inte- 
gration were compared with measured total force over a wide 
frequency range; agreement was consistently within 10%. 
A comparison of total force obtained by integration of the 
data of Fig. 1 with theoretical predictions (4) is given in 
Fig. 6. 

A similar comparison between integrated experimental 
values and theory for moment about the center of gravity of 
the undisturbed liquid, with the notation of Fig. 7, is given 
in Fig. 8, and shows agreement with theory equally as good 
as that for force. Dividing moment by force to obtain the 
location of the force center (Fig. 9) shows, in turn, equally 
good agreement with theory. 


Results obtained from a similar study of data corresponding 
to h/d = 0.50 showed essentially the same agreement with 
theory for both force and moment. 
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HE APPLICATION of the energy of atomic fission to 

high thrust rocket propulsion systems may well require 
nuclear reactor capabilities in excess of 15,000 megawatts. 
This power level is more than an order of magnitude higher 
than the design capacities of the largest reactors presently 
contemplated for use in the production of electrical energy. 
The transfer of heat, at the very high rates and fluxes, from 
the nuclear fuel to the propellant gas at temperatures border- 
ing on 6000 F and without serious loss of fuel to the propellant 
poses one of the most challenging problems in the design of 
nuclear rocket propulsion systems (1).4 

Use of the more conventional type of rigid solid fuels has 
the great advantage of simplicity but presents the difficulty 
of providing sufficient heat transfer surface while maintaining 
structural integrity in the fuel element assemblies. Use of 
the gaseous form of nuclear fuel with provision for thorough 
admixing of fuel and propellant would give outstanding ad- 
vantages in that heat transfer would be virtully instantaneous 
and temperature limitations would be imposed by the condi- 
tions at the container walls and not by those existing in the 
reactor core. A major difficulty in the use of the gaseous fuel, 
however, would be to obtain efficient separation of the fuel 
and the propellant and, thus, to restrain the fuel in the reactor 
core. With the inherent problems of these two types of reac- 
tor systems in mind, it is proposed to consider the possibility 
of using fuel in the form of solid granular particles maintained 
as a fluidized bed wherein very high surface area would be 
available for heat transfer and structural strength problems 
would be eliminated. 

Normally a fluidized bed is established by passing a fluid 
through a bed of solid particles in a direction opposite to that 
of the force of gravity and at such velocities that the entire 
bed of particles is expanded and held in a state of suspension 
while the fluid passes on. The rate of flow of the fluid in this 
system is limited to velocities such that the drag forces do not 
exceed the normal weight of the particles. However, if the 
unit should be rotated in a circular path about an external 
point lying downstream on the axis, the velocity required to 
maintain the bed in a fluidized state would be increased in re- 
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lation to the number of g’s imposed on the system. Thus, 
it would seem possible to have the propellant flowing 
through such a rotating bed of fuel particles with sufficient 
velocities to meet the requirements for high thrust rocket pro- 
pulsion systems. A practical arrangement would be to estab- 
lish a continuous bed in the form of a rotating cylindrical 
annulus. Two ways in which such a bed of fuel particles could 
be maintained are by tangential flow of propellant into a 
cavity reactor core and by having a rotating core vessel and 
radial flow of propellant through the porous walls. 
Very small scale experiments have been carried out to de- 
termine some of the simple performance characteristics of 
fluidized beds rotating at speeds up to 2000 rpm. With a 2-in. 
diameter chamber as shown in Figs. 1, wherein the gas enters 
the bed radially through the porous walls of the inner cham- 
ber, about 100 g’s were imposed on the system. The three 
views show the apparatus in various stages of operation: Fig. 
la, at rest; 1b, rotation at 2000 rpm with the particle bed al- 
ready established but without gas flow; and Ic, rotation with 
gas flow and the bed in the expanded fluidized state. 
Under the alternative concept in which the bed of particles 
would be rotated by means of tangential entry of propellant 
to the core chamber, the system would be greatly simplified 
mechanically since no rotating core vessel would be required. 
However, in this design the problem of establishing and main- 
taining a uniform and stable bed is a crucial one. 
From the standpoint of mechanical performance, at least, 
the rotating fluidized bed concept appears to be useful in the 
development ot nuclear rocket propulsion. Advantages to 
be gained through the use of fluidized particulate fuels include 
the following: 
1 Large surface to volume ratio, thus providing for the 
transfer of heat to the propellant under the very high fluxes 
with relatively low temperature differentials and conse- 
quently with higher exit propellant temperatures. 
2 Requirements for the fuel bearing material would be 
centered mainly on high temperature stability factors without 
serious concern for structural strength and_ fabrication 
problems. 
3 Feasibility of fuel addition during operation to make up 
for such losses as might be incurred because of volatilization 
and reaction between fue] particles and propellant. 
4 High degrees of separation between fuel particles and 
propellant under high velocity flow. 
If one were to think in terms of a specific impulse of 1000 
sec with a corresponding exit temperature for hydrogen of 
about 5400 F, using the particulate form of fuel, the choice of 
uranium bearing material would appear to be limited to solid 
solutions of uranium carbide in the carbides of tantalum, 
zirconium and columbium. Of the three materials, zir- 
conium carbide (mp 6400 F) is the most suitable for a thermal 
reactor because of its low neutron capture cross section and, 
therefore, has been selected for purposes of this discussion. 
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Let us assume a system capable of producing a thrust of 
1,000,000 Ib. This would require a propellant (hydrogen) 
flow rate of 1000 lb per sec and a reactor power of 25,000 
megawatts, or, a heat transfer rate of 8.56 X 10” Btu per hr. 
Assuming a heat transfer coefficient of 1000 Btu per ft? X hr 
x deg F and a At of 500 F, the required heat transfer area is on 
the order of 170,000 ft?. This amount of surface area W ould be 
7-ft 


available in a bed of 100u particles making up a 


Figs. la, 1b, 1c Rotating fluidized bed 
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cylindrica] annulus with ab outer diameter of 3 ft and 6 in. 
and an inner diameter of 2 ft and 11 in. (bed depth = 33 in.). 
A bed of these dimensions was used as a basis of analysis of 
the nuclear, fluid flow and heat transfer aspects of the two 
conceptual designs, one of which is shown in Fig. 2. The 
maximum radial component of velocity in the core for the 
propellant flow of 1000 Ib per sec would be on the order of 
450 fps. Drag forces of the 100u particles would be such as 
to require some 2000 g’s in order to prevent entrainment in 
the exit gas which would be achieved by rotation of the be: 
at the rate of 2000 rpm. 

These reactors are of the “cavity” type; i.e., the fuel is in « 
nonmoderated core surrounded by an external moderator- 
reflector. Calculation techniques are based on those de- 
veloped by Safonov (2). These are satisfactory for a pre- 


liminary survey, but better methods are needed for a detailed 
design. 


Critical masses and neutron lifetimes were calculated fo: 
the rotating core vessel and tangential inlet cases. 

The fuel was chosen to be U#* (100%). Its high value oi 
n (2.28) substantially reduced fuel inventory. In fact, it is 
- doubtful whether the rotating core vessel design could bi 
made thermaily critical on U**5. 

The moderator-reflector is beryllium metal. The thickness 
of the reflector was chosen to be 18 in., a reasonable com- 
promise between the wish to save reflector weight, and to keep 
critical mass low. The total reactor weight neglecting the 
pressure shell is approximately that of the reflector plus 2200 
lb of UC-ZrC fuel mixture. This is about 21,000 lb for both 
designs. 

The following assumptions had to be made in carrying out 
the calculations: 

1 Neutron spectrum is thermal—there wili be some 
epithermal] fission, which should tend to reduce the required 
critical mass. 

2 The actual cylindrica] core is nuclearly equivalent to a 
spherical reactor of the same bare buckling. 

3 The neutron poisoning effect of the steel and ZrC can be 
included in a modified n (fast neutrons produced per thermal 
neutron absorbed) of the fuel. 

4 The fuel is distributed uniformly through the cavity 


_ instead of in an annular ring. This will tend to slightly over- 


estimate critical mass. 
5 The rocket operates for such a short time that there is 
no fission product poisoning or depletion of fuel by burnout. 
6 Neutron streaming in the void channels of the re- 
fiector will increase the calculated critical mass by the ratio 
of reflector area plus void area to reflector area minus void 
_ area. This should be adequate for small void areas. 
The results are: 


Rotating vessel Tangential inlet 
Critical mass U*, kg 66 33 
Neutron lifetime, sec 1.3 X 2.9: X 


The critical masses and lifetimes are reasonable. It would 
_ be economically desirable to have a very low critical mass since 
the fuel is not recoverable, but these values, though high, are 
satisfactory. The uranium accounts for about 5% of the 
fuel bed weight. 

Theoretically one would need no excess reactivity, since 
fission product poisoning and fuel burnup are negligible, 
but, since the fuel is in a mobile state, some should be included 
to keep the reactor critical in configurations slightly off the 
optimum. 

Control will be by means of control rods in the reflector, ; 
probably of the rotating drum type. bag 


1 Rom, F. E., ‘‘Advanced Reactor Concepts for Nuclear Propulsion,” 
AsTRONAUTICS, vol. 4, no. 10, 1959, p. 20. 

2 Safonov, G., ‘‘The Criticality and Some Potentialities of ‘Cavity’ Reac- 
tors,"” RM-1520, Rand Corp., Santa Monica, Calif., July 1955. 
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Optical Refraction With Emphasis on 
Corrections for Points Outside the 
Atmosphere’ 


DUANE C. BROWN 


Instrument Corp. of Florida, Melbourne, Fla. 


N A RECENT paper Wasel (1)* presented a theory of at- 
mospheric refraction which parallels in some respects that 
developed by the present writer (2) and employed at the At- 
lantic Missile Range since 1956 for the reduction of ballistic 
camera plates. The object of this note is to point out a major 
simplification, not considered in Wasel’s treatment, which be- 
comes possible for points sensibly outside Earth’s atmosphere 
(as far as optical refraction is concerned, the atmosphere may 
be considered to end at an altitude of about 50 km). This 
simplified theory is particularly applicable to satellite observa- 
tions. The problem of refraction for observations made at the 
satellite is also considered. 


=> 


Statement of the Problem a 

The effect of atmospheric refraction is illustrated in Fig. 1. 
Earth is regarded as a sphere with center at C, the geocentric 
radius to a terrestrial observer at 0 is 79; the broken curve 0P 
represents the trajectory of light between 0 and a point P at 
an altitude h’ above 0. The density of the atmosphere is as- 
sumed to be a function of altitude only and is therefore inde- 
pendent of azimuth; it follows that the ray path OP lies in 
the plane OCP. The following quantities are defined in the 


figure: 
6 = angle subtended at center of Earth by 0 and P 
z = true zenith distance of P from 0 i ws  - 
¢o = apparent zenith distance of P from 0 
z’ = true nadir distance of 0 from P 7 : 
()’ = apparent nadir distance of 0 from P 
o* = angle between zenith at 0 and tangent to ray path 
at P 
The refraction for a terrestrial observer at 0 is 
=z= £0 [1] 
and that for an aerial observer at P is 
=2/ — [2] 


The problem of refraction for a terrestrial observer may be 
stated as follows: Given the apparent zenith distance {o of P, 
the altitude h’ of P, and the index of refraction pw as a 
function of altitude, determine the true zenith distance z. 
It will be shown that the solution to the corresponding problem 
for an acrial observer can be obtained from the solution for 


the terrestrial observer. 
Refraction Corrections for Terrestrial Observer 
Smart (3) has shown that the astronomical refraction R(¢) 4 
corresponding to an apparent zenith distance is given by 
du 
R(fo) = Tomo sin f 
BI(ro + — (romo sin £0)? 
in which po is the index of refraction at 0. It follows eo: oe 
Smart’s derivation that the angle ¢>* may be expressed as ; Po 
q 
4 
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in which Ho’ is the index of refraction at P. From Fig. 1 it is 


seen that 


= $0’ [5] 


and from Snell’s law for spherical refraction [Smart (3)] it 
follows that 


(ro + h’) mo’ sin £0’ = Tomo sin fo [6] 
As a consequence of the last three equations 


With 6 thus determined, triangle OCP in Fig. 1 may be solved 
for the true zenith distance z 
(ro + h’) sin 0 
(ro + h’) cos 6 — ro 


tan z = 


If P is outside the atmosphere, wo’ = 1 and the integral term 
in Equation [7] becomes equivalent to the astronomical re- 
fraction Equation [3]; @ may then be expressed 


= sin | (h’ > 50 km) 


[9] 


As is shown in (2) this result may also be derived from the al- 
ternative integral expression for @ employed by Wasel (1). 
Determination of Astronomical Refraction 

Equation [9] is of particular significance in missile and 
satellite photogrammetry, because it shows that refraction for 
points outside the effective atmosphere can be expressed in 
terms of astronomical refraction which, in turn, can be de- 
termined to a high degree of accuracy (2). In many applica- 
tions a standard formula such as that suggested by Wasel (1) 
may be entirely adequate. When the utmost accuracy is re- 
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= fo + R(fo) — fo’ 


quired, one may employ sdihllieiibiiaielite observations of 
background stars for an accurate determination of the co- 
efficients of astronomical refraction; alternatively, the method 
described by Smart (3) of observing zenith distances of 
selected stars at upper and lower culmination may be em- 
ployed. When a profile of the index of refraction is available 
from meteorological soundings, Equation [3] may be inte- 
grated numerically to produce a refraction table for selected 
zenith distances; accurate coefficients of refraction may then 
be extracted from the table by means of a least squares fit of 
a suitable expansion of astronomical refraction. It is shown 
in (2) that four terms of an expansion derived by Garfinkel (4) 
are sufficient to provide accuracies (in the sense of agreement 
with the results of ray tracing by numerical integration) of 
0.2” of are or better for zenith distances as great as 90 deg; 
the expansion, in fact, retains its validity even for zenith dis- 
tances in excess of 90 deg. It is noteworthy that Equations 
[7, 8 and 9] are valid for all zenith distances and thus may be 
employed for points near the horizon. 


Refraction Corrections for Aerial Observer 


Fig. 1 illustrates that the true nadir distance of 0, as ob- 
served at P, is given by 


2=2z-0 [10] 
Since it has been established that if f> is known @ and z may 
be determined from Equations [7 and 8], the problem of re- 
fraction for an aerial observer may be reduced to one of de- 
termining { from the apparent nadir distance {o’ observed at 
P. This is immediately accomplished by the application of 
Snell’s law (Eq. [6]) which gives 


Too 


= [11] 
It follows, then, that except for the additional steps, Equations 
[10 and 11], the computations for aerial refraction reduce to 
those for terrestrial refraction. Again, if P is outside the 
atmosphere so that uo’ = 1, Equation [9] may be used to 
compute 6; in this case the formula for @ reduces to 


(h’ > 50 km) [12] 


The simplicity of these results together with their validity for 
all zenith (or nadir) distances makes them well suited to the 
reduction of photographs taken from a satellite. nae a 


It is pointed out in (2) that inasmuch as the true altitude 
h’ is required in the foregoing formulas it is necessary to per- 
form an iterative cycle of computations in applying refravc- 
tion corrections. First, an approximate value of h’ is em- 
ployed in the formulation to obtain initial corrections for rv- 
fraction; these are applied, and the resulting improved direv- 
tions are used in a fresh determination of h’ (e.g., by triangu- 
lation from two or more stations). The new h’, in turn, is 
used to produce second approximations to the refraction 
corrections. The iteration is continued until sufficiently stabi 
corrections are attained. For zenith distances less than 7) 
deg the initial corrections usually require no further improve - 
ment; however, with increasing zenith distances the proces; 
of iteration becomes increasingly important. 


Final Considerations 


4 
a 
Conclusions 
The differential refraction between points outside the 
effective atmosphere and corresponding occluded stars is 
essentially parallactic. Accordingly, the problem of correct- 
ing such points for atmospheric refraction reduces funda- 
mentally to one of determining astronomical refraction. The 
accuracy of the corrections therefore depends primarily upon 
the accuracy of the determination of astronomical refraction. 
Sophisticated observational and reductional techniques permit 
astronomical refraction, even for very low elevation angles, to 
be determined to a degree of accuracy wholly sufficient for 
whatever optical system is used in its determination. 
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Simple Method for Estimating First- 
Stage Boost Thrust and Specific Impulse 


ROBERT L. DOEBLER! 


Los Angeles Div., North American Aviation, Inc., 
Los Angeles, Calif. 


In preliminary design work, where detailed studies are 
not required, it is often sufficient to use methods which 
give reasonably accurate results rapidly. Based upon the 
basic rocket thrust equation, a simple method is derived 
to produce the thrust or specific impulse vs. altitude char- 
acteristic of a liquid propellant or neutral burning solid 
propellant rocket engine. This method has much utility 
in preliminary design trajectory studies on high speed 
digital or analog computers. The method has accuracy 
well within the range quoted for performance by rocket 
engine manufacturers, and predicts performance inde- 
pendent of knowledge of <eiepeemaae thrust chamber 
pressure, or nozzle area ratio. ae 
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4 
Assumptions and Notation 


The basic rocket thrust equation is 
Far = (W,/g)Vele + — Part) [1] 
ay 


Fi.» = thrust at any altitude, lb 
W, = propellant flow rate, lb per sec 


g = gravitational constant, ft per sec? ta) i 
Vel, = nozzle exit velocity, fps war, 

A, = nozzle exit area, ft? 

P, = nozzle exit static pressure, lb per ft? 

Pa. = ambient pressure at any altitude, lb per ft? 


For rocket engines used for first-stage boost, the nozzle is 
usually fully expanded at some low altitude. If the assump- 
tion is made that this full expansion occurs at sea level, then 
P, = Ps, and Equation [1] for sea level becomes 


Fs. = (W,/g) Vel. [2] 
Substituting this expression into the basic rocket thrust 


equation 


Fat = + A (Pst Patt) [3] 
This equation can be written for thrust in vacuum, noting that 
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ambient pressure in vacuum is approximately zero, therefore 
= Fs, + A.(Psz) [4] 


where F ~ is the thrust in vacuum, in pounds. 
Equation [4] may be subtracted from Equation [3] leaving 


Fat = ParA. [5] 


If Equations [4 and 5] are solved simultaneously, A, is 
eliminated. After some algebraic manipulation the resulting 
equation is 


Fan = (1 — — Fst) + Fs [6] 


Yor liquid propellant or neutral burning solid propellant 
boost rocket engines, propellant flow rate is approximately 
constant for all altitudes. Propellant flow rate may be ex- 


pressed 


where J 8,1. is the specific impulse at any altitude, in seconds. 

}:quation [7] indicates that for constant propellant flow 
rate, specific impulse varies with altitude in the same way that 
thrust varies or 


= (1 Pat/P st) (1s Tsgr) + I ssp [8] 
Application of Equations 


For use in computing equipment, it is convenient to curve- 
fit the parameter (1 — Par/Psz) vs. altitude. To utilize 
Equations [6 and 7], the only input data required is the sea 
level static and vacuum thrust and specific impulse, which are 


the performance data points most readily available from rocket 
engine manufacturers. 

As an illustration of the use of the foregoing equations, as- 
sume the following hypothetical rocket engine. Given: = 


Fs: = 200,000 Ib 


= 232,000 lb 
Iss, = 260 sec 


Applying Equations [6 and 7] 


40,000’ = (1 — 391.68/2116.22)(232,000—200,000) + 200,000 
lb 
F000’ = (0.8149)(32,000) + 200,000 Ib 
= 226,077 lb 
W, = 200,000/260 = 769.2 Ib per see 
= Fy = 226,077/769.2 = 293.9 sec 
Conclusion 


For preliminary design studies on boost trajectories, the 
preceding method may be used to predict thrust or specific 
impulse vs. altitude performance without any knowledge of 
propellants, thrust chamber pressure or nozzle area ratio. 
The value of this method lies in its utility, its simplicity and 
its accuracy. In studies utilizing this method the performance 
produced has been within +1% of engine manufacturers 
data. 

Acknowledgment 

The author wishes to acknowledge the assistance of 
Charles Price and George Fair of the Los grit Divi ision of 
North American Aviation, Inc. “an 


An Approach to Problem of 
Optimum Rocket Trajectories’ 


SAMUEL E. MOSKOWITZ? and LU TING* 


Polytechnic Institute of Brooklyn, Freeport, N. Y. 


N APPLICATION to questions of minimum time and 
maximum altitude, for which some technique of numerical 
integration is employed, the problem is usually converted into 
an initial value problem with two families of an infinite num- 
ber of parameters and The computations, how- 
ever, can be simplified considerably if zero is used as the initial 
value for the multiplier associated with a kinematic condition; 
i.e., Ao(a71) = 0, with the assumption that the aerodynamic 
forces are small only in a finite interval at the beginning of the 
optimum flight duration, and if the terms of O(e) in the entire 
flight interval are neglected in the Euler-Lagrange equations. 
The resulting governing equations will not only be less com- 
plicated but there will be only one family of infinite parameters 
with which to deal. Using these approximations, the result 
will differ from the exact value by O(e?). 
Problems Defined 
In the field of space mechanics, it is frequently necessary to 
minimize or maximize some arbitrary function of the prob- 
lem variables. Space flight problems, in particular, involve 
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such questions as: What are the performance characteristics 
of a class of solutions typifying the shortest time of powered 
flights or maximum altitude? These problems have their 
principal variables in common which, in the time-description 
of the extremizing path, satisfy certain constraints in the 
form of equations of motion and kinematic conditions. They 
consequently belong to the class of problems known as multi- 
dimensional, nonlinear boundary value problems of a varia- 
tional nature (1).4 


Formulation 
We seek, in general, to extremize the definite integral 
F(v, y, h)dx 
with respect to continuously differentiable functions v = v(x), 
y = y(x), h = h(x) which are subject to the constraints 
G = Ge, 7, kh’, = 0 [2] 
H = Hi, y, h, v’, y', h’, = 0 [3] 


where the prime denotes differentiation with respect to x. 

It would be advantageous to arrange the governing equa- 
tions in a form such that the problem is essentially one of 
rendering stationary the integral 


An explicit representation of these problems is 


f= with z = 8 [5] 


4 Numbers in parentheses indicate References at end of paper. 
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H = [R, + tan — A’(8) = 0 [6] 


the of minimum time and 


= v(t) sin y(t) with z = 
for one of maximum altitude. The constraint G is formed 


H =v/(t) sin y(t) — = 
by combining equations of motion and auxiliary relations 


_ with a kinematic condition, whereas H is equivalent to the 

remaining kinematic condition. 

extremizing functions v*(x), y*(x), h*(x), and 
d2*(x) must identically satisfy the system of Equations [see 


(2)) 
+ 2H) = 
= 
EF + + Hl) = 


[9] 


Approximate Method 


A serutiny of G would reveal some measure of significance, 
for we would find that some terms remain relatively small in 
magnitude throughout their time histories. Viewed in a light 
of engineering precision, it would appear reasonable to as- 
sume that any justifiable simplification would not significantly 
affect the value of the extremum. Indeed, it has been proved 
(8) that if terms O(e), « « 1, are omitted from the Euler- 
_ Lagrange differential equations, but retained in the accom- 
_ panying constraint equations, the resulting error in extremum 
_ would be of O(e?). Therefore we may, with some confidence, 
neglect the smaller terms if they remain unimportant through- 
out the time interval. The effect of Earth’s curvature, 
Coriolis and centrifugal inertia forces due to Earth’s rotation, 
angle of sideslip, and dependence of the polar-angular rate 
on altitude are examples of effects that remain relatively un- 
important. On the other hand, lift and drag forces may at 
times be significant, e.g., during first stage. In these 
cases their effects cannot be neglected in the entire flight 
duration. 

In principle, therefore, we can analyze constraint G in-a 
manner such that these minor effects are separated from the 
principal constituents. This is accomplished by converting 
G to the scales, in which case 


G = Go + eG 
The functions and represent the insignifi- 
cant quantities mentioned previously. Although a similar 
decomposition of G into functions with and without aerody- 
namic forces is, in this case, not valid, one characteristic is 
evident: these forces are definitely small in most cases for a 
considerable initial portion of the powered flight duration. 
It is possible, therefore, to modify Equation [14] in the finite 
interval [x:, x: + &] so that the aerodynamic effects are de- 
noted as being small. In this case we may say that 


= GO + + + 6G® + [15] 
Equation [15] is valid for z contained in [21, 2; + ]and Equa- 
tion [14] is valid for [z; + &, 22]. An interesting feature is 
that Go in Equation [14] is dependent upon h, whereas G“ 
in Equation [15] is independent of h. 

The assertion that the forces are small for a finite interval 
[v1, 21 + &] is equivalent to the assertion that A2(x) = O(e) 
where z is contained in [2;, 2; + £]. We can prove this state- 
ment by examining the relative orders of magnitude indicated 
in Equation [11]. It is assumed that if G, H, v, y, h and x 
are converted to the scales, G i = 1,.., 4, H and all their 
derivatives will be of O(1). 
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Equation [11] states that lee ad 


= 


[16] 


ELF + + 
In the problem of minimum time, Equation [5] leads to 


E,F = E,((Ri + h)/(v cos [17] 
Converting to the scales, Equation [17] is revealed as O(c), 
since h(3)/R, = O(e) throughout the interval of flight. f 
we now restrict our discussion to the interval [x, 2: + &!, 
Equation [15] is applicable with G independent of h and /’. 
Consequently the orders of magnitude of Equation [16] are 


disclosed as 


O(e) + + (iG) (MiG) 


Briefly, since G®, G®, are of O(1) 
= 0(€) [19] 


The problem of maximum altitude can be analyzed in 
similar manner. The function F’, however, is independent of /: 
and h’, for F = v(t) sin y(é). In this case Equation [16] also 
reduces to Equation [19]. 

Equation [19] is valid for z contained in the finite interval 
[z,, 2: + &]. It implies that X22 = O(e) since H and its 
derivatives are of O(1). 

On the basis of the preceding proof that A2(%1) = O(e) and 
Equation [14], we are suggesting the following approximate 
method of analysis: Retain only zero-order terms in the Euler- 
Lagrange differential equations; i.e., replace G by Go of Equa- 
tion [14] and choose zero as the initial value of A»; Le., 
d2(2;) = 0, regardless of the actual maximum magnitude of 
aerodynamic forces during flight. It is now necessary to 
prove that the resulting error in the stationary value is of 


Proof of Validity 


The resulting approximate solutions i, }2, 9, 7, and h must 
satisfy 


EF + XiGo + Xe) =0 [20] 
E;(F + + =0 [21] 
+ Go + Xf) =0 [22] 
G=0 [23 | 


Given G = Gy(v, y, h, v’, h’) [maximum aerodynamic ef- 
fects may be significant ] and A2(2; ) = 0, we want to show that 
the approximate extreme 7 differs from the exact extreme /* 
by an O(e?). 

Comparing Equations [9, 10 and 11] with Equations [20, 
21 and 22], we note that terms in the differential equations for 
the exact solutions differ from those for the approximate solu- 
tions by O(e). Moreover, if the initial value of \2*(21) = O(e) 
is replaced by X2o(x;) = 0, it can be shown by means of forma! 
expansions that the solutions differ as 
Ao*(x) = Ao(x) + €A2(z) 


v*(x) = + 


y*(x) = + e¥(2) 


h*(z) = h(x) + eh(z) 
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For the purpose of comparing the exact extremum with its approximation, we form 


f—l= (F* — F) + — G) + .(H* — A) 


(Fi + + + € {[XiGer + + + ly’ + + }de + Oe) [29] 


Integrating the second term by parts and using Equations 
{14, 20, 21 and 22], we obtain 


+ + + + 
+ }h? + O(2) = Oe) 


The boundary term vanishes because of either prescribed or 


I*-I= 
[30] 


Nomenclature . 
E = operator defined as (d/dt) 0/d0) — _ (2/00) 
F,G, H = given functions of v, y, h 
h(x) change in altitude from initial station 
I functional 
J definite integral 
R, radial distance from Earth’s center to 
initial station 
(Ri + h) radial distance from Earth’s center to 
vehicle 
t, 3 specific independent variables of time and 
polar angle, respectively 
velocity 


4 = generalized independent variable 
(2) flight path inclination 


€ & = small parameters, 7 = 1, 2, 3, 4. 
Ai, Az = Lagrange multipliers 


Subscripts 


Cc = differentiation with respect to x 
Ge = related to exact extremum 
(—) = related to approximate extremum 
(~) = related to a perturbation 

( = partial derivatives 
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Application of the Mangler as, 
Transformation in Boundary Layer 


Flow 


S. deSOTO! and H. WOLF? 


_ Rocketdyne Div., North American Aviation, Inc., 
Canoga Park, Calif. 


N CONTEMPLATING the problems associated with 
convective heat transfer from hot gases in rocket nozzles, 
or for any axisymmetric configuration with internal or external 
flow, a correlation with flat plate data through the use of the 
Mangler transformation (1)* immediately comes to mind. 
The forementioned transformation transforms the boundary 
layer equations for axisymmetric flow to those for two-dimen- 
sional flow; for example, the integral momentum boundary 
layer equation for flow over a cone may be transformed to 
flow over a wedge. Schlichting (2) discusses the transforma- 
tion briefly. Eckert (5) shows for the case of a laminar 
boundary layer in supersonic flow over a cone (with an at- | 
tached shock wave), that the heat transfer coefficient is V3 
times the value of that for a point on a flat plate with the 
same Reynolds number. 
It has been determined that the Mangler transformation is 
not valid for the case of the turbulent boundary layer. 
It should be noted that the transformation appears, on the 
surface, to be purely geometric in nature and hence it is not 
immediately obvious that it does not apply to the case of the 
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turbulent boundary layer. The Mangler transformation 


consists of a clever set of geometric substitutions that converts 
the continuity equation in axisymmetric form to the two- 
dimensional form. If the coordinate system for both the 
two-dimensional and axisymmetric cases is taken such that x 
is parallel to the surface of the body and y is perpendicular to 
the surface, then the axisymmetric form of the momentum 
and energy differential equations is identical to the two-di- 
mensional forms of the respective equations. Hence, one of 
the properties of the Mangler transformation must consist of 
its ability to change the form of the continuity equation from 
the axisymmetric to the two-dimensional form without affect- 
ing the form of either the momentum equation or the energy 


equation. The transformation equations are 
(1] 
y = (r L)y 2] 
where 


= constant reference length 
local radius of revolution 


The barred variables represent the two-dimensional case and 
the unbarred variables represent the axisymmetric case. 


Laminar Boundary Layer 


The equation for the heat transfer coefficient h, for the 
laminar boundary layer over a flat plate (or a wedge in 
supersonic flow with an attached shock) in continuum flow 
with no mass transfer through the surfac 
temperature gradients, is given by 


D = 3 


> and no streamwise 
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k = thermal conductivity 

= viscosity 

p = density 
‘Taw = adiabatic wall temperature 
= free stream velocity 

P, = Prandtl number 


_ For the case of the cone in supersonic flow with attached 

shock the pressure and velocity downstream from the shock 
are constant over the surface of the cone as for a flat plate. 
Therefore, according to the geometry of the cone, r = z sin 
(a), where a = cone half angle, a constant. Equation [1] 
thus gives 


= sin? a(x3)/3L? = r*z/3L? [4] 
Substituting Equations [2 and 4] into Equation [3] yields 


It may be seen that Equation [5] is identical to Equation [3] 
except that all barred variables have been eliminated and an 
added term, V3, has emerged in Equation [5]. 

The significance of Equation [5] is as follows: ifthe flat plate 
equation for the heat transfer coefficient through a laminar 
boundary layer is applied to a cone no change need be made 
in the variables of the flat plate equation. However, the re- 
sult must be multiplied by V3 indicating that the heat 
transfer coefficient for the laminar boundary layer over a 
supersonic cone with attached shock is greater than that for 
flat plate conditions (for the same Reynolds number, Prandtl 
number and distance from the leading constant 


factor V3. 


Turbulent Boundary Layer 


The very same procedure as used above will now be applied 
to the case of the turbulent boundary layer. The equation for 
the heat transfer coefficient for the turbulent boundary layer 
over a flat plate or a wedge with an attached shock (i.e., no 
streamwise pressure or temperature gradients) is given by 


where, again, the barred values represent the two-dimensional 
case. Now if, as was done before for the case of the laminar 
boundary layer, Equations [2 and 4] are substituted into 
Equation [6], we get 


h= (;)" (0.0296) (P,)3 = 


L 
k oT 
It is seen that Equation [7] would be identical in form to 
Equation [6] if it were not for the term (r/Z)®-6(3)°-?. It can 
be seen that these terms do not appear in Equation [5] for the 
laminar boundary layer simply because in that case the 
Reynolds number (which contains an x term) is taken to the 
0.5 power thereby canceling out both the r and the L terms 
in the transformation from Equations [3-5]. For the case 
of the turbulent boundary layer, however, the Reynolds 
number is raised to the 0.8 power and hence the transforma- 
tion given by Equations [1 and 2] cannot entirely eliminate 
the r/L term. 
It appears that this difficulty can be alleviated by changing 
Equation [1] to read 


- .@ 


boundary layer Equation [4] becomes 


so that for the cone in supersonic flow with a turbulent 


= [9] 


Upon transformation of Equation [6] the r/Z term is com- 
_ pletely eliminated so that Equation [6] becomes 


h = (0.0296) ( =) (5 
(10 


It should be noted that Equation [8] is not the Mangle 
transformation. It must now be shown whether Equation [8 
can transform the momentum, continuity, and energy equa 
tion for the turbulent axisymmetric boundary layer to the two- 
dimensional case in order for Equation [10] to hold. Thai 
this does not happen is shown in, the following section. 


Transformation Attempt 
For purposes of comparison the imémentum and continuit) 
equations for the two-dimensional laminar boundary layer 


are written (utilizing Mangler’s notation) 


O(pu) , O(pv) 


=0 [12] 


The continuity equation for the two-dimensional axisym- 
metric laminar boundary layerisgivenby = = © 


(pur) , 
Ox oy 


+ 


The equations for the proposed transformation are 


= P(r) BR, 5) = = y) 
1 
Therefore 
3) = u(z,y) X 
,_& 
For the turbulent axisymmetric boundary layer the 


momentum and continuity equations can be written as 
follows with notation siti to Shapiro (4) 


~ ~ Ou 
SS (rpv) = 0 [18] 
where the tilde (~) signifies a time mean value for the turbu- 
lent flow. The energy equations have not been written, but 
the discussion that follows is also applicable to them. The 
transformation of Equations [17 and 18] to a form similar to 
Equations [11 and 12] will now be attempted; note that the 
term (€ + ,) corresponds to f@. In the following equations 
the tildes are omitted for convenience. 
A stream function in axisymmetric flow may be defined as 


dy 1 oy 


r 


(rpu) + 
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The stream function in two-dimensional flow may be defined 
as 


pu = [20] 


But from Equations [14-16],  ¥ %(y), and = 
also y = Ly 


oy Oy Oy OF Oy OF 
and from Equations [19-21] 


Now from Equation [19] and from Equations [8, 14-16] 
1 oy oy F ‘| 
= - 


or Lords apr” 
pv = po(r*/L4) — payr’L/r? [23 ] 


Now from Equations [22, 23, 15, 16 and 14] 
ou —[r oa. r’_ Oda] 


ou 
pl dy = E LA | [25] 


Now the sum of Equations [24 and 25] represents the trans- 
formation of the left-hand side of the momentum equation. 
Summing, we get 


Ou Ou Ou 
us + | bu oe + pv = [26] 
And from Equations [8 and 15] we have 


For the right-hand side of the momentum equation, from 


Equation [14] one obtains =e 


by letting «. he = (e nu), the turbulent eddy viscosity. 
Consequently, by combining Equations [26-28] we have 


rs [_ oda Ou rdp, r[o 

Comparison of Equation [29] with Equation [17] shows the 
transformation, as proposed, cannot be carried out for the 
turbulent momentum equation. The above explanation of 
the inadequacy of the transformation for the turbulent case 
is based simply on the mechanics of the mathematics involved. 
Physically, the explanation might be found by examining 
Equations [11 and 17]. 

These equations imply a mean value concept (indicated by 
tilde) which is really statistical in nature. Hence the treat- 
ment of this statistical concept with a mathematics that is 
essentially valid for a continuum is questionable. Further, 
the terms € and , that appear in Equation [17] in the concept 
of “eddy viscosity” are really an oversimplification of an in- 
volved phenomenon, i.e., turbulent transport and vorticity, 
which is again statistical in nature. Equation [17] has been 
“forced” to appear as it does, so that it is of the same form as 
the more exact equation used for laminar flows. 

lt appears, then, that the power of the Mangler transforma- 
tion cannot be applied to the turbulent boundary layer in spite 
of the fact that it might seem to be nothing more than a 
geometric transformation of the space variables. However, 
it is assumed in Equation [15] that the viscosity remains in- 
variant in the transformation. Although this may be true 
for the case of the laminar boundary layer, the transport 
properties such as viscosity and thermal conductivity would 
appear to be affected by the transformation in the turbulent 
case. This implies that a physical difference exists between 
the transport properties of two-dimensional and axisym- 
metric flows for the case of turbulent flows. 

A simple extrapolation procedure for the determination of 
heat transfer coefficients for axisymmetric flows from two- 
dimensional flows is therefore not available for the turbulent 
boundary layer. 
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Small MHD Power Generator Using 
Combustion Gases as an Energy Source 
G. J. MULLANEY! and N. R. DIBELIUS? 


General Electric Co., Schenectady, N. Y. 


A small MHD channel was used to investigate the funda- 
mental principles of this method of power generation. 
In the experiments described in this report, the potassium 
concentration was varied from 1 to 6% by weight of the 
combustible mixture. The power output of the generator 
increased as the square root of the potassium concentra- 
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tion, following the trend established in conductivity ex- 
periments made earlier. The output power was 55% of 
the calculated value. Power extraction was transverse to 
both magnetic field and gas flow, and continuous elec- 
trodes were employed. 


E RECENTLY investigated the conductivity of par- 

tially ionized flame gases seeded with potassium.* With 
this background of experimental data on electrical conduc- 
tivity of seeded flames, we were in a favorable position to in- 
vestigate the principles of operation of an MHD generator. 
A small continuous electrode power channel was used which 
could be operated for several minutes per run, and the results 
obtained are described in this note. 


3 Mullaney, G. J., Kydd, P. H. and Dibelius, N. R., “Electrical 
Conductivity Py Flame Gases with Large Concentrations of 
. Appl, Phys., April 1961. 
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The same burner for mixing of propane and oxygen as used 
for the electrical conductivity experiments mentioned was 
used in the MHD tests. A 30-cc hypodermic syringe, the 
piston of which was driven by a rack and pinion from an elec- 
trical motor, provided the injection of a water solution of 
potassium carbonate. A cutaway of the burner and MHD 
channel is shown in Fig. 1. The experiments were limited to 
about 5 min chiefly because of the loss of graphite (0.00227 
gm per cm*-sec) at 2300 K owing to the chemical attack of the 
flame gases and erosion. For such short intervals of operation 
it is very important to use a low density furnace material, 
such as 150 lb per ft* zirconia to provide a high degree of ther- 
mal insulation. On the other hand, the high electrical con- 
ductivity of zirconia makes it a poor choice for the insulating 
walls of the MHD power extraction channel. Ninety seven 
per cent purity MgO blocks provided satisfactory electrial 
insulation. Operating conditions for the experiments de- 
scribed in this paper are given in Table 1. The method of 
operation was as follows: The fuel valve was cracked, and the 
propane ignited by a Telsa coil downstream of the MHD 
channel test section; oxygen and propane flow then were 
gradually increased until the required flows were obtained. 
The starting process took about 30 sec. After the full flows 
were established, both inner channel wall temperature and 
elapsed time were monitored. An optical pyrometer focused 
through a slit in the zirconia furnace was used to observe a 
zirconia chip exposed to the flame gases on the side of the 
channel away from the observer. In earlier experiments using 
the same combustion system and a comparable channel cross- 
sectional area, we had established that gas temperature and 
the temperature of a zirconia chip at the wall surface were 
identical. Usually the required gas temperature (and surface 
temperature) were reached in the same elapsed time in each 
test. However, this time interval (about 2 min) was short- 
ened when experiments were set up and run before the ap- 
paratus had cooled to ambient temperature. 

After the required gas temperature was reached, the addi- 
tive injection was started and the magnetic field applied. A 
voltmeter and ammeter were used to determine the power out- 
put from the MHD channel as the external load was changed. 

Fig. 2 shows voltage-current data for constant gas tem- 
perature and magnetic field but with various amounts of 
potassium additive. Power output increased as the square 
root of the additive concentration for the range of concentra- 
tions studied. The open circuit voltage is given by 


V = vaB 4 [1] 


Table 1 Operating conditions 


Fuel—propane 
Oxidizer—oxygen 
Additive—K-CO; (1 to 6% potassium by weight of com- 
bustible mixture) 
Channel dimensions 
length (J) = 4.9 cm 
height (h) = 2.8cm re a 
distance between electrodes (a) = 2.9 cm 
Magnetic characteristics 
magnetic current density (B) = 0.425 x 1074 sits 
4-in. diameter pole pieces 
gap 4.75 in. 


250 v d-c and 30 amp input hy pe 
Electrodes 
graphite (continuous) 13.7 em? each “ 


Channel insulating wall—97% MgO 

Flame gas temperature—2300 K 

Gas conductivity in absence of magnetic field (c)—10 
mhos per m for 1% potassium by weight 

Ratio of electron cyclotron radian frequency to electron 
collision frequency (8) = 0.67 ' 


MHD POWER GENERATION UNIT 
USING SEEDED FLAME GASES 
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Fig. 1 Cutaway view of the MHD channel and burner 
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Fig. 2 Voltage-current data for constant gas temperature and 
magnetic field 


V= 


v = average gas velocity, cm per sec ae | q 
a = distance between electrodes, cm 


B = magnetic current density, v-sec per em? 


Since the open circuit voltage does not depend on the de- 
gree of conductivity of the gas, all additive concentrations 
produce the same open circuit voltage. From the measured 
open circuit voltage, the average gas velocity is calculated to 
be 5680 cm per sec. 


The short circuit current is given by 
s = [o0e/(1 + 8) [2] 


ARS JouRNAL 


at 
= as 
q 
ae 
a} 
r 
ai 
‘at 
c 
a 
= 
Oo 
4 
i 
4 
ih 
= 


oss = short circuit current, amp 2 035 
Joe = electronic conductivity with no magnetic field, S 030+ 
mhos per cm -- 
= channel length, em 
8 = ratio of electron cyclotron radian frequency to elec- = -020} expen) 
tron collision frequency ol 
h = channel height, em BY WT. POTASSIUM 
For 1% potassium and our experimental conditions, the cal- @ T = 2300 *K 
-005 = 4250 GAUSS 


culated short circuit current is 0.237 amp. This is nearly 
double the measured short circuit current (Fig. 2). 8 is in- 
dependent of the additive concentration, and, therefore, the 
short circuit current should be proportional to the electrical 
conductivity of the gas. The increase in short circuit cur- 
rents with additive concentration are consistent with earlier 
conductivity measurements which showed that the electrical 
conductivity increased as the square root of the additive con- 
centration. Power output for transverse power extraction 
and continuous electrodes is expressed by 


[o0e/(1 + 8?) — n)hal [3] 


EXTERNAL RESISTANCE — OHMS 


Fig. 3 Output power vs. external resistance 


power extraction channel. Aside from the losses believed to 
where be associated with velocity and temperature gradients, the 
theoretical maximum power should be approached because 
the magnetic field has been extended considerably beyond | 
the electrodes to minimize end electrical losses. 7 


P = power output, 

n = ratio of operation load voltage to open circuit load 
voltage 
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Similar Solutions of the Free 


sumed to be independent of y. Thus, the retarding force per 


sites ‘ is unit volume J x B, which acts in the z direction, is — cuB?. 
Convection Boundary Layer Equations Here, ¢ is the electrical conductivity (assumed constant), wu is 
for an Electrically Conducting Fluid! the fluid velocity component in the z direction, and Bis the 
ee be magnetic inductance. Furthermore, if the fluid properties 
® BARRY L. REEVES2 are constant, the boundary layer equations of motion and 
energy may be written 
California Institute of Technology, Pasadena, Calif. a > 
ou v 
[1] 
ECENTLY Lykoudis (1)* presented a solution of the aia y 
problem of the free convection boundary layer adjacent ou Ou ouB? tu 
to a vertical plate with a uniform surface temperature. The +v — dy? [2] 
model proposed by Lykoudis differs from the classical prob- ‘ ; 
lem solved by Pohlhausen (2) by the fact that the surrounding , ' a6 PY) k O20 
medium is an electrically conducting fluid and an applied d gi ~ dy = dy2 é 
magnetic field is normal to the direction of fluid motion. - ; ‘i 
Since for nonconducting fluids it is known that the case of where _ 
constant wall temperature is one of an entire class of similar : 
solutions (3, 4), the purpose of this note is to demonstrate ea Slows T. ; 
that a class of similar solutions also exists for an electrically 8 = coefficient of thermal expansion 


conducting fluid. Now introduce the stream function 
Using the standard two-dimensional boundary layer co- 
ordinates, x is taken as the coordinate parallel to the plate u = Ow/doy v = —Oy/or 


and y the coordinate perpendicular to the plate. A magnetic 


field acts transversally to the fluid motion, and the field is as- and the following similarity transformations 


= ax?f(n) 
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The velocity components 
u = id 


v = ofl 


Similarly, expressions for the derivatives of u, v and @ can be 
found, and the momentum and energy equations become, re- 
spectively 


c 

[(p — n)(f')? — pff” = 

ke 


Since similar solutions exist if Equations [7 and 8] are inde- 
pendent of x, we obtain 


p=1-n 


Furthermcre, Equations [7 and 8] are dimensionally homo- 
geneous so that we can let a/c = v. Hence, the momentum 
and energy equations become 


eo” + (1 — n)Prfy’ + (4n — 1)Prf’p = 0 


where*Pr = Prandtl number = pc,v/k. 
It is apparent from the last term of Equation [9] that the 
magnetic inductance must vary with x according to the re- 


= constant/z” 


If we aaa: set i = 1 where n = 0 represents a plate 
surface, from Equation [5] 
6.=T,.—T, = [12] 


The constant c is found by equating the coefficient of ¢ equal 
to unity in Equation [9] 


= 1/4 = 


where 
= Grashof number = g@x°6,,/v? 


Thus, Equation [9] becomes 


where Z is a magnetic parameter given by : 
B? 
pc*y pv 


Hence Z is actually the ratio of the square of the Hartmann 
number (defined as the ratio of magnetic to viscous forces) to 
the square root of the Grashof number. 

The boundary conditions to Equations [10 and 13] are 


3 3 
g 
Il 
62 
ll 

| 


It is desirable to point out several specific cases for which 
subsequent machine calculations and experiments could le 
used for comparison with results for nonconducting fluics 

= 0). First, it is apparent from Equations [11 and 12] 
that ifn = 4, B varies as x~"4 and T, is a constant. This ‘s 
the case which was studied in some detail in (1) and has r- 
ceived extensive study for nonconducting fluids. 

If n = 0, B is a constant and T., varies linearly with ». 
Since there is no singularity in either B or T at the leading 
edge of the plate, this case would probably be the most de- 
sirable for experiments. 

Finally, it was demonstrated in (4) that for a nonconducting 
fluid and for n > 2, a portion of the fluid in the boundary 
layer attains a higher temperature than that of the plate 
even though 7., > 7, and it was also shown that solutions 
which are physically meaningful do not exist forn 2 1. Thus, 
calculations for finite Z could be used to determine the effects 
of the singularities in B and T at the leading edge on the 
downstream velocity and temperature profiles. 
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Stability Problem of the Flow With 


ANDRZEJ KOWALEWICZ! 


4 


Institute of Technology, Warsaw, 


The method of investigation of the nonlinear pressure 
oscillations in a combustion field presented by Rosen is 
extended for the flow in a variable area duct. 
conditions for damping are presented, and the order of 
magnitude of the terms describing the generation and the 
damping of the pressure oscillations are analyzed. The 
problem has a practical application in jet engines, espe- 
cially ramjets. 
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Combustion in Variable Area Duct _ 


HE PROBLEM of nonlinear pressure ose Nations in a 

combustion field was described by Rosen (1)? for the case 

of flows in constant area ducts. The present paper attempts 
to extend the problem to flows in variable area ducts. 

Let us consider one-dimensional flow of compressible, in- 

viscid, nonconducting fluid in a duct, in which area is a func- 


tion of axial coordinate A = A(z). The flow parameters, 
velocity in x direction u, pressure P, density p are the func- 
tions of coordinate x and time ¢. The rate of combustion 
(production of burned gas) is determined by dw/dt = f(w, P, 
fluid element), where w is the weight fraction of the burned 
gas. This relation does not predetermine the character of 
combustion; it may as well be heterogeneous as homogeneous. 
Other assumptions, among which the entropy of burned gas 
is assumed to be constant, are the same as in Rosen’s paper. 
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This model may be described by the equations 


do, dnd 
~* ou ou 1 oP 
* 
= f (w, P, fluid element) 
wp =a 


which are almost the same as in the case A = constant except 
for the term pu(O In A/Odz) in the continuity equation. 

The transformation from Euler’s coordinate system to 
Lagrange’s may be made by introducing the stream function 
y x,t) which satisfies the equations (2) 


at 


Any function F(2,t) may be expressed in the new coordinate 
system by the relation 


—puA 


F(2,t) = P[W(z2,t),t] [3] 
and its derivatives take the form 
a 

or ~ Oy Ox oy 

OF oF OF 


Equations [1] expressed in terms of y,t according to Equa- 
tions [3 and 4] take the form 


(2) - 4% - 
ot \p ~ Ow 


Ou oP _ .' 

Lewy 

= = f(w, P; p) 7.4, 

o 


where for simplicity the sign “ 
is omitted. 

After combination of Equations [5] and elimination of u 
and p, the system reduces to the single equation 


2p +1 2 
bed OA 


an y A? ay? 
y+1lw of oP 
‘quation [6] ciffers from the equation which may be ob- 
tained in the case of A = constant, because of the term 
2yaP 
Physical interpretation of Equation [6] is similar to that 


in the case of A = constant. 
The pressure disturbances propagate with the velocity 


oy /dt = yA*Pp 


~’ by functions P, p, u, A and 


1961 


which in the z,t coordinate system has the form 


It means that the variable area of the duct does not influence 
the velocity of disturbances (the same as the presence of com- 
bustion). 
The last term in Equation [6] converted into z, ¢ coordinate 


system takes the form 


which is more convenient for physical interpretation. This 
term describes the influence of variability of duct area on low 
frequency pressure oscillations. This influence is damping 
or amplifying according to the positive or negative value 
of the term (the same as for the first term of the right side 
of Equation [6]). 

In case Oln A/Oxr> 0 (0 In A/Ox < 0) the necessary condi- 
tion for damping is 


w ln A OP 
Or Ox 


[7] 


oP/dx < 0 (OP/dx> 0) 


The necessary condition for damping coming from the 
interaction of combustion processes with pressure waves is 
the relation (1), [Eq. 13] 


In f/d In P< 2/y 


The conditions [Eqs. 7 and 8] are necessary for damping, but 
‘sannot be considered as sufficient conditions for stability of 
the flow. In order to analyze the problem of stability it is 
necessary to estimate the order of magnitude of the terms 
of Equation [6]. 

The derivative Of/OP in the first term on the right side of 
the equation determines the influence of the pressure on the 
rate of combustion. In the general case, however, the order 
of magnitude of of/0P cannot be estimated because it depends 
on the function of fuel-air ratio (3,4). In particular, in some 
range of concentration, which is only partly actual in tech- 
nical application (i.e., c = 1.5-2.4% for gasoline), the flame 
velocity is expressed by the relation 


= 0.25-0.30 


which is satisfied by the majority of hydrocarbon-air mixtures 
(4). On the basis of this data, the order of magnitude of 
of/OP may be estimated. 
Similarly, the order of magnitude of the combustion rate 
f cannot be estimated in a general case; in actual technical 
problems it may be estimated only in some ranges of pres- 
sure and concentration. According to the foregoing, the 
order of magnitude of the terms P(Of/OP) and f are not 
the same as Rosen has assumed, and the assumption that the 
order of magnitude of the first term of the right side of the 
equation is equal to f- |P/dt| does not seem to be justified. 
In the same way the orders of magnitude of combustion 
rate f and derivative O0f/Ow cannot be considered to be the 
same in the general case, as Rosen has done. The order of 
magnitude of the derivative 0f/Ow in the case of hydrocarbon- 
air mixtures and other gaseous mixtures varies in a wide 
range, because the curve f = f(w, P = constant) has an 
explicit maximum and is steep (3). Hence the order of 
magnitude of the term ili — in aw ide range 
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is expressed by the order of 
Pjoind| 

| Ox | ox 
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The contour of the plug is different for each design expansion 
ratio ¢,. Fora given e., Eqs. 2 and 4 define w, and the nozzle 


Northrop Corp., Hawthorne, Calif. ‘ = 
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An approximate method is presented for determining 
the contour of a plug nozzle for a given design expansion 

ratio and ratio of specific heats. This procedure is based 
' on centered isentropic wave expansion and geometric con- 
me siderations. 


: 4 HERE has been considerable interest recently in plug 
: nozzles. In preliminary studies the precise layout of the 
- plug contour is quite time-consuming. This paper develops 
sg an approximate method of obtaining the geometry of a plug 
nozzle. 

A centered wave, or isentropic Prandtl-Meyer expansion 
fan, is assumed to occur at the lip of the plug nozzle, as shown 
in Fig. 1. To obtain the isentropic plug contours, the stream- 

lines are replaced by surfaces. At design conditions the 
flow in the immediate vicinity of the lip is assumed to undergo 
a corner expansion through the angle 90 — wy (see Fig. 2) 
becoming parallel to the plug centerline. The flow area at 
any point along the plug is approximated by the surface area 
of an annular conic frustrum formed by rotating L), the line 
perpendicular to the plug surface and extending to its inter- 
nme with the lip streamline, about the plug centerline. Fig. 1 Hodograph diagram of plug nozzle flow 
flow area is 


A= why (r; + To) {1] 


i ~The Mach number of the flow just inside the nozzle lip at 
the throat is unity and increases along the plug to its final 
value at the plug tip where the flow is assumed to be uniform 
and axially parallel. The relationship between the Mach 
number and the flow area along the plug is 


A 1 > -1,. yt+1/y—1) 1/2 


[2] 
Associated with each Mach number along the plug is the 
Mach angle 
a = sin 1/M 
and the Prandtl-Meyer function 


1/2 = 1/ 


tan“ (M? — [4 
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™ 2 Plug nozzle flow geometry gi 


“Similarly, the order of magnitude of the term ay a 
i 
[5] 
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The plug contour is now determined. In Fig. 2, the follow- 
ing geometrical relations are obtained for any point along 
the plug surface 


[6] 
Ly = Ly sin + @) [7] 
L; = L,/cos (a — ¥ — w) [8] 
= — Le [9] 
By substituting Eqs. 7 and 9 into Kq. 1 
A= = Ly sin (y + w)] 


is obtained. By solving Eq. 10 for L, 


(¥ + (Lsin + sin + w) 


and substituting this result and Eq. 7 in Eq. 8, the following 
is found 

sin (¥ + w) 
cos (a — — w) + w) 


= 


Upon dividing this espression by r2: and simplifying, the 


dimensionless radial length is 


cos (a — — w) 


T 


Of course, the design flow area at the plug tip is 


[14] 


A, = 


and the ratio of the nozzle expansion ratio at any point to 
the design expansion ratio is 


Using these relations, the radial length becomes 7 

1 
x = 
cos (a — — w) * 

{1 — [1 — Esin(¥ + [16] 


Using Eqs. 6 and 16 it is, therefore, possible to lay out an 
approximate plug nozzle contour for any desired expansion 
ratio and ratio of specific heats. In Fig. 3, the generalized 
nozzle contours for various design expansion ratios using a con- 
stant ratio of specific heat of 1.17 are presented. 


Nomenclature 


A = flow area 
L = length 
= Mach number 


FOR 7 =1,17 


DIMENSIONLESS RADIAL LENGTH, A 


j 
0 20 40 60 80 
PLUG CONTOUR ANGLE, DEGREES 


Fig. 3. Radial length vs. contour angle for a plug nozzle 
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Growth of Magnetohydrodynamic 
Boundary Layers 
J. C. WU? 
Douglas Aircraft Co., Inc., Santa Monica, Calif. _ 


NUMBER of papers appeared during the past three 
years on the flow of electrically conducting fluids over 
flat plates or curved walls, in the presence of transverse mag- 
netic fields (1-4).2. In many of the publications, the condi- 
tions of similarity are either assumed or implied. It is 
demonstrated in the following paragraphs that in the presence 
3 of uniform transverse magnetic fields, laminar boundary 
_ layers grow in an approximately exponential fashion rather 
than parabolically as would exist in the similarity cases. 
Although the first three analyses given here are heuristic 
and do not constitute a proof, the fourth one is more rigorous 
and is further supported by numerical results obtained 
through the use of a finite difference technique (5). It is fur- 
ther demonstrated that for cases where the magnetic inter- 
action parameter mz exceeds unity, the growth of the bound- 
ary layer becomes very rapid. The possible re-entry applica- 
tions of this rapid boundary layer growth are discussed. 
The differences between electromagnetic forces and adverse 
r- 7 pressure forces are also discussed briefly. 
- One of the cases studied by Rossow in (1) is the steady 
: flow of an incompressible fluid over a flat plate in the presence 
- of a uniform transverse magnetic field, with the electrical 
conductivity of the fluid given by the expression 


bas Rossow’s analysis resulted in the following expression for the 
displacement thickness 


= (1.73 + 0.93 mz +...)V [2] 


In another case (1), the electrical conductivity was considered 
constant throughout the entire flow field and flow separation 
was calculated to exist at mz = 0.5. 

It should be noted that in Rossow’s analysis, the velocity is 
assumed to be of the form 


= Ul fo’ + (mx)fo’ + (mx)*fy’ +... ] [3] 


where f;’s are functions of 7 only. 

Only the first two or three terms in Eq. 3 were considered 
in (1). As pointed out by Rossow in his original analysis, 
“The velocity profiles shown . . . indicate that the flow 
separation at mz = 0.5 for the constant electrical conduc- 
tivity case will probably not be predicted if a sufficient num- 
ber of terms are taken in series [3]. The first three terms 
describe the velocity in the boundary layer quite well up to at 
least mz = 0.2.’”’ In fact, it should be noted that there is no 
a priori justification in assuming that the series in Eq. 3 will 
converge for all values of mz. Also, comparison of the ex- 
pression in Eq. 2 with Taylor series for e”” reveals some formal 
resemblance. It is not impossible that if enough terms in the 
expression for u are considered, one will reach the conclusion 
that the boundary layer thickness follows the form 


where K is some constant. 
Consider a layer of inviscid incompressible fluid flowing over 

a flat plate in the presence of a uniform transverse magnetic 
field. Let the pressure gradient be zero everywhere within 
the layer and let the initial velocity U.. in the layer be uni- 
form. The momentum equation for this “one-dimensional” 
flow geometry, neglecting the gravitational forces, can be 
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written as 
u(du/dx) = [4] 
which gives 


[5] 


The thickness of the layer 6 is governed by the continuity 
equation. Using the expression for u in Eq. 5, one has 


= do[1 + (mx) + (mx)? + (mx)? + 


= (1 — mz) 


.(mz)> +... | 


where 6p is the initial thickness of the layer. 

Evidently, when mz approaches 1, the expression for 6 (li- 
verges and the boundary layer thickness becomes very laryve. 
This equation also indicates that when mz is larger than 1, the 
boundary layer growth becomes extremely rapid. This 
statement agrees with previous prediction of Meyer (6) jor 
the stagnation point flow. If the maximum temperature in 
the boundary layers of a re-entry body is comparable to the 
stagnation region temperature, the results of (6) can be usd 
directly in estimating the magnetic field strength requir d 
to produce a rapid growth in boundary layer. Thus, for x = 
1 m and a re-entry speed of 10,000 m per sec, the field strength 
required is 10,000 Gauss at 10,000-m altitude and only 1000 
Gauss at 50,000-m altitude. 

Following the usual method of estimating the boundary 
layer thickness by considering the terms in the momentum 
equation, we state that the sum of the viscous and the Lorentz 
forces should be approximately equal to the inertia force. 
Thus 


. 


or 


ga 
~ pu\l — mz 


Again, we conclude that the boundary layer growth will be 
large at mz = 1. 

A more rigorous way of showing this conclusion is to make 
use of the boundary layer integral equations. The con- 
tinuity and momentum equations for an incompressible flat 
plate flow are 


E [9] 


Integrating the momentum equation with respect to y from 
0 to h, where the line y = h is everywhere outside the bound- 
ary layer, and subsequently substituting the integral ex- 
pression for v obtained from the mo equation, yields 


h Ou Ou OU To 


Integrating the second term in the rae by parts and using 
the relationship assumed by Rossow for electrical conduc- 
tivity, Eq. 1, we have 


[u(u. — u)] — UUs — wh ay = [12] 


For the first term in Eq. 12, differentiation with respect to 
x and integration with respect to y may be interchanged, 
since the upper limit of integration h is independent of x. 
Introducing the momentum thickness 6 then yields 


[13] 
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ROSSOW’S SOLUTION 
—— — FINITE DIFFERENCE SOLUTION 
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Fig. 1 Comparison between Rossow’s and finite difference 
solutions—variable electrical conductivity 


where mp = is a constant. 

The solution of the differential equation is _ 


a= +0 | [14] 


where C is a constant to be determined from the initial condi- 
tion. Note that the first term inside the bracket is not a 
definite integral and does not, in general, vanish for x = 0. 
For larger values of mz, the first term in the bracket becomes 
relatively unimportant and the term Ce’”* dominates the 
behavior of the momentum thickness. Thus, for larger values 
of mx, the momentum thickness grows approximately in an 
exponential fashion. 

To verify the discussion, Rossow’s problem involving 
variable electrical conductivity was solved using a finite dif- 
ference method developed by this author (5). The results 
are expressed in Figs. 1 and 2. The following conclusions are 
clearly indicated: 

1 For smaller values of mx (mx < 0.5), the results ob- 
tained, using the finite difference method, agree with Ros- 
sow’s results. 

2 For values of mz larger than 0.5, Rossow’s solution, 
as expected, is not valid. 

3 The boundary layer grows very rapidly near mz = 1 as 
predicted by the analyses given. 

It should be noted that for values of mz greater than unity, 
the growth of the boundary layer will be so rapid that the 
interaction between the boundary layer and the main stream 
becomes important. Investigations by this author, con- 
cerning this problem and the problem of the hypersonic flow — 
of a compressible fluid where fluid properties, including the — 
electrical conductivity of the fluid, are functions of the tem- — 
perature and the pressure of the fluid, are in progress. 

In (7) Bleviss, studying magnetogasdynamic Couette 
flow, pointed out that relatively weak magnetic fields (500 
Gauss) produce large increases in the total drag, large reduc- 
tions in the skin friction, and at the same time have relatively 
little effect on the heat transfer. It was pointed out (7 
and 8) that the increase in total drag due to magnetic drag 
contribution may be desirable from the energy dissipation 
point of view. The increased drag can be used as a brake 
to further alleviate the portion of dissipated energy even- | 


tually transferred back to a re-entry body. On the basis =—s_—© 


of the same total drag, the heat transfer for the magnetic 


force will be much less than for the nonmagnetic case. It 
should be noted that the magnetic drag not only provides a 
possible method of reducing heat transfer for a re-entry body 
but also offers a possibility of controlling a body traveling 
at hypersonic speed. 

In (3), Lykoudis showed that general “similarity” solutions 
exist for the boundary layer, if the intensity of the 
magnetic field acting perpendicular to the direction of flow 
varies according to a power law with respect to the distance 
from the forward stagnation point. Bush extended Lykou- 
dis’ work to the case of compressible, flat plate, similar 
boundary layer (4) in which the intensity of the magnetic 
field acting normal to the direction of flow is assumed to be 
inversely proportional to the square root of the distance 
from the leading edge. His result demonstrated that the 
skin friction and heat transfer can be reduced with the appli- 
cation of an external magnetic field. The rapid growth of 
boundary layer associated with larger values of mz as demon- 
strated in the present analysis places a new importance on the 
possibility of the forementioned applications. It may be 
concluded from Bush’s analysis that. one can hardly hope 
for similarity to exist for a uniform external magnetic field. 
In fact, since the magnetic force is proportional to the thick- 
ness of the boundary layer (the thickness of the layer which 
is electrically conducting), one may conclude that the mag- 
netic effect is important only when the boundary layer thick- 
ness has reached a certain value. In the application of the 
magnetic fields as drag producing devices, it may be ad- 
vantageous to apply the fields only at the downstream section 
of a body where the boundary layer is relatively thick. 

It should also be mentioned that although the electromag- 
netic force is similar to an adverse pressure gradient in slow- 
ing down the flow in the boundary layer, it differs essentially 
from ordinary pressure gradient in that the electromagnetic 
forces are proportional to the flow velocity. The magnetic 
force ceases to exist once the fluid in the layer Comes to rest. 
Furthermore, the magnetic force resists backflow and makes 
it possible to have boundary layer flow with zero skin friction 
but no flow separation. A different type of flow separation 
may occur through the presence of the induced magnetic 
field. If the free stream pressure is small in comparison to 
this “induced magnetic pressure,” the fluid can be virtually 
lifted from the solid surface. 


Nomenclature 
B = magnetic field strength f 
m = @B?/puo 
x, y = space coordinates along and normal to the wall 
u, v = xand y components of the fluid velocity 
U.. = free stream velocity 
AS 
n = 
6 = boundary layer thickness 7 
6* = displacement thickness 


(mm) 9-8 = 


04 


(METER) 


Fig. 2. Boundary layer growth 
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= absolute viscosity 
vy = kimematic viscosity 
p = mass density oe 
= electrical conductivity 


o = electrical conductivity of the fluid at the wall z ree 


7 = shear stress 
7 shear stress at the wall 
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Experimental Study of Combustion In- 
stability i in Solid Rocket Propellants’ 


Ballistic Research Labs., Aberdeen Proving Ground, Md. 


LELAND A. WATERMEIER? 


Double-base rocket propellant slabs were burned in a 
transparent walled chamber which was vented to the 
atmosphere through a nozzle. The slabs were ignited at 
ambient nitrogen pressures of 200 to 800 psi. Pressure 
waves were produced normal to the burning surface by a 
siren operating at frequencies of 100 to 1400 cps. Photo- 
graphs revealed an increased burning rate as the siren 
approached the resonant frequency of the chamber. 
Large pressure variations recorded during this process 
present evidence of possible acoustic interaction with the 
burning surface. 


OMBUSTION instability in solid rocket propellants 
continues to be the subject of much research effort (1).3 
The Interior Ballistics Laboratory has been engaged in a 
laboratory scale experimental study of this phenomenon for 
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Fig. 1 View of the siren assembly attached to the top of the test 
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This report gives some of our most recetit 


some time (2,3). 
results. 


Apparatus and Procedure 


The experiment consists of burning a } in. X 2 in. X 1} in. 
slab of propellant, cigarette fashion, in a windowed chamber 
that is vented to the atmosphere through a siren or slotte:| 
wheel, Fig. 1. The sides of the slab are inhibited by a coating 
of Duco cement and a flow of nitrogen directed upward past 
the propellant. The nitrogen also provides the means oi 
pressurizing the chamber for any desired ignition pressure u)) 
to 900 psi. The nozzle dimensions are altered for each 
pressure range investigated, so that the mean chamber pres- 
sure does not rise more than 100 to 150 psi during a run, 
independent of the ambient condition. The propellant sur- 
face is maintained at a certain level in the chamber during « 
run by means of an elevator mechanism. The siren is turned 
on at a set time after ignition and introduces pressure waves 
normal to the propellant surface. The siren frequency range 
is approximately 100 to 1400 eps. 

Dynamic Instrument Corporation pressure transducers and 
a Consolidated Electrodynamics Corporation oscillograph 
recorder are used to record the chamber pressure. A Fair- 
child Motion Analysis 16-mm camera is used to photograph 


SIREN= 1100-1400 CPS 


SIREN» 100-500 CPS 


BURNING 
RATE 


(iN./SEC.) 0.5 


NO SIREN 


Fi... 


200 500 1000 


PRESSURE (PS!) 


Fig.2 Plot of burning rates of propellant A as function of pressure 
and siren frequency 
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high, several measurements for burning rates can be made 


while the chamber pressure remains essentially constant. 


The burning rate of the propellant is determined by measuring 
the normal regression rate of the surface as a function of time. 


Data 


Approximately 175 experimental runs were made with a 
cast double base propellant—propellant A—which was a 
plateau-type containing lead salts. All runs were made 
below the plateau pressure region. First, the burning rate 
was determined at various pressure levels without the siren 
induced oscillations. These rates were somewhat lower than 
comparative strand burner results. Second, the burning 
rates were determined as the burning surface underwent 
pressure pulses from the siren. Fig. 2 shows a plot of some of 
the data. Approximately 75 runs were made using various 
frequencies from 100 to 1400 cps. The burning rate was not 
appreciably affected by the pressure pulses until the 1100 to 
1400 eps range was reached. This is the approximate reso- 
nant frequency range of the test chamber. The burning rate 
was based on 1} to 2 sec of burning under the influence of 
the siren. In the resonant range of siren operation, the burning 
rate was much higher than normal at the same pressure level. 
No attempts were made to determine variationsin the rate. Ap- 
proximately 2 sec after the siren came on, the flame would 
usually start burning down the sides of the slab. In the 600- 
800 psi and 1100-1400 cps ranges, this phenomena was ex- 
aggerated and the entire slab would suddenly burst into flame. 

Large amplitude chamber pressure variations (20-25% of 
mean pressure) were recorded when the siren frequency was 
1100-1400 cps, only if a burning propellant surface was 
present. This observation, together with indications of 
impedance matching in some instances, lends some support 
to the Hart-McClure theory of acoustic interaction with the 
burning surface. 


Photographic Observations 


Motion pictures revealed what appeared to be a molten 
surface layer during the burning of propellant A. This layer 
seemed to move about like “lava’’ and contained bubbles or 
bumps which had dimensions of the same order as those of the 
‘asting powder. The flame was characterized by cone-like 
projections which reached down to the surface at various 
points. 

In the low frequency range (100-500 cps) of siren operation, 
the propellant flame zone was moved alternately toward 
and away from the burning surface. This movement was 
rather large considering that the amplitude of the pressure 
pulses was generally not greater than 5-8% of the mean 
chamber pressure. By contrast, the flame zone was com- 
pressed and almost extinguished by siren pulses in the 1100- 
1400 cps frequency range, Fig. 3. 

Two other lots of modified propellant A (propellants B and 
C) were investigated to learn more about the nature of the 
burning surface and to note changes in the flame zone. B 
and C were of the same composition as A except that B did 
not contain the lead salts and C contained approximately 3% 
aluminum. 

Motion pictures of burning propellant B showed that the 
liquid surface layer was no longer evident as it was with A. 
Propellant C was burned both with and without the siren 
pulses. No appreciable change in burning rate was measured 
under these conditions. Fig. 4 shows a comparison of three 
runs using these propellants. Notice that in comparing A and 
3, the most evident difference is the loss of the cones of flame 
projecting to the surface when the lead salts are absent. 
Propellant C shows that with the addition of aluminum, the 
flame zone loses its homogeneous appearance and appears to 
be a zone of burning globules and particles of aluminum. 
These particles may also be acting as individual flame holders 
for the burning gases. It is conceivable that this zone could 
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Fig. 3 Frames from movie (~1800 fps) of propellant A burning 
at chamber pressure of 550 psi and undergoing siren pulses of 
1350 cps. The first two frames on the left are prior to siren 


Fig. 4 Propellant A (left). Propellant B (middle). Propellant 
C (right). Comparative frames from movies of three cast 
double-base propellants. Chamber pressure = 500 psi. No- 
tice change in flame zone 
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break up wave motion and provide a heterogeneous medium 
through which a wave would need to propagate if unstable 
conditions were to be encouraged. The characteristic dark 
zone of doubie-base propellant was still evident in burning 
slabs of C. Very little aluminum was seen burning on the 
surface at the lower pressures, but as the pressure increased 
(600-800 psi range) more aluminum tended to burn on the 
surface. Wood (4) has made significant observations of this 
type of phenomenon, also. 
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2 "i Optimal Powered Arcs in an Inverse 


Square Law Field 
D. F. LAWDEN! 


University of Canterbury, Christchurch, New Zealand 


GENERAL theory of optimal trajectories for a rocket 

vehicle moving under the actions of an arbitrary gravi- 
tational field, and its motor thrust, has been developed by the 
author of this note in earlier papers (1,2).2 Assuming the 
motion to lie in the plane of rectangular axes Oxy, if V(2, y) 
is the gravitational potential function, it was shown that a 
vector quantity termed the primer can be defined, whose 
components (A, parallel to the axes satisfy the equations 


av 
ox? 

te 


along an optimal trajectory and which are direction ratios 
for the thrust at any instant the rocket motor is operating. 
The complete optimal trajectory was taken to comprise a 
number of ares each belonging to one of the three following 
types: 

1 Coasting ares for which the motor is closed down. 

2 Ares along which the motor operates at maximum 
thrust; if this maximum is sufficiently great, the thrust may 
be treated as being impulsive. 

3 Powered arcs along which the motor thrust is not maxi- 
mal. 


It was shown that the condition 3 sae 


+ yw? = constant 


must be satisfied along an arc of type 3 and it was ries ‘lieved 
that, by expanding V in a Taylor series and neglecting all 
but scoond-cnder terms, it could be demonstrated (3) that 
Kgs. 1 possessed no first integral in the form of Eq. 2, and 
hence that type 3 ares were not admissible. Leitmann 
(4) has expressed doubts regarding the validity of this 
argument, and upon further investigation it has been found 
that the existence of such powered arcs can be demonstrated 
for a general field. It accordingly becomes necessary to ex- 
tend the theory to include such arcs, and this will be done 
in a later paper. However, the purpose of this note is to 
prove that these powered arcs exist in the inverse square law 
field due to a single attracting body, and to calculate their 
form. 

Let y/r? be the attraction per unit mass at a distance r from 
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the body which is supposed fixed at the origin 0. Let 


r, 6 be the polar coordinates of the rocket at any instant /, 
6 being measured counterclockwise from Ox. If & 7 ave 
the respective components of the primer along and perpendiv- 
ular to (in the direction of 6 increasing) the radius r, then 
from Eq. 2 


[3] 


where a is constant, and a&, a7 are the cosines of the angl:s 
made by the primer with these two directions. Since tle 
thrust is always parallel to the primer, if f is the vehicle av- 
celeration due to its motor, the equations of motion can now 
be written 


: where dots denote differentiations with respect to t. 


By resolving along Ox and Oy, it will be found that 


= 6 — sin = [5] 


Also 
£ = 
OV ¥ =! 
0) 
2 


Substituting from Eqs. 5 and 6 into Eqs. 1 and subsequently 
solving for &, 4, it will be found that 


= 264+ (8 


We now put 

in Egs. 7, to obtain 
rp + 2p + (F — 162 — 2y/r*)p — 2rbq — (rb + 276)q = 0 
rg + + (F — + y/r*)q + 2rb6p + (r6 + 276)p = 4 


which, with the aid of Eqs. 4, can be reduced immediately to 
the form 


tp + + afr(p? — q*) — — 3yp/r? = 0 


rg + + 2afrpq + 2r6p = 0 


rr 


fay 
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Employing dashes to denote differentiations with respect to 
6, it follows that 


p=p"P+p'6 (11) 


and similarly for g. Eqs. 10 can accordingly be written in 


the form 


+ + 276)p’ + afr(p? — q?) — 
— 3yp/r? = 0 


r6°q" + + 276)q' + 2afrpq + 2rép’ = 0 


Now let h = r?6, so that 
afrg = rb + 276 = hh'/r? 
Then Eqs. 12 will be seen to be equivalent to 
*p" + hh'p’ + (hh'/q)(p? — q?) — 2h’q’ — 3yrp = 0 
hq” + h'q! + 2h'p + 2hp’ = 0 


which then leads to the equation 


C 


If y is the angle made by the thrust and primer vectors 
with the perpendicular to the radius vector, then by Eq. 3 


p= sing n= —cos [27] 

ap = ssin p aq = scosy [28] 


Substituting for p and q from these latter equations into Eqs. 
19, 22, and 26, we obtain the following set of equations 


— © + stan y) [29] 


Laks [14] s'cosy + ssiny — — Issn y= A/h [80] 


Also, writing r = 1/s, it follows that 


and then that 
= —6(d/d6)(hs’) = —hs?(hs” + h’s’) [16] 


The equations of motion, Eq. 4, can now be expressed in the 
following form 


hs*(hs" + h's') + — ys? = —afp/s 
hh's* = afq/s U8] 


Elimination of a@ between Eq. 17 and 18 now yields the 
equation 


i ("+ [19] 


It also follows from Eqs. 3 and 8 that 
(ap)? + (ag)? = s? [20] 


Eqs. 14, 19 and 20 determine the quantities p, gq, h, s 
as functions of @ along an optimal powered are. The equa- 
tion 

dt 1 

do hs? 
then determines ¢ and Eq. 18 yields f. We proceed to solve 
these equations. 

The second of Eqs. 14 possesses an immediate first integral 


h(q’ + 2p) = constant) [22] 


Also, from the general theory, it is known that the Eqs. [1] 
possess a first integral in the form 


oV 
+ hi + = at constant) [23] 


Substituting from Eqs. 5 and setting x = r cos 0, y = rsin 8, 
hq. 23 is written as 

rE + + — *6n = - [24] 


Qa 


Employing Eqs. 8, this is shown to be equivalent to the 
equation 


rip + + G + + p= [25] 
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— 1)(s’ cos + ssin = ysin — C/s* [81] 


determining s, h, Yas functions of 6. 
We now introduce a quantity w defined by the equation 


w=h(s'cosy+ssiny) | [32] 
Since h = r°6 and s = 1/r 
w = r6sin — ¢ cos [33] 


indicating that w is the component of the rocket’s velocity 
perpendicular to the direction of the thrust. In terms of w, 
Eqs. 29-31 will be found to take the form 


w’ + — 1)(s’ sin — s cos = (y/A)cos [34] 
w—h(y’ —1)ssny =A, [35] 
hw(W’ — 1) = ysin y — C/s? [36] 


Employing Eq. 36 to eliminate h(y’ — 1) from Eqs. 34 and 
35, this pair of equations can be written 


ww’ + sin — (s’ sin — s cos = cos ¥, 
[37] 
w? — (vy sin — C/s’)s sin Y = Aw [38] 


h is now eliminated from the set of Eqs. 36-38 by reference 
to Eq. 32. The resulting set of equations can be expressed 
as follows 


— 1) = [(y/r?) sin — C](rsin — r’ cos [39] 


ww’ + C(r’ sin ¥ + rcos p) = 
(y/r?) {r'(sin? — cos? + 2rsin Ycos [40] 


(cr — sin v) siny =A [41] 
w r 


This set of equations determines 7, w, Y as functions of 0. 

If Eq. 41 is differentiated with respect to 6 and if y’, w’ 
are eliminated between the resulting equation and Eqs. 39 
and 40, the result will be found to reduce to 


w(cos? y — 2 sin? y) = (cr = sin v) [42] 


This equation and Eq. 41 now determine r and w as functions 
of y without further integration. Substitution of these func- 
tions in Eq. 39, solution for d@/dy as a function of Y and an 
integration, yields 6 as a function of y. The family of opti- 
mal powered ares is then known and depends upon three 
parameters, i.e., A, C and the constant of integration for 0. 
It has been proved in the general theory that, if the times 
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of departure and arrival are not assigned and the propellant 
expenditure is to be minimized with respect to the time of 
transit, then the constant C is zero over the whole optimal 
trajectory. In this, the usual case, Eqs. 39, 41 and 42 are 
easily solved to yield 


= (y/a)!/? esc? 
= — 4y — 3cot [45] 


7 a = 9y/A* and is an arbitrary constant. All ques- 
tions concerning the nature of a powered arc can now be 


_ decided without difficulty. Eqs. 44 and 45 indicate that 


such an arc is part of a spiral unwinding from the center of 

attraction and this trajectory presumably enters into the 

solution to the problem of optimal escape from a circular orbit 

which has already received attention elsewhere (5,6). 
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Magnetic Compensation of Satellites 


ROY G. BRERETON! 
Aerojet-General Corp., Azusa, Calif. 


bility of magnetic experiments with other types of ex- 


desirability of incorporating many types of scientific 
space experiments into each satellite, ways must be found 
to enhance the compatibility of individual experiments. 
For example, measurements of planetary, solar and cosmic 
magnetic fields must be made to an accuracy of approxi- 
mately one gamma (1 gamma = 10-5 Gauss), in order to be 
of scientific value; however, magnetic measurements are 
easily influenced by other experiments, telemetry equipment, 
power supplies, and even the satellite itself. Thus, ways 
must be developed to compensate the immediate space around 
the magnetometer sensor for these anomalous effects, or they 
must be reduced by proper design of the carrier vehicle and 
careful placement of its components. In the event that 
proper design and careful placement of components is not a 
practical solution for eliminating all of the undesirable mag- 
netic effects, compensation of the magnetometer sensor must 
be considered. 

The compensation process consists of creating in the 
immediate space around the sensing element of the mag- 
netometer a magnetic field that accurately balances the dis- 
turbing field produced by the satellite. These disturbing 
fields are due to both induced and permanent magnetism. 
Permanent magnetism results from d-c circuits and ferro- 
magnetic components in the satellite, whereas induced mag- 
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A discussion of a technique for increasing the compati-| 


periments and equipment in a satellite is presented. Pe 


ITH THE advent of larger Earth satellites, and the 


' The magnitude of the compensating current in the Helmholtz 


netic effects are caused by the action of ambient magnetic 
fields on components of the satellite, and the satellite shell 
itself, and are thus more variable and difficult to compensate 
for. 


Permanent Magnetism 


As indicated earlier, these effects dine aa by d-c cir- 


cuits and ferromagnetic components in the circuitry and 
structure of the satellite. Magnetic effects from d-c circuits 
are easily eliminated by providing a dual current path con- 
sisting of twin leads loosely twisted together, whereas the 
perm resulting from current effects on coils and other such 
components and from the effect of magnetized structures 
must be reduced by a so-called system of Helmholtz coils. 
These can be formed from a fraction of an ounce of wire ar- 
ranged into three orthogonal loops (axial, vertical and 
transverse) about the sensing head of the magnetometer. 


coils would depend on the perm of the satellite. 


Induced Fields 


These fields can be effectively reduced by placing ferrous 
compensators of a computed shape and effect, contiguous to 
the sensing element of the magnetometer. Thus, from 
knowledge of the shape and position of induced fields in and 
around the satellite, the shape and location of a single ferrous 
compensator can be determined that will produce the same 
induced magnetic field as all of the induced fields of the satel- 
lite. When the shape and location.of the primary compensa- 
tor has been determined, two similar compensators can be 
added to the system to cancel the induced fields produced by 
the first. The fact that three similarly shaped compensators 
would produce zero field at the magnetometer element can 
be demonstrated by observing that any field applied to the 
system can be resolved along three perpendicular axes (z, y, 2), 
and that each of these components produces an effective 
magnetic dipole at each of the three compensators. If these 
dipoles are all equal and equally spaced from the detector, 
the sum of their fields at the magnetometer sensor must be 
zero. 
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A procedure for adjusting the magnetic compensation of 
the satellite follows. This compensation process must be 
carried out in a test area offering a known and very smooth 
magnetic field gradient and equipped with sensitive mag- 
netic field monitoring equipment. Such facilities can be pre- 
pared at any test site; however, they are presently available 
at Fredericksburg, Va. under the sponsorship of the U. S. 
Coast and Geodetic Survey, or near Bedford, Mass., under 
the direction of the Air Force Cambridge Research Center. 

In a practical design, the magnetometer sensor would be 
located at the end of a boom or appendage projecting from 
the main body of the satellite. The axial Helmholtz coil 
would be arranged to produce a magnetic field along the axis 
of the boom, the transverse coil would produce a magnetic 
field along the lateral or horizontal axis of the satellite, and 
the third coil would function in the vertical direction. 

The first step is to place the satellite in the test area on a 
north and then on a south heading, taking special care to lo- 
cate the sensing head of the magnetometer over the same 
point on each heading. The total field intensity (Fy and 


F's) should be read from the magnetometer for each heading. 
The current in the axial Helmholtz coil should now be ad- 
justed to change F by 1/2(Fy — Fs). The direction of the 
current should be such as to make the F indication equal the 
average value of Fy and Fs. The satellite should next be 
placed on an east and then on a west heading and the trans- 
verse coil current adjusted to produce a change in F equal to 
1/2(Fe — Fw). 

This procedure should be repeated until (Fy — F's) and 
(Fz — Fw) are reduced to approximately one gamma. If 
this cannot be accomplished, the current in the vertical coil 
must be adjusted by rolling the satellite about its axial axis. 

The difference of (Fw + F's)/2 — (Fz + Fw)/2 is a meas- 
ure of the induced field produced at the magnetometer by 
ferrous parts of the satellite; however, it should be realized 
that the total induced field will be a function of this value 
plus induced magnetic effects from eddy currents caused by 
the motion of the satellite. 

Where an accuracy of the order of one or two gammas is 
desired for satellite magnetic studies, ferrous induction com- 
pensators will be required. 
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Mechanics of Solids and Fluids, Long, 
tobert R. (Professor, Department of 
Mechanics, The Johns Hopkins Univer- 
sity), Prentice-Hall, Inc., Englewood 
Cliffs, N. J., 1961, 145 pp. $9. 

Chapters: 1. Vectors and Tensors; 2. 
Stress in a Continuous Medium; 3. De- 
formation and Flow; 4. Materials and 
Their Mechanical Properties; 5. The 
Equations of Elastic Solids; 6. Problems 
in Linear Elasticity; 7. Equations of 
Fluid Mechanics; 8. Problems of Fluid 
Statistics and Dynamics. 

This book places primary emphasis on 
the rigorous, but plausible, development 
of the equations of motion of elastic solids 
and Newtonian fluids. Providing a de- 
tailed treatment of vector operations and 
an intensive coverage of Cartesian ten- 
sors, the book gives the reader important 
and valuable tools for dealing with funda- 
mental concepts in the statics and dy- 
namics of solids and fluids. 


Progress in Combustion Science and 
Technology, Volume 1, edited by 
Ducarme, J., Gerstein, Melvin and 


The books listed here are those recently 
received by the ARS from various publish- 
ers who wish to announce their current 
offerings in the field of astronautics. The 
order of listing does not necessarily indicate 
the editors’ opinion of their relative impor- 
tance or competence. 
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Lefebvre, A. H., Pergamon Press, New 
York, 1960, 226 pp. $10. 

Contents: ‘Flow Visualization Tech- 
niques,’ by E. F. Winter; ‘Chemical 
Analysis in Combustion Chamber De- 
velopment,’ by B. Toone; ‘‘Aerodynamic 
Influences on Flame Stability,’’ by M. V. 
Herbert; ‘“Geometric-Optical Techniques 
in Combustion Research,’ by F. J. Wein- 
berg; “Flame Quenching,” by A. E. 
Potter Jr.; “Ignition in Liquid Propel- 
lant Rocket Engines,’ by E. A. Fletcher 
and G. Morrell. 

This volume is the first of a series of 
annual volumes that will contain review 
articles specially commissioned covering 
the whole field of propulsion and combus- 
tion as related toaeronautics. 


Spaceflight Technology, edited by Gat- 
land, Kenneth W., Academic Press, New 
York, 1960, 365 pp. $11. 

Contents: Programs and Economics, 
papers by John E. Allen, Derek Wragge 
Moreley, T. R. F. Nonweiler, P. A. Lapp 
and A. E. Maine; Launching Vehicles, 
papers by W. T. Fisher, H. J. Higgs, G. 
K. C. Pardoe, O. H. Wyatt; Aero/Space 
Vehicles and Re-Entry, papers by H. R. 
Watson, D. J. Shapland, D. E. Bailey; 
Propulsion Systems, paper by W. F. Hil- 
ton; Space Vehicle Cabins, paper by 
George Beardshall and Peter W. Fitt; 
Instrumentation, papers by P. Barratt, 
D. Rothwell and B. V. Somes-Charlton; 


Tracking and Communication, papers by 
J. H. Thomson and A. P. Willmore; Navi- 
gation, paper by P. R. Wyke; Explora- 
tion of the Moon, paper by D.S. Carton. 

This volume contains the proceedings 
of the first Commonwealth Spaceflight 
Symposium organized by the British Inter- 
planetary Society and held in London in 
1959. 


Aeronautics and Astronautics, edited by 
Hoff, Nicholas J. and Vincenti, Walter G., 
Pergamon Press, New York, 1960, 460 
pp. $12. 

Contents: Papers by Sir Jeffrey Taylor, 
Richard R. Heldenfels, Luigi Broglio, 
W. F. Thielemann, G. N. Patterson, H. 
W. Liepmann, Leslie S. G. Kovdsznay, 
H. de L’Estoile and L. Rosenthal, Von R. 
Eshleman, Jan Hult, J. F. Besseling, Wil- 
fred H. Dukes, J. M. Burgers, Francis H. 
Clauser, Antonio Ferri, H. Julian Allen, 
Samuel Herrick and W. B. Klemperer. 
Also contained are introductory remarks 
by Theodore Von Kérmén, Hugh L. 
Dryden, Frederick E. Terman and 
Colonel Raymond A. Gilbert. 

This volume contains the scientific 
proceedings of the conference held at 
Stanford University in 1959 to-celebrate 
the 100th anniversary of the birth of 
William Frederick Durand. 
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_ Thermal Reactor Theory, Galanin, A. D. 
(translated from Russian by J. B. Sykes), 
Pergamon Press, New York, 1960, 412 pp. 
$15. 

Chapters: 1. Diffusion and Slowing 
Down of Neutrons; 2. The Critical Size 
of a Reactor on One-Group Theory; 3. 
Multiplication, Slowing-Down and Dif- 
fusion in a Homogeneous Medium; 4. 
Heterogeneous Reactors; 5. The Critical 
Size of a Reactor; 6. Perturbation Theory; 
7. The Time Variation in the Isotopic 
Composition of Nuclear Fuel; 8. Delayed- 
Neutron Kinetics, the Temperature Co- 
efficient, and Control; 9. The Use of the 
Boltzmann Equation; 10. The Theory of 
Heterogeneous Reactors. 

This book is intended for use by scien- 
tists working in, or learning, the subject of 
reactor physics; it fills the need for a prac- 
tical volume that will be valuable to all 
reactor physicists and technologists. The 
mathematical physics of the various as- 
pects of the subject is discussed in the first 
part of the book, the detailed mathe- 
matical arguments being left to the second 
part. 


Propulsion Systems for Space Flight, 
Corliss, William R. (Nuclear Division, 
The Martin Company), McGraw-Hill 
Book Company, Inc., New York, 1960, 
300 pp. $10. 

Chapters: 1. Introduction; 2. Pro- 
pulsion-System Performance and Space 
Missions; 3. The Environment of Space; 
4. Power Generation in Space; 5. Thermal 
Propulsion Systems; 6. Electrical Pro- 
pulsion Systems; 7. Nuclear-Particle 
Generators; 8. Photonic Propulsion Sys- 
tems; 9. Propulsion Systems Using 
Natural Force Fields; 10. Summary and 
Evaluation. 

This book offers a survey and an evalua- 
tion of the manifold schemes that have 
been proposed for transportation in space. 
Largely nonmathematical, it originated 
in a course on advanced propulsion con- 
cepts that the author presented at the 
General Electric Company in 1958, and 
has since been brought up to date. 


Boolean Algebra and Its Applications, 
Whitesitt, J. Eldon (Associate Professor 
of Mathematics, Montana State College), 
Addison-Wesley Publishing Company, 
Inc., Reading, Mass., 1961,182pp. $6.75. 

Chapters: 1. The Algebra of Sets; 
2. Boolean Algebra; 3. Symbolic Logic 
and the Algebra of Propositions; 4. 
Switching Algebra; 5. Relay Circuits and 
Control Problems; 6. Circuits for Arith- 
metic Computation; 7. Introduction to 
Probability in Finite Sample Spaces. 

The purpose of this book is to introduce 
Boolean algebra on a level which will make 
it available even to those with rather 
limited mathematical background, and 
to examine each of its applications and 
give the reader an appreciation of the 
scope and usefulness of the subject. De- 
veloped out of notes used in the past two 
years in a course at Montana State College, 
it is especially designed to be used in a 
one-semester course for students of mathe- 
matics and engineering; it may also serve 
as a reference for scientists and engineers 
concerned with computer design, control 
systems or electronic circuitry. 


Radio Waves in the Ionosphere: The 
Mathematical Theory of the Reflection of 
Radio Waves from Stratified Ionised 
Layers, Budden, K. G. (Fellow of St. 
John’s College and Lecturer in Physics, 
University of Cambridge), Cambridge 
University Press, London, England, 1961, 
542 pp. $18.50. 

Chapters: 1. Introduction; 2. The 
Basic Equations; 3. The Constitutive 
Relations; 4. Propagation in a‘ Homo- 
geneous Isotropic Medium; 5. Propaga- 
tion in a Homogeneous Anisotropic Me- 
dium. Magnetoionic Theory; 6. Proper- 
ties of the Appleton-Hartree Formula; 7. 
Definition of the Reflection and Trans- 
mission Coefficients; 8. Reflection at a 
Sharp Boundary; 9. Slowly Varying 
Medium. The W.K.B. Solutions; 10. 
Ray Theory for Vertical Incidence When 
the Earth’s Magnetic Field Is Neglected; 
11. Ray Theory for Oblique Incidence 
When the Earth’s Magnetic Field Is 
Neglected; 12. Ray Theory for Vertical 
Incidence When the Earth’s Magnetic 
Field Is Included; 13. Ray Theory for 
Oblique Incidence When the Earth’s 
Magnetic Field Is Included; 14. The 
General Problem of Ray Tracing; 15. 
The Airy Integral Function, and the 
Stokes Phenomenon; 16. Linear Gradient 
of Electron Density; 17. Various Electron 
Density Profiles When the Earth’s Mag- 
netic Field Is Neglected; 18. Anisotropic 
Media. Coupled Wave-Equations and 
W.K.B. Solutions; 19. Applications of 
Coupled Wave-Equations; 20. The Phase 
Integral Method; 21. Full Wave Solutions 
When the Earth’s Magnetic Field Is 
Included; 22. Numerical Methods for 
Finding Reflection Coefficients; 23. 
Reciprocity. 

Based on a course of lectures given 
annually in Cambridge since 1956, and 
repeated in 1957 at the U. S. National 
Bureau of Standards Laboratories, 
Boulder, Colo., the book is designed to be 
used both as a text-book, for those com- 
paratively new to the subject, and as a ref- 
erence book for more experienced readers. 
(Some of the more advanced topics are 
printed in smaller type and could be 
omitted on a first reading.) Throughout 
the book the stress is on the understanding 
of the mathematical methods rather than 
on their immediate practical use. The 
reader is assumed to be familiar with calcu- 
lus, the theory of complex variables, 
vectors including the operators div, curl, 
grad, and electromagnetic theory as far 
as Maxwell’s equations. 


Electro-Erosion Machining of Metals 
Livshits, A. L. (Cand. Tech. Sc.), trans- 
lated by E. Bishop, edited by R. 8. Bennet, 
Butterworth Inc., London, in association 
with the Department of Scientific and In- 
dustrial Research, 1960 (orig. publ. in 
Russian, Moskow, 1957), 115 pp. $5.75. 

Chapters: 1. Physical Conditions for 
Cutting by the Electro-Erosion Process; 
2. The Generation of Current Pulses; 
3. Automatic Control of the Machining 
Process; 4. Electrotechnological Char- 
acteristics; 5. Machine Tools for Dimen- 
sional Electro-Erosion Machining of 
Metals. 

The information given in this book con- 
stitutes a complete and up-to-date descrip- 


tion of the state of the technique, tech- 
nology and industrial uses of electro-ero- 
sion machining. Importance has been 
placed on electropulse methods rather than 
electro-spark methods. The book is in- 
tended for use by engineering and technic:.| 
workers in industry, scientific research ii- 
stitutes and laboratories. 


Sequential Decoding, Wozencraft, John M. 
(Associate Professor of Electrical Engi- 
neering, Massachusetts Institute of Tecli- 
nology) and Reiffen, Barney (Lincoln 
Laboratory, Massachusetts Institute of 
Technology), Technology Press of MIT 
and John Wiley & Sons, Inc., N.Y., 1961, 
74 pp. $3.75. 

Chapters: Coding and Communication; 
2. Block Codes; 3. Sequential Decoding; 
4. Convolutional Encoding; 5. Simul:- 
tion; 6. Extensions and Applications. 
Appendix: Bounds on Sums of Random 
Variables. 

One of a series of Technology Press 
“Research Monographs,” this book is 
essentially a report on research done by 
the authors. It will interest communic:- 
tions systems engineers, data processing 
engineers and information theorists. 


Rocket Development: Liquid-Fuel Rocket 
Research, 1929-1941, Goddard, Robert 
H., edited by Esther C. Goddard and G. 
Edward Pendray, Prentice-Hall, Inc., 
Englewood Cliffs, N. J., 1961, 222 pp. 
Spectrum paperback edition, $2.45; cloth 
edition, $3.95. 

Originally published in 1945, the year 
of Dr. Goddard’s death, the book contains 
Dr. Goddard’s own condensations of his 
experimental notebooks for the period 
from 1929 to 1941. This edition includes, 
as an introduction, Dr. Pendray’s bio- 
graphical essay on Dr. Goddard entitled, 
“The Man Who Ushered in the Space 
Age.” 


The Mathematical Theory of Non-Uniform 
Gases: An Account of the Kinetic Theory 
of Viscosity, Thermal Conduction, and 
Diffusion in Gases, Chapman, Sidney and 
Cowling, T. G., Cambridge University 
Press, London, England, 1960 (orig. 
publ. 1939), 431 pp. Paperback reprint, 
$2.95. 


_ Physics, the Pioneer Science, Taylor, 


Lloyd William, Dover Publications, Inc., 
N. Y., 1959 (orig. publ. 1941). Paperback 
reprint in two volumes: Vol. 1, Me- 
chanics, Heat, Sound, pp. 1-395, $2. 
Vol. 2, Light, Electricity, pp. 396-847, $2. 


The Life and Death of Cells, Hoffman, 
Joseph G., Doubleday & Company, Inc., 
Garden City, N. Y., 1961 (orig. publ. 
1957), 354 pp. Dolphin paperback re- 
print, $0.95. 


The Origin of Species by Means of Natural 
Selection, or the Preservation of Favored 
Races in the Struggle for Life, Darwin, 
Charles, Doubleday & Company, Inc., 
Garden City, N. Y., 1961, 517 pp. 
Dolphin paperback reprint, $0.95. 
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Gondola used in high altitude research 
(2,952,378). L. C. Renslow, St. Paul, 
Minn. 

Pair of concave body portions with 
outwardly extending flanges about their 
marginal edges. Made with laminations 
of glass cloth impregnated with a resin. 


Missile gyro alignment system (2,952,- © 


779). R. M. Talley, Santa Barbara, 
Calif., assignor to the U. 8. Navy. 
Synchro transmitter and receiver con- 
necting a missile gyro and a remote master 
yro. An electro optical system directs 
collimated light to a detector to show 
misalignment. 
Missile velocity indicating system (2,- 
952,846). J. D. Tear, J. V. D’Onofrio, 
H. F. McKenney, R. D. Gross and F. J. 
McKeown, Brooklyn, N. Y., assignors to 
Ford Instrument Co., Div. of Sperry 
Rand Corp. (ARS corporate member). 
Radar at a ground station for providing 
the range, elevation angle and azimuth 
angle of an oscillator on an airborne 
missile. Computing equipment shows 
the velocity of the oscillator. 
Fluid cooled homogeneous ceramic rocket 
motor wall structure (2,956,399). C. M. 
Beighley (ARS member), Fair Oaks, 


Calif., assignor to the U. S. Air Force. 


Cast wall structure utilizing a specially 

selected ceramic or refractory material of 
high thermal conductivity and near zero 
coefficient of expansion. 
Fuel for and method of operating a jet en- 
gine (2,959,915). K. L. Dille and H. E. 
Vermillion, Wappingers Falls, N. Y., as- 
signors to Texaco Inc. 

Engine lubricant cooled by indirect heat 
exchange with a composition of hydrocar- 
bon stock, and then using the hydrocarbon 
for fuel. 

Supersonic inlet (2,959,916). W. W. 
Carlton and G. A. Sears, Encino, Calif., 

assignors to the Marquardt Corp. (ARS 
corporate member). 

i means in fixed relationship to a 

cowl for imparting to the oncoming air a 
velocity of flow parallel to the spike and 
transverse to the original direction of the 
oncoming air. 
Sound suppressor for jet engine (2,959,- 
917). R. L. MeGehee, Derby, Kans., as- 
signor to Boeing Airplane Co. (ARS cor- 
porate member). 

Outside air injects and is mixed with ex- 
haust gas, producing oblique shock waves, 
p: art of which interact at the center of the 
body, thereby effecting sound reduction. 


Epiror’s Nore: Patents listed above 
were selected from the Official Gazette of 
the U. S. Patent Office. Printed copies 
of patents may be obtained from the 
Commissioner of Patents, Washington 25, 
D. C., at a cost of 25 cents each; design 
patents, 10 cents. 
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Variable thrust rocket motor -toinbminn 
E. M. Kane, Oxnard, Calif. 


Solid propellant motor, the thrust of 
which can Ge adjusted to desired value 
before firing. Adjustment is controlled 
from a remote station. 

Gas impingement starter nozzle for tur- 
bines (2,959,919). J. A. Chiera and B. J. 
Gedrewicz, Lynnfield Center, Mass., as- 
signors to General Electric Co. (ARS 
corporate member). 

Pair of radially inclined walls extending 
from an outer nozzle diaphragm to form a 
chute. Gas flow under pressure is directed 
into nozzle spaces on the chute. 

Launcher (2,960,009). R. F. Hereth, R. 
Chamberlin, and J. F. Sample, _— 
Wash., assignors to the U. S. Na 

Shipboard launcher for rocket aan 
missiles mounted on a gun turret whereby 
the gun firing axis may be disposed of at a 
desired elevation. 

Rocket cluster (2,960,033). L. D. Jackson, 
Alexandria, Va. 

Auxiliary casings having opposite ends 

adaptable to be releasibly secured to the 
main casing. Impact of the rocket with 
the target fires explosives in predetermined 
time delay relation. 
Balloon seal having load bearing element 
(2,960,282). O. C. Winzen (ARS mem- 
ber), Minneapolis, Minn., assignor to Win- 
zen Research, Inc. 

Adjacent edges of gores extending from 
the apex to the appendix are externally 
=o to produce a finned juncture. 

near load bearing assemblies extend 
through substantial portions of of the junc- 
tures. 
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temperature Pyrolytic Carbon, by A. R. 

G. Brown and W. Watt, pp. #6 00. 


The Dependence of Structure and Prop- 


erties of Carbon Mixtures on Their . 


Composition, by A. 8. Fialkov, pp. 101- 
110. 


The Rates of Reactions of Carbon and 
Graphite Materials with Combustion 
Gases at High Temperatures, by J. A. 
Graham, A. R. G. Brown, A. R. Hall 
and W. Wati, pp. 309-320. 


Some Physical Properties of Graphite 
as Affected by High Temperature and 
Irradiation, by John E. Hove, pp. 501- 
510. 

The Effects of Neutron Irradiation on 

the Physical Properties of Graphite, by 

J. H. W. Simmons, pp. 511-518. 

Thermal Expansion of Aluminum at 
Low Temperatures, by P. G. Klemens, 
Phys. Rev., vol. 120, Nov. 1, 1960, pp. 
843-844. 

A Type of Solution for Thin Shells in 
the Form of an Hyperbolic Paraboloid, 
by G. H. Beguin, Zeitschrift fur Ange- 
ns Mathematick und Physik, vol. 11, 
Sept. 25, 1960, pp. 356-367. 

The Minimum Weight Design of Cir- 
cular Sandwich Plates, by G. Eason, 
Zeitschrift fur Angewandte Mathematik und 
Physik, vol. 11, Sept. 25, 1960, pp. 368- 
375. 

Super Plastic Builds a Better Nose Cone, 
American Machinist, vol. 104, no. 19, 
Sept. 1960, pp. 95-96. 


Transfer, and MHD 


On the Linear Behavior of Large- 
amplitude Magnetohydrodynamic Waves, 
by J. Shmoys and E. Mishkin, Phys. 
Fluids, vol. 3, July-Aug. 1960, p. 661. 

Energy Analysis of Shock Wave Struc- 
ture, by Maurice Roy, La Recherche 
Aeronautique, no. 78, Sept. —Oct. 1960, pp. 
3-6. (In French.) 

Rapid Method of Calculating the Pa- 
rameters of Hypersonic Flow of a Real Gas 
in Equilibrium, by F. Bounsol, La Re- 
cherche Azronautique, no. 78, Sept.—Oct. 
1960, pp. 21-22. (In French.) 

Quantum Corrections for Transport 
Coefficients, by Sang-II Choi and John 
Ross, J. Chem. Phys., vol. 33, Nov. 1960, 
pp. 1324-1331. 

Structure of Transport Equations, by 
S. Tamor, J. Chem. Phys., vol. 33, Nov. 
1960, pp. 1421-1425. 

Statistical Mechanics of the Nonuniform 
Gas, by P. L. Auer and 8S. Tamor, J. 


4 Processes, XIV. 


sonic Nozzles, 
Britain, 


Chem. Phys., vol. 33, Nov. 1960, pp. 1426 
1431. 

Derivation of Thermodynamic Rela- 
tions for Three-dimensional Systems, b) 
Francis S. Manning and William P. 
Manning, J. Chem. Phys., vol. 33, Nov 
1960, pp. 1554-1557. 

Statistical Mechanics for the Nonideal 
Bose Gas, by A. E. Glassgold, A. N. 
Kaufman and K. M. Watson, Phys. Rev., 
vol. 120, Nov. 1, 1960, pp. 660-674. 

Statistical Mechanics of Transport in 
Fluids, by James A. McLennan Jr., Phys. 
Fluids, vol. 3, July-Aug. 1960, pp. 493 
502. 


Shear and Heat Flow for Maxwellian 
Molecules, by S. Ziering, Phys. Fluids 
vol. 3, July—Aug. 1960, pp. 503-509. 

Intermolecular Forces from Diffusion 
and Thermal Diffusion Measurements, b\ 
S. Weissman, 8S. C. Saxena and HE. A. 
Mason, Phys. Fluids, vol. 3, July—Aug 
1960, pp. 510-518. 

Turbulence Theory and Functiona! 
Integration, by Gerald Rosen, Phys. 
Fluids, vol. 3, July-Aug. 1960, pp. 519 
529. 

Energy Transfer in a Turbulent Fluid, 
by B. Samuel Tanenbaum and David 
Mintzer, Phys. Fluids, vol. 3, July-Aug 
1960, pp. 529-538. 

International Astronautical Congress, 
10th, London, 1959, Proceedings, F. 
Hecht, ed., Springer-Verlag, Vienna, 1959, 
2 vols., 946 pp. 

Compressible Flat Plate Boundary 

Layer of an Electrically Conducting 

Fluid in the Presence of Magnetic 

Fields, by L. G. Napolitano and A. 

Pozzi, vol. 2, pp. 576-603, 8 figs. 

Unsteady Compressible Magnetic Lam- 

inar Boundary Layers in Hypersonic 

Flow, by P. S. Lykoudis and J. P. 

Schmitt, vol. 2, pp. 604-624, 8 figs. 


Jet Orbital Lift in Hypervelocity Flight, 
by D. Cunsolo and C. E. Cremona, vol. 
2, pp. 515-525. (In Italian.) 
Laboratory Experimental Studies in 
Re-entry Aerothermodynamics, by W. 
R. Warren, vol. 2, pp. 683-704, 22 figs. 
A Study of Hypersonic Ablation, by S. 
M. Scala, vol. 2, pp. 709-827, 21 figs. 
Industrial Carbon and Graphite (papers 
read at the Conference held in London, 
Sept. 24-26, 1957), London, Society of 
Chemical Industry, 1958, 630 pp. 
The Thermal Conductivity of Carbons 


and Graphites at High Temperatures, 
by R. W. Powell, pp. 46-51 


Statistical Mechanics of Transport 
Linear Relations in 
Multicomponent Systems, by John G. 
Kirkwood and Donald D. Fitts, J. Chem. 
Phys., vol. 33, Nov. 1960, pp. 1317-1323. 


A Theoretical Study of Annular Super- 
by W. T. Lord, Great 
Royal Aircraft Establishment 
Rep. no. Aero. 2627, Oct. 1959. 


It’s Time to Add a New Dimension: 


Unsteady-State Heat Transfer—I, by S. 


H. Davis and W. W. Akers, Chem. Engng., 
vol. 67, no. 8, April 18, 1960, pp. 187-192. 

Some Radiator Design Criteria for 
Space Vehicles, by J. P. Callinan and W. 
P. Berggren, J. Heat Transfer (ASME 
Trans, Series C), vol. 81, no. 3, Aug. 1959, 
pp. 237-244. 


A Certain Class of Exact Solutions of the 


Equations of Magneto-gasdynamics, by 


D. V. Sharikadze, PMM: Applied Math. 


and Mech., vol. 23, no. 5, 1959 (transl. from 


Prikladnaia Matematika 1 Mekhanika, vol. 
23, no. 5, 1959) pp. 1356-1357. 


Analysis of the Aerodynamic Heating 
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for a Re-entrant Space Vehicle, by M. J. 
Brunner, J. Heat Transfer, (ASME Trans., 
Series C) vol. 81, no. 3, Aug. 1959, pp. 
223-229. 

Einstein’s Equations and Classical 
Hydrodynamics, by J. Blankfield and G. 
C. MeVittie, Archive for Rational Me- 
chanics and Analysis, vol. 2, 1958/1959, 
pp. 337-354. 

Blunt Body Viscous Layer with and 
Without a Magnetic Field, by Hakuro 
Oguchi, Wright Air Development Center, 
Tech. Note 60-57, Feb. 1960, 41 pp., 4 
figs. (Also Phys. Fluids, vol. 3, no. 4, 
July—Aug. 1960.) 

Transition Stimulation for Terminal 
Velocity Reduction in Water-exit Studies, 
by J. M. Robertson, J. C. F. Chow and M. 
E. Clark, Illinois University, Dept. Theoret. 
and Appl. Mech., T & AM Rep. no. 152, 
Nov. 1959, 28 pp. 

Investigation of Internal Film Cooling of 
Exhaust Nozzle of a 1000-pound-thrust 
Liquid-ammonia Liquid-oxygen Rocket, 
by Andrew E. Abramson, NACA Research 
Memorandum E52C26, June 1952, 18 pp. 
(Declassified by authority of NASA 
Tech Pubs. Announcement, no. 33, Nov. 
24, 1960.) 

Two Heat Diffusion Problems with 
Shock Tube Applications, by D. A. 
Spence, Great Britain, Royal Aircraft 
Establishment, TN no. Aero. 2637, July 
1959, 16 pp. 

Free-flight Aerodynamic-heating Data 
to Mach Number 10.4 for a Modified von 
Karman Nose Shape, by William M. 
Bland Jr. and Katherine A. Collie, NACA 
Res. Mem L56D25, July 1956, 28 pp. 
(Declassified by authority of NASA Tech. 
Pubs. Announcement no. 33, Nov. 24, 
1960.) 

Measurements of Free Molecule Heat 
Transfer in Air at Mach Numbers from 
10-18, by R. L. Warwig, Space Tech. 
Labs. STL/TR-60-0000-94324, Oct. 1960, 
22 pp. 

Interaction Effects of Side Jets Issuing 
from Flat Plates and Cylinders Aligned 
with a Supersonic Stream, by James L. 
Amick and Paul B. Hays, Wright Air 
Development Center TR 60-329, May 
1960, 57 pp. 

The Mechanism of Sound Field Effects 
on Heat Transfer, by J. P. Holman, J. 
Heat Transfer (ASME Trans.), vol. 82c, 
no. 4, Nov. 1960, pp. 393-395. 7 

Uber die berechnung der schallgesch- 
windigkeit in gasmischungen, by V. S. 
Vrkljan, Nuovo Cimento, vol. 17, no, 6, 
Sept. 1960, pp. 845-849. (In German.) 

Plasma Oscillations in a Magnetic 
Field, by Ikuo Kaji and Masfumi Kito, 
Physical Soc. of Japan J., vol. 15, Oct. 
1960, pp. 1851-1861. 

Radiation of Plasma Oscillation, by 
Shoji Kojima and Shigeo Hagiwara, 
Physical Soc. of Japan J., vol. 15, Oct. 
1960, p. 1904. 

Similarity Methods in Radiation Hy- 
drodynamics, by L. A. Elliott, Royal 
Society, London, Proceedings, vol. 258A, 
no. 1294, Oct. 25, 1960, pp. 287-318. 

Nonlinear Phenomena in a Plasma 
Located in an Alternating Electronic Field, 
by V. L. Ginzburg and A. V. Gurevich, 
Soviet Physics: Uspekhi, vol. 3, no. 2, 
Sept.—Oct. 1960, pp. 175-194. 

Heating of Blunt Forms in Hypersonic 
Flight, by L. D. Wing, Space/Aeron., vol. 
34, no. 4, Oct. 1960, pp. 187-196. 

The Three-Dimensional Turbulent 
Boundary Layer, by D. R. Blackman and 
P. N. Joubert, J. Royal Aeron. Soc., vol. 64, 
Nov. 1960, pp. 692-693. 

Observation of Ion Oscillations in a 
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The Dutchman who could 
WALK THROUGH WALLS 


For Christiaan Huygens the barrier 
between “pure” and “applied” re- 
search was as insubstantial as a 
rainbow. He made an_ intensive 
study of the theory of probabilities. 
He invented the pendulum clock. 
He perfected the telescopic lens. He 
made monumental contributions to 
geometrical optics and to “pure” 
light-wave theory. 


The freely ranging imagination of 
an orderly mind in a stimulating 
intellectual climate has a way of 
dissolving artificial barriers. It hap- 
pens every day in Los Alamos. 
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Plasma, by M. D. Gabovich, L. L. Pase- 
chnik, and V. G. Yazeva, Soviet Physics; 
JETP, vol. 11, no. 5, Nov. 1960, pp. 1033- 
1035. 


The Motion of a Piston in a Conducting 
Medium, by R. V. Polovin, Soviet Physics; 
JETP, vol. 11, no. 5, Nov. 1960, pp. 
1113-1120. 

Rotation of the Spin of a Relativistic 
Particle with a Magnetic Moment Moving 
in an External Field, by V. S. Popov, 
Soviet Physics: JETP, vol. 11, no. 5, Nov. 
1960, pp. 1141-1143. 

On the Amount of Accelerated Particles 
in an Ionized Gas Under Various Ac- 
celerating Mechanisms, by A. V. Gure- 
vich, Soviet Physics: JETP, vol. 11, no. 5, 
Nov. 1960, pp. 1150-1157. 

On the Amount of Accelerated Particles 
in an Ionized Gas Under Various Accelera- 
ting Mechanisms, by A. V. Gurevich, 
Soviet Physics: JETP, vol. 11, no. 5, Nov. 
1960, pp. 1150-1157. 

Investigation of Transient Flow of a 
Conducting Fluid in a Plane Channel with 
Moving Walls, by Ya. S. Uflyand and I. 
B. Chekmarev, Soviet Physics: . Tech. 
—* vol. 5, no. 5, Nov. 1960, pp. 437- 


Frontiers of Numerical Mathematics 
(A Symposium Conducted by the Mathe- 
matics Research Center, United States 
Army and the National Bureau of Stand- 
ards at the University of Wisconsin, Oct. 
30-31, 1959) Rudolph E. Langer, ed., 
Madison, University of Wisconsin Press, 


1960, 132 pp. 


Magnetohydrodynamics, by Ss. 
Chandrasekhar, paper 7, pp. 99-106. 


Influence of Pressure History on Mo- 


mentum Transfer in Rarefied Gas Flows, 
by F. C. Hurlbut, Phys. Fluids, vol. 3, 
July—Aug. 1960, pp. 541-544. 

Blunt Body Viscous Layer with and 
Without a Magnetic Field, by Hakuro 
Oguchi, Phys. Fluids, vol. 3, July—Aug. 
1960, pp. 567-580. 

Flat Plate Drag in Magnetohydrodyna- 
mic Flow, by H. P. Greenspan, Phys. 
vol. 3, July—-Aug. 1960, pp. 581- 

Plasma Viscosity in a Magnetic Field, 
by Allan N. Kaufman, Phys. Fluids, vol. 3, 
July—Aug. 1960, p. 610. 

Experiments on Plasmoid Motion Along 
Magnetic Fields, by David M. Wetstone, 
Melvin P. Ehrlich and David Finkelstein, 
Phys. Fluids, vol. 3, July-Aug. 1960, pp. 
617-630. 

On Certain Properties of Hydromag- 
netic Shocks, by W. B. Erickson and J. 
Bazer, Phys. Fluids, vol. 3, July—Aug. 
1960, pp. 631-640. 

Conference on Applied Gas Dynamics 
Proceedings, Alma-Ata, Akad. Nauk 
Kazakhskoi, SSR, 1959, 235 pp. (In 
Russian.) 

Turbulent Jets in Flowing Liquids, by 
G. N. Abramovich, pp. 1-16, 22 refs. 
On the Discharge of Gases from Vessels 
Through Pipe with Friction and Local 
Resistance, by I. N. Ginzburg, pp. 
17-28. 

Initial Results and Further Problems in 
the Investigation of Liquid and Gas Jet, 
by L. A. Vulis, pp. 29-38, 30 refs. 

_ On Mixing and Counter Motion in 
_ Double Homogeneous Streams of a 
_ Compressibie Gas, by V. P. Kashkarov, 
55-62, 10 refs. 

_ Diffusion in Axisymmetrical Jets with 
Mixing and Counter Flow, by T. P. 
Leont’eva, pp. 62-68. 

Critical Flow of a Viscous Gas in a 
_ Channel Between Parallel Planes, by 


M. M. Nazarchuk and N. I. Plo’skii, 

pp. 69-75. 

Diffusion of an Axisymmetrical Gas Jet 

in a Medium of Different Density, by 

N. N. Terkhina, pp. 77-85. 

Aerodynamics of Twisted Flows and 

Vortex Chambers, by B. P. Ustimenko, 

pp. 134-141, 7 refs. 

Aerodynamics of Turbulent Gaseous 

Jets, by Sh. A. Ershin, pp. 168-178, 13 

refs, 

Fundamental Problems of Thermody- 

namic Flow in the Presence of Real 

Boundary Conditions, by S. V. Roman- 

enko, pp. 197-208, 6 refs. 

On the Rotating Motion of Viscous 

Gases, by L. A. Vulis, pp. 208-214, 

15 refs. 

Decennial Symposium, Proceedings, 
Toronto University, Institute of Aerophys- 
ics, Oct. 14-16, 1959, 3 parts, 512 pp. 

Spherical Flow and Shock Waves, by 

I. I. Glass, pp. 233-287. 

Summary of Aerodynamic Studies in 

the Carde Aeroballistic Range, by G. V. 

Bull and H. F. Waldron, pp. 288-319. 

Hypersonic Research at the Naval 

Ordnance Laboratory, by R. K. Lobb, 

pp. 320-344. 

The Blast Wave from an Impulsively 

Generated and Driven Plasma, by P. 

Savic, pp. 345-364. 


Flight Mechanics 


Drag and Stability Derivatives of Mis- 
sile Components According to the Modi- 
fied Newtonian Theory, by J. Don Gray, 
Arnold Engng. Dev. Center, TN 60-191, 
Nov. 1960, 36 pp. 

Analysis of Trajectory Parameters for 
Probe and Round-Trip Missions to 
Venus, by James F. Dugan Jr., NASA 
TN D-470, Nov. 1960, 44 pp. 

A Realistic Approach to Problems of 
Optimum Rocket Trajectories, by Samuel 
E. Moskowitz and Lu Ting, Brooklyn 
Polytechnic Inst., Dept. of Aerospace 
Engng. and Appl. Mech., PIBAL Rep. No. 
625, (AFOSR TN 60-1342), Oct. 1960, 11 


Pp. 
Design of Lunar and ray, 
Ascent Trajectoris, by Victor C. Clarke 
Jr., Calif. Inst. of Tech., Jet Prop. Lab., 
Tech. Rep. no. 32-30, July 1960, 16 pp. 

Experimental Investigation of a Hyper- 
sonic Glider Configuration at a Mach 
Number of 6 and at Full-Scale Reynolds 
Numbers, by Alvin Seiff and Max E. 
Wilkins, NASA TN D-341, Jan. 1961, 
69 pp. 

Gyroscopic Motion of an Unsymmetri- 
cal Satellite Under no External Forces, by 
Manfred E. Kuebler, NASA TN D-596, 
Dec. 1960 iv, 30 pp. 

The Effect of Lift on Entry Corridor 
Depth and Guidance Requirements for 
the Return Lunar Flight, Thomas J. 
Wong and Robert E. Slye, NASA Tech. 
Rep. R-80, 1960, 38 pp. 

A Method of Estimating Residuals in 
Orbital Theory, by Myron Lecar, NASA 
TN D-493, Jan. 1961, 10 pp. 

Perturbations of Orbits of Artificial 
Satellites Due to Air Resistance, by Yu. 
V. Batrakov and V. F. Proskurin, NASA 
Tech. Transl. F-46, Nov. 1960, 13 pp. 


Characteristic Orbital Variables and 
Their Time Rates in Unperturbed Elliptic 
Orbits, by Helmut G. L. Krause, NASA 
TN D-558, Dec. 1960, 11 pp. 

Osculating Elements Derived from the 
Modified Hansen’s Theory for the Motion 
of an Artificial Satellite, by A. Bailie and 


R. Bryant, NASA TN D-568, Jan. 1961, 
8 pp. 

A Study of the Positions and Velocities 
of a Space Station and a Ferry Vehicle 
during Rendezvous and Return, by John 
M. Eggleston and Harold D. Beck, NASA 
Tech. Rep. R-87, 1961, 82 pp., 20 figs. 

Manned Space Stations Symposium, 
Los Angeles, April 20-22, 1960, N. Y. Inst. 
Aeron. Sciences, 1960, 322 PR. 

Atmospheric Entry of Manned Ve- 
hicles, by C. Gazley Jr., pp. 14-23. 

Effect of Earth’s Oblateness on the Cai- 
culation of the Impact Point of Ballistic 
Missiles, by Ching-Sheng Wu, ARS Jour- 
NAL, vol. 30, no. 12, Dec. 1960, pp. 1172 
1173. 

Influence of Gravity on Satellite Spin 
Axis Attitude, by L. H. Grasshoff, AR 
JOURNAL, vol. 30, no. 12, Dec. 1960, ; 
1174. 

Motion of Thin Bodies in a Highl: 
Rarefied Plasma, by Hideo Yoshihars 
Phys. Fluids, vol. 4, no. 1, Jan. 1961, py} 
100-103. 

The Difference Function Approach t: 
the Overall Aerodynamics of Guided Mis 
siles, by D. A. Forster and A. C. South 
gate, Royal Aeron. Soc. J., vol. 64, no. 
600, Dec. 1960, pp. 753-763. 

A Note on Relay Satellites, by S. W 
Greenwood, Brit. Interplan. Soc. J., vol. 
17, no. 10, Jul-Aug. 1960, pp. 360-361. 

On the Motion of a Satellite in an 
Asymmetrical Gravitational Field, by P 
Musen, J. Geophys. Res., vol. 65, no. 9 
Sept. 1960, pp. 2783-2792. 

Note on Establishment of a Circular 
Satellite Orbit by Double Impulse, by G. 
Leitmann, Brit. Interplan. Soc. J., vol. 
17, no. 10, Jul.—Aug. 1960, pp. 358-359. 

The Sudden Discontinuity in the Orbi- 
tal Period of Sputnik 4 Satellite, Nature, 
vol. 187, no. 4740, Sept. 3, 1960, p. 866. 

Angular Motion of the Spin Axis of the 
Tiros I Meteorological Satellite Due to 
Magnetic and Gravitational Torques, by 
W. R. Bandeen and W. P. Manger, /. 
Geophys. Res., vol. 65, no. 9, Sept. 1960, 
pp. 2992-2995. 

Graphical Plotting of Interplanetary 
Orbits, by M. Vertregt, Brit. Interplan. 
Soc. J., vol. 17, no. 10, Jul—Aug. 1960, 


pp. 351-358. 


A New Type of Thermal Radiator for 
Space Vehicles, by Roger C. Weatherston 
and William E. Smith, Aeron. Qily., vol. 9, 
part 4, Nov. 1960, pp. 16-17. 

Injection Schemes for Obtaining a 
Twenty-Four Hour Orbit, by Rudolf F. 
Hoelker and Robert Silber, Aeron. Qily., 
vol. 9, part 4, Nov. 1960, pp. 28-29. 

Some Requirements for the Efficient 
Attainment of Range by Airborne Ve- 
hicles, by M. Arens, Israel, Inst. of Tech., 
Dept. of Aeron. Engng., Tech. Rep. 3, 
Sept. 1959, 26 pp. 

Special Data Reduction Equipment 
Spectrum Analyzer, by F. J. Honey, 
Calif. Inst. of Tech., Jet Prop. Lab. Tech. 
Rep. 32-35, Aug. 1960, 10 pp. 

Analytical Study of Soft Landings on 
Gas-Filled Bags, by Jack B. Esgar and 
William C. Morgan, NASA Tech. Rep. 
R-75, 1960, 58 pp. 

Long Range Planning for Space Trans- 

rtation Systems, by H. H. Koelle, 

ASA TN D-597, Jan. 1961, 36 pp. 

Hydrodynamics and Propulsion of Sub- 
merged Bodies, by George F. Wislicenus, 


Vehicle Design, 
Testing and Performance 
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ARS Journat, vol. 30, no. 12, Dec. 1960, 
pp. 1140-1147. 


Factors Influencing the Size and Weight 
of Underwater Vehicles, by R. C. Brum- 
field, ARS JourNAL, vol. 30, no. 12, Dec. 
1960, pp. 1152-1160. 

Launch Parameters for Interplanetary 
Flights, by W. C. Riddel, ARS JourNAL, 
vol. 30, no. 12, Dec. 1960, pp. 1170-1171. 

Some Possible Operations on the 
Moon, by F. Zwicky, ARS Journat, vol. 
30, no. 12, Dec. 1960, pp. 1177-1179. 

Designing a Self-Erecting Manned 
Space Lab, by Emanuel Schnitzer, AstRo- 
nAutics, vol. 6, no. 1, Jan. 1961, p. 22. 

New Standards for the Space Age, bv 
A. T. McPherson, ASTRONAUTICS, vol. 6, 
no. 1, Jan. 1961, p. 24. 

Design Factors for a Missile Range, by 
B. F. Rose, Jr., ASTRoNAuTICS, vol. 6, 
no. 1, Jan. 1961, p. 26. 

Simulated-Altitude Rocket Testing, by 
B. H. Goethert, Astronautics, vol. 6, 
no. 1, Jan. 1961, p. 30. 

Inert-Gas Spot Welding in the Aircraft 
and Missile Industry, by R. L. Hackman, 
Welding J., vol. 40, no. 1, Jan. 1961, pp. 
25-33. 


Simulated Altitude Testing of Rockets 
and Missile Components, by B. H. Goe- 
thert, Zeitschrift fiir Flugwissenschaften, 
vol. 8, no. 10/11, Oct.-Nov. 1960, pp. 317- 
321. 

An Environmental Conditioning System 
for a Manned Satellite, by N. J. Bowman 
and F. H. Dingham, Brit. Interplan. Soc. 
J., vol. 17, no. 10, Jul.—Aug. 1960, pp. 
372-380. 

Manned Space Stations Symposium, 
Los Angeles, April 20-22, 1960, N. Y. Inst. 
Aeron. Sciences, 1960, 322 pp. 

Design Criteria and Their Application 

to Economical Manned Satellites, by 

H. H. Koelle, E. E. Engler and J. W. 

Massey, pp. 24-35. 

A Modular Concept for a Multi-Manned 

Space Station, by S. B. Kramer and 

R. A. Byers, pp. 36-72. 

Manned Scientific Orbital Laboratory, 

by M. Stoiko, G. G. Kayten and J. W. 

Dorsey, pp. 73-90. 

Some Factors Influencing the Selec- 

tion of a Manned Space Station Con- 

cept, by J. H. Doss and L. J. Montaque, 

pp. 91-95. 

Program Costs for a Manned Space 

Station, by R. H. Lundberg and T. E. 

Dolan, pp. 120-124. 

Satellite Astronomical Observatories, 

by Nancy G. Roman, pp. 125-127. 

Inflatable Manned Orbital Vehicles, by 

J. W. Carter and B. L. Bogema, pp. 

188-196. 


Guidance and Control 


A Three-Axis Fixed-Simulator Investi- 
gation of the Effects on Control Precision 
of Various Ways of Utilizing Rate Signals, 
by John W. McKee, NASA TN D-525, 
Jan. 1961, 54 pp. 


A Self-Adaptive Missile Guidance Sys- 
tem for Statistical Inputs, by H. Rodney 
Peery, NASA TN D-343, Nov. 1960, 30 
pp. 

Determination of Azimuth Angle at 
Burn-Out for Placing a Satellite over a 
Selected Earth Position, by T. H. Sko- 
pinski and Katherine G. Johnson, NASA 
TN D-233, Sept. 1960, 33 pp. 

Simulator Investigation of Controls and 
Display Required for Terminal Phase of 
Coplanar Orbital Rendezvous, by Chester 
H. Wolowicz, Hubert M. Drake and 
Edward N. Videan, NASA TN D-511, 


1961 


PIONEERING IN 


SPACE NAVIGATION RESEARCH 


he Jet Propulsion Laboratory in Pasadena, California, has 

been given the responsibility by the National Aeronautics 
and Space Administration of managing and executing a 
number of highly significant explorations in space. They 
include lunar and planetary missions such as fly-bys, orbiters, 
and unmanned roving vehicles for the observation of the 
surface of the moon and the planets. Other missions 


planned for the future involve trips outside of the eclipti 
and beyond the confines of the solar system. » 


The successful execution of these 
programs requires extensive research 
efforts of a basic nature in the areas 
of celestial navigation and the guid- 
ance and control of vehicles operating 
far out in space. The problem areas 
being investigated include novel con- 
cepts in navigation based on astrophys- 
ical phenomena as well as research 
on inertial, optical, and electro-optical 
sensors of various types. 

Other examples of present research 
activities in this area are cryogenic 
studies related to gyro and computer 
techniques, gas lubrication and flota- 
tion of sensing masses, research in 
solid-state physics, and many others. 

The Laboratory has a number of 
positions open for scientists who are 
interested in working on challenging 


Send professional resume to 
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JET PROPULSION LABORATORY 
4800 Oak Grove Drive, Pasadena, California 


problems in these areas and who have 
the ability to investigate novel concepts 
and try unconventional methods. 


Applicants must have an outstand- 
ing academic background with a Ph.D. 
degree, or equivalent experience and 
a Masters degree, in physics, astron- 
omy, or electrical engineering. A min- 
imum of five years of industrial or 
academic experience in the following 
fields will normally be required: optical 
physics, astrophysics, cryogenics, inertial 
guidance, celestial navigation, and computer 
and logic devices. 


Qualified scientists will be offered 
the opportunity to work in an unusu- 
ally stimulating atmosphere and will 
have available excellent supporting 
facilities for experimental and analyti- 
cal studies. 
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Oct. 1960, 30 pp. 


Control of Dynamic Performance by Con- 
trolling Gain, Phase Shift, Gain Margin, 
Phase Margin, or Slope, by George Vasu, 
Amer. Inst. Elec. Engrs., Paper no. CP 
60-1381, Oct. 1960, 34 pp., 34 figs. 

A Longitudinal Control Feel System for 
In-Flight Research on Response Feel, 


Self-Adaptive Systems : 


J. Stalony-Dobrzandki, 


by Stanley Faber and Harold L. Crane, 
NASA TN D-632, Jan. 1961, 31 pp. 


Manned Space Stations oo 


Los Angeles, April 20-22, 1960, N. Y. Inst. 
Aeron. Sciences, 1960, 322 pp. 


Orbital Rendezvous and Guidance, by 
Ernst A. Steinhoff, pp. 151-164. 
Rendezvous in Space-Effects of Launch 
Conditions, by N. V. Petersen and 
R. S. Swanson, pp. 165-170. 
Ascent Guidance for a Satellite Ren- 
dezvous, by T. B. Garber, pp. 171-178. 
A Guidance Technique for Achieving 
yr tn by P. G. Felleman and 
Sears Jr., pp. 179-183. 
Ah Control of Orbital Rendezvous, 
by E. Levin and J. Ward, pp. 184-187. 
Methods of Attitude Sensing, by 
Robert E. Roberson, pp. 259-266. 
Comparison of Some Actuation Methods 
for Attitude Control of Space Vehicles, 
by W. Haeussermann, pp. 267-274. 
Attitude Control of a Space Vehicle by 
a Gyroscopic Reference Unit, by M. L. 
— and L. G. Lynch, pp. 275- 
Attitude and Flight Path Control Sys- 
tem for a Space Station Supply Vehicle, 


pp. 281- 
B15 

4 Stabilizing a Spherical Satellite, by 

Radiation Pressure, by Robert R. 


Newton, ARS Journat, vol. 30, no. 12, 
Dec. 1960, pp. 1175-1176. 


Extensions in the Synthesis of Time 


Optimal or ‘‘Bang-Bang’’ Nonlinear Con- 
trol Systems, Part I. 
Quasi-Stationary Optimum Nonlinear 
Control Systems, Part II. 
Analytic Studies of Optimum Type ITI Non- 
linear Control Systems, Part III. Syn- 
thesis and Analytic Studies of Optimum 
Type II Nonlinear Control Systems with 
Complex Roots, by P. Chandaket and 
C. T. Leondes, — Calif. (Los Angeles) 
Dept. of Engng., 

60-47 (. AFOSR T 


The Synthesis of 
Synthesis and 


<9 no. 60-45, 60-46 and 
60-960) 145 pp. 

Flywheel Control of Space Vehicles, by 
E. Vaeth, JRE Trans. on Automatic 


Control, vol. "AC-5, no. 3, Aug. 1960, 50, pp. 


247-259 
Instrumentation and 


Communications 


Tracking Programs and Orbit Deter- 


mination, Seminar Proceedings, Calif. 
Inst. Tech., Jet Prop. Lab., Feb. 23-26, 


1960, 208 pp. 


Methods for Nonlinear Least Squares 
Problems and Conversion Proofs, by 
D. D. Morrison, pp. 1-19. 

Tracking and Orbit Determination 
Program of the Jet Propulsion Labora- 
tory, by R. E. Carr and R. H. Hudson, 
pp. 10-35. 

Evaluation of Pioneer IV Orbit Deter- 
mination Program, by M. Eimer and Y. 
Hiroshige, pp. 36-52. 


Satellite Orbit Determination and Pre- 
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diction Utilizing JPL Goldstone 85-ft 


Antenna and the JPL Tracking Pro- 


gram, by D. Muhleman, pp. 53-61. 
Early Orbit Determination Scheme for 
the Juno Space Vehicle, F. Kurtz and 
F. Speer, pp. 62-95. 


Toronto University, 
physics, Oct. 14-16, 1959, 3 parts, 512 pp. 


H. W. Thompson, ed., 
lishers, N. Y., 


Orbital and Rotational Motion of a 
Rigid Satellite, by C. A. Lundquist, R. 
J. Naumann, pp. 96-103. 

Survey of Space Flight Decks Used at 
ABMA, by H. J. Sperling, pp. 104-107. 
Interim Definitive Orbits Determined 
at the NASA Computing Center, by R. 
W. Bryant, pp. 108-113. 

NASA Computing Center Predictions, 
by R. W. Bryant, pp. 114-118. 

The Programming System for Orbit 
Determination at the IBM Space Com- 
puting Center, by A. R. Mowlem, pp. 
119-127. 

Western Satellite Research Network, 
by G. A. McCue and D. A. Pierce, pp. 
128-138. 

Differential Orbit Correct Experimen- 
tation with Satellites 1958 Alpha One 
and 1958 Epsilon, by L. G. Walters, G. 
B. Westrom, C. T. Van Sant, R. H. 
Gersten and G. L. Matlin, pp. 139-146. 
Lunar Vehicle Orbit Determination, by 
C. Tross, pp. 147-160. 

Remarks on the Programming System 
of Project Space Track, by E. W. Wahl, 
pp. 161-164. 

Smithsonian Astrophysical Observatory 
Differential Orbit Improvement Pro- 
gram, by G. Veis and C. H. Moore, pp. 
165-184. 

Technical Aspects of Satellite Tracking 
on IBM Computers at Smithsonian 
Astrophysical Observatory in Cam- 
bridge, Massachusetts, by J. P. Possoni, 
pp. 185-191. 

Tracking a Passive Satellite by the 
Doppler Method, by P. B. Richards, pp. 
192-195. 

Lunar and Interplanetary Trajectory 
Determination Activities at General 
Electric, by V. G. Szebehely, pp. 196- 
198. 

A Computer Program for First Order 
Error Propagation in Satellite Orbit 
Prediction, by P. Swerling, pp. 199-204. 
Decennial Symposium, Proceedings, 
Institute of Aero- 


Radio Tracking and Communication 
Methods for Space Vehicles, by W. J. 
Heikkila, pp. 491-500. 
Advances in Spectroscopy, vol. 1, 1959, 
Interscience Pub- 
1959, 363 pp. 
Spectroscopy in the Vacuum Ultra- 
violet, by W. C. Price, pp. 56-75, 72 
refs. 
The Index of Refraction of Air, by D. H. 
Rank, pp. 76-78, 13 refs. 
Determination of the Velocity of Light, 
by D. H. Rank, pp. 79-90, 101 refs. 
High Resolution Raman Spectroscopy, 
by R. P. Stoicheff, pp. 91-174, 135 refs. 
Modern Infra-red Detectors, by T. S. 


Moss, pp. 175-213, 87 refs. 


Electronics for Spectroscopists, by 


Members of the Photoelectric Spectrom- 
etry Group and of the Electronics De- 
partment of Southampton University, C. 
G. Cannon, ed., 
N. Y., 1960, 33 pp. 


Interscience Publishers, 


The Application of Semiconductors to 
the Detection of Radiation, by E. 
Schwarz, pp. 201-230 


Detector and Amplifier Systems in 
Infra-red Spectrometry, by J. C. O. 
Rochester, pp. 231-244. 

Photoelectric Devices and Their Ap- 
plication in the Invisible and Ultra- 
violet Regions, by P. Popper, pp. 245- 
267. 

The Presentation of Infra-red Spectra on 


the Cathode-ray Tube, by E. F. Daly, 
pp. 268-286. 

Some Optical Problems, by 
Taylor, pp. 287-306. 
Polarized-beam Techniques in Infra-red 
 gcpmaneraas by A. Elliott, pp. 307- 

International Astronautical Congress, 


A. M. 


10th, London, 1959, Proceedings, |’. 
Hecht, ed., Springer-V: ‘erlag, Vienna, 195), 
2 vols., 946 pp. 


Space Telecommunications and the 
Cc aracteristics of Its Channels, by \. 
Boal, vol. 2, pp. 871-910. (In Italian.) 


Methods of a. Observations on 
Satellites, by G roves and M. J. 
Davies, vol. 2, pp. 933-946. 

Magnetic Flow Meters, by J. J. |’. 
Rolff, Archiv fur Technisches Messen, n 
297, ‘Oct. 1960, pp. 197-200. (In Ge:- 
man. ) 

Spectral Report on Microminiaturize- 
tion, by M. M. Perugini and N. Lindgre:., 
Electronics, vol. 33, Nov. 25, 1960, p). 
77-114. 

Tunnel Diode Generates Rectangular 
Pulses, by G. B. Smith, Electronics, voi. 
33, Nov. 25, 1960, pp. 124-125. 

Regulated Power Supply for Instrv- 
ments, Simple Circuit Provides 0.1-per- 
cent Current Regulation, by W. V. Lov- 
benstein, Electronics, vol. 33, Nov. 25, 
1960, pp. 132-134. 


The Doppler Effect and the Founda- 
tions of Physics (II), by H. Dingle, 7'/ 
British Journal for the Philosophy of 
Science, vol. 11, no. 42, Aug. 1960, pp. 
113-129. 

Electromagnetic Signals from Nuclear 
Explosions in Outer Space, by M. H. 
Johnson and B. A. Tippmann, Phys. Rev., 
vol. 119, no. 3, Aug. 1, 1960, pp. 827-828. 

Space Scintillator-Detector Dis- 
tinguishing Between Protons and Elec- 
trons, by 8. D. Bloom, R. C. Kaifer and 
C. D. Schrader, JRE Trans. on Nuclear 
Science, vol. NS-7, no. 2-3, June—Sept. 
1960, pp. 170-174. 

Geomagnetic Noise at 230 kc/s, by 
R. L. Dowden, Nature, vol. 187, no. 4738, 
Aug. 20, 1960, pp. 677-678. 

Elementary Considerations of the Effect 
of Multipath Propagation in Meteor-Burst 
Communication, by G. R. Sugar, R. J 
Carpenter and G. R. Ochs, National 
Bureau of Standards, J. Research, Section 
D-Radio Propagation, vol.. 64D, no. 5, 
Sept.—Oct. 1960, pp. 495-500. 

Radio Echoes from the Moon in the X 
and S Band, by M. M. Kobrin, Radio 
Engg. and Electronics, vol. 4, no. 5, 1959, 
pp. 228-231. 

Computation and Measurement of the 
Fading Rate of Moon-Reflected UHF 
Signals, by S. J. Fricker, R. P. Ingalls, 
W. C. Mason, M. L. Stone and D. W. 
Swift, National Bureau of Standards, 
J. Research, Section D—Radio Propaga- 
tion, vol. 64D, no. 5, Sept.—Oct. 1960, 
pp. 455-465. 


Star Tracker Uses Electronic Scanning, 
by W. D. Atwill, Electronics, vol. 33, 
no. 40, Sept. 30, 1960, pp. 88-91. 


Extra-terrestrial Radio Noise as a 
Source of Interference in the Frequency 
Range 30-1000 Mc/s, by F. Horner, Jnst. 
Electrical Engrs.; Proceedings, Part B, 
Radio and Electronic Engng., vol. 107, no. 
34, July 1960, pp. 373-376. 


Commercial Use of Space Bringing New 
Problems, by R. Haavind, Electronic 
Design, vol. 8, no. 19, Sept. 14, 1960, 
pp. 26, 29-35. 

Multiphase Radio Interferometers for 
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Locating the Sources of the Solar Radio 
Emisssion, by S. Suzuki, Astronomical 
Society of Japan, Publications vol. 11, 
no. 4, 1959, pp. 195-215. 

A Receiver for Observation of VLF 
Noise from the Outer Atmosphere, by 
G. R. A. Ellis, Proc. IRE, vol. 48, no. 9, 
Sept. 1960, pp. 1650-1651. 

Methods of Predicting the Atmospheric 
Bending of Radio Rays, by B. R. Bean, 
G. D. Thayer and B. A. Cahoon, National 
Bureau of Standards, J. Research, Section 
D-—-Radio Propagation, vol. 64D, no. 5, 
Sept.-Oct. 1960, pp. 487-492. 

Design of a Two-Mirror Radiotelescope, 
by A. E. Salomonovich and N. 8. Soboleva, 
Radio Engineering and Electronics, vol. 4, 
no. 5, 1959, pp. 92-100. 

Some Magnetoionic Phenomena of the 
Arctic E-Region, by J. W. Wright, J. 
Atmospheric and Terrestrial Physics, vol. 
18, no. 4, Aug. 1960, pp. 276-289. 

Changes in the Fading of Low-Fre- 
quency Radio Waves, by W. A. Cilliers, 
J. Atmospheric and Terrestrial Physics, 
vol. 18, no. 4, Aug. 1960, pp. 339-341. 

Fading of Satellite Transmissions and 
Ionospheric Irregularities, by J. Mawd- 
sley, J. Atmospheric and Terrestrial 
Physics, vol. 18, no. 4, Aug. 1960, p. 344. 

Radio Communication Using Earth- 
Satellite Repeaters, by L. Pollack, Elec- 
trical Communications, vol. 36, no. 3, 
1960, pp. 180-188. 

Scintillation Counters in Rockets and 
Satellites, by C. E. McIlwain, JRE Trans. 
on Nuclear Science, vol. NS-7, no. 2-3, 
June—Sept. 1960, pp. 159-164. 


On the Behavior According to New- 
tonian Theory, of a Plumb Line or Pen- 
dulum Attached to an Artificial Satellite, 
by J. L. Synge, Royal Irish Academy, 
Proceedings, Section A, vol. 60, no. 1, 
June 1959, pp. 1-6. 

Instruments for Space Research, by 
R. L. F. Boyd, Research Applied in In- 
dustry, vol. 13, no. 8, Aug. 1960, pp. 290- 
294, 


An Analysis of Slug-Type Calorimeters 
for Measuring Heat Transfer from Ex- 
haust Gases, by J. C. Westkaemper, 
Arnold Engng. Dev. Center, TN 60-202, 
Nov. 1960, 44 pp. 


Thermoelectricity, Including the Pro- 
ceedings of the Conferences on Thermo- 
electricity Sponsored by the Naval Re- 
search Laboratory, Sept. 1958, Paul H. 
Egli, Ed., John Wiley & Sons, N. Y., 
1960, 407 pp. 

Measurement of Thermoelectric Prop- 

erties by Using Peltier Heat, by R. C. 

Harman, J. H. Cahn and M. J. Logan, 

pp. 235-255. 


The S-p Meter, A Device for Rapid 
Measurement of Seeback Coefficients 
and Electrical Resistivities at Tempera- 
tures up to 1000°C, by Philipp K. 
Klein, pp. 256-269. 

Thermal Diffusivity Measurements at 
High Temperatures, by P. H. Sidles 
and G. C. Danielson, pp. 270-287. 


Atmospheric and Space Physics 


Observation of the Total Solar Eclipse 
of February 15, 1960, by A. Koechkelen- 
bergh, J. Meeus and H. Michel, Ciel et 
Terre, France, vol. 76, no. 7-8, July—Aug. 
1960, pp. 209-215. (In French.) 


Longitude Effect in Temperature Zone 
Sporadic E and the Earth’s Magnetic 
Field, by L. H. Heisler and J. D. White- 
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head, Nature, vol. 187, no. 4738, Aug. 20, 
1960, pp. 676-677. 
Mercury, Venus, and Mars, by P. 


Moore, Discovery, vol. 21, no. 1, Jan. 
1960, pp. 18-23. 

Light Curves of Meteors, by R. Anan- 
thakrishman, Nature, vol. 187, no. 4738, 
Aug. 20, 1960, pp. 675-676. 

Amplitude Distribution for Radio 
Signals Reflected by Meteor Trials I, 
by A. D. Wheelon, National Bureau of 
Standards, J. Research, Section D— 
Radio Propagation, vol. 64D, no. 5, Sept.— 
Oct. 1960, pp. 449-454. 

Meteorites, by F. Timpone, Rivista 
Aeronautica, Italy, vol. 36, no. 9, Sept. 
1960, pp. 1423-1431. (In Italian.) 

Calculations of Atmospheric Infrared 
Radiation as Seen from a Meteorological 
Satellite, by S. M. Greenfield and W. W. 
Kellogg, J. Meteorology, vol. 17, no. 3, 
June 1960, pp. 283-290. 

Variations of the Balance and Abun- 
dance Within the Solar and Stellar Photo- 
spheres—IV. The Case of Ionized Tita- 
nium, by J. C. Rountree, Annales d’ Astro- 
physique, France, vol. 23, no. 4, 1960, 
pp. 633-654. (In French.) 


Variations of the Balance and Abun- 
dance Within the Solar and Stellar Photo- 
spheres—III. Variations of the ETL 
in the CH 4,300 Band, Solar Case, by 
F. Eugene-Praderie and J. C. Pecker, 
Annales d’ Astrophysique, France, vol. 23, 
no. 4, 1960, pp. 622-632. (In French.) 

A Synoptic Study of the F2-Region of 
the Ionosphere in the Asian Zone, by 
R. G. Rastogi, J. Atmospheric and Terres- 
trial Physics, vol. 18, no. 4, Aug. 1960, 
pp. 315-331. 

Verification of Earth’s Pear Shape 
Gravitational Harmonic, by C. J. Cohen 
and R. J. Anderle, Science, vol. 131, no. 
3430, Sept. 23, 1960, pp. 807-808. 

On the Possibility of Measuring in the 
Laboratory the Speed of Propagation of 
Gravitational Waves, by V. B. Graginskii, 
D. D. Ivanenko and G I. Rukman, 
Soviet Physics—JETP, vol. 11, no. 3, 
Sept. 1960, pp. 723-724. 

Short-Term Differences in the Be- 
haviour of Two Daily Indices of Solar 
Activity During the I.G.Y., by G. H. Baz- 
zard, J. Atmospheric and Terrestrial 
Physics, vol. 18, no. 4, Aug. 1960, pp. 
290-296. 

A Monthly Ionospheric Index of Solar 
Activity Based on F2-Layer Ionization 
at Eleven Stations, by C. M. Minnis, 
G. H. Bazzard, J. Atmospheric and 
Terrestrial Physics, vol. 18, no. 4, Aug. 
1960, pp. 297-305. 

A World-Wide Semi-Annual Cycle in 
the E-Layer of the Ionosphere, by C. M. 
Minnis and G. H. Bazzard, J. Atmospheric 
and Terrestrial Physics, vol. 18, no. 4, 
Aug. 1960, pp. 306-308. 

The Outer Planets, by G. E. Satter- 
thwaite, Discovery, vol. 21, no. 1, Jan. 
1960, pp. 24-30. 

Geophysics and Space Research, by 
A. Croome, Discovery, vol. 21, no. 8, 
Aug. 1960, pp. 362-364. 

The Earth-Moon System, by G. Fielder, 
Discovery, vol. 21, no. 1, Jan. 1960, pp. 
12-17. 

Geophysics and Space Research, by 
A. Croome, Discovery, vol. 21, no. 5, 
May 1960, pp. 221-223. 

Geophysics and Space Research, by 

Croome, Discovery, vol. 21, no. 3, 
Mar. 1960, pp. 123-126. 

Possibility of Detecting lIonospheric 
Drifts from the Occurrence of Spread 
F Echoes at Low Latitudes, by R. W. 
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PROCESSES 
Guided Tour 
by Richard Bellman. A panoramic 
view of what an ingenious mathe- 
matician does when faced with 
the myriad problems of automatic 
control. The author has mini- 
mized detailed rigor in the inter- 
est of making clear the basic ideas 
in a broad spectrum of applica- 
tions. He shows how to get solu- 
tions to engineering problems 
which cannot be solved by conven- 
tional methods and provides ways 
to reformulate problems so they 
are amenable to machine compu- 
tation. A RAND Corporation Re- 
search Study. $6.50 


DYNAMIC PROGRAMMING 
by Richard Bellman. 1957. $6.75 


STABILITY IN | 

NONLINEAR | 
CONTROL | 
SYSTEMS 


by A. M. Letov. Translated by J. 
George Adashko. An outstanding 
Russian contribution to an in- 
creasingly important field. The 
author, a Nobel prizewinner, is 
held in highest esteem by U.S. 
control experts. He has added to 
the American translation of this 
work several additional chapters 
not included in the original. 

“A plain, unsophisticated, pains- 
takingly thorough treatise on ap- 
plication of Lyapunov’s direct 
method.”—DR. J. P. LASALLE, Math- 
ematical Reviews $8.50 
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Knecht, Nature, vol. 187, no. 4741, Sept. 
10, 1960, p. 927. 

Determination of the Profiles of Elec- 
tron Density in the Ionosphere, by K. 
Rawer and C. Laieb, Comptes Rendus 
H tres des Seances de L’academie 
des Sciences, France, vol. 251, no. 4, July 
25, 1960, pp. 576-578. (In French.) 

A Statistical Theory of Ionospheric 
Drifts, by J. P. Dougherty, Phil. Mag., 
vol. 5, no. 54, June, 1960, pp. 553-570. 

The Effect of Turbulence and Magnetic 
Field on Electron Density Fluctuations in 
the Ionosphere, by I. D. Howells, J. Fluid 
a vol. 8, part 4, Aug. 1960, pp. 545- 


Scientific Results of Experiments in 
Space, by B. Rossi, Amer. Geophys. Union, 
— vol. 41, no. 3, Sept. 1960, pp. 410- 


Statistical Analysis of Fading of a Single 
Down-Coming Wave, by P. Dasgupta 
and K. K. Vij, J. Atmospheric and Terres- 
trial Physics, vol. 18, no. 4, Aug. 1960, 
pp. 265-275. 

Rapid Reduction of Cosmic-Radiation 
Intensity Measured in Interplanetary 
Space, by C. Y. Fan, P. Meyer and J. A. 
Simpson, Phys. Rev. Letters, vol. 5, no. 6, 
Sept. 15, 1960, pp. 269-271. 

Cosmic-Ray Intensity Variation and the 
Interplanetary Magnetic Field, by H. 
Elliot, Phil. Mag., vol. 5, no. 54, June 
1960, pp. 601-620. 

Experiments on the Eleven-Year 
Changes of Cosmic-Ray Intensity Using a 
Space Probe, by C. Y. Fan, P. Meyer and 
J. A. Simpson, Phys. Rev. Letters, vol. 5, 
no. 6, Sept. 15, 1960, pp. 272-274. 

Atmospheric Temperature Effects on 
the Solar Daily Variation of Cosmic Ray 
Intensity, by J. J. Quenby and T. Thamb- 
yahpillai, Phil. Mag., vol. 5, no. 4, June 
1960, pp. 585-600. 

Hydrodynamic Origin of Cosmic Rays, 
by S. A. Colgate and M. H. Johnson, 
Phys. Rev. Letters, vol. 5, no. 6, Sept. 15, 
1960, pp. 235-238. 

What the Artificial Satellites Have 
Already Learned About Cosmic Rays and 
Auroral Particles, by J. Lequeux, La 
Nature, France, no. 3300, April 1960, 
pp. 146-154. (In French.) 

On the Acceleration of the Earth’s 
Rotation Caused by the Atmospheric 
Oscillation, by N. Sekiguchi, Astronomical 
Society of Japan, Publications, vol. 11, 
no. 1, 1959, pp. 1-8. 

Effect of the Solar Activity on the 
Earth’s Rotation, by H. Uyeda, Y. Saburi 
and H. Iwasaki, Radio Research Labora- 
tories of Japan, vol. 7, no. 31, May 1960, 
pp. 131-136. 

On the Emission Curves of Growth of 
Fe I and Ti I in the Lower Chromosphere, 
by I. Kawaguchi, Astronomical Society of 
Japan, Publications, vol. 11, no. 3, 1959, 
pp. 138-150. 

Note on the Excitation of the Ionized 
Helium in the Solar Chromosphere, by 
O. Namba, Astronomical Society of Japan, 
Publications, vol. 11, no. 1, 1959, pp. 50-53. 

Comets, Meteors, and Minor Planets, 
by M. P. Candy, Discovery, vol. 21, no. 1 
Jan. 1960, pp. 31-35. 

Excitation Mechanism of the Swan- 
Bands of Comets, by A. Stawikouski and 
P. Swings, Annales d’ Astrophysique, 
France, vol. 23, no. 4, 1960, pp. 585-593. 
(In French.) 

Satellite Measurements of Cosmic 
Dust, National Academy of Sciences, IGY 
Bulletin, no. 38, Aug. 1960, pp. 12-15. 

Experimental Investigations of the 
Energy Spectrum of the Penetrating 
Component of Extensive Air Showers, 


by E. L. Andronikashvili and R. E. 
Kazarov, Soviet Physics-JETP, vol. 11, 
no. 3, Sept. 1960, pp. 507-510. 

Arrival Directions of Cosmic-Ray Air 
Showers From the Equatorial 4S by 
E. V. Chitnis, V. A. Sarabhai, G. Clark, 
Phys. Rev., vol. 119, no. 3, Aug. 1, 1960, 
pp. 1085-1091. 

On the Anisotropy of the Cosmic 
Radiation, by E. W. Kellermann, and 
M.S. Islam, Nuovo Cimento, vol. 17, no. 3, 
Aug. 1, 1960, pp. 334-342. 

Increase in the Intensity of Cosmic 
Radiation on May 4, 1960, by P. L. Mars- 
den, J. B. Crowden and C. J. Hatton, 
Nuovo Cimento, vol. 17, no. 6, Sept. 1960, 
pp. 977-979. 

Investigations of Cosmic Radiation and 
of the Terrestrial Corpuscular Radiation 
by Means of Rockets and Satellites, by 
S. N. Vernov and A. E. Chudakov, Sovie 
Physics: Uspekhi, (transl. of Uspekhi 
Fiztcheskikk Nauk), vol. 3, no. 2, Sept.— 
Oct. 1960, pp. 230-250. 

A Photoelectric Study of Colors of 
Asteroids and Meteorites, by M. Kita- 
mura, Astronomical Society of Japan, 


Publications, vol. 11, no. 2, 1959, pp. 79- 
89. 


Two Atmospheres, by G. Gardner, 
Solar Energy, vol. 4, no. 1, Jan. 1960, 
pp. 28-31. 

An Auroral Emission in the 2.0-2.2 
u Region, by J. F. Noxon and A. V. Jones, 
J. Atmospheric and Terrestrial Physics, 
vol. 18, no. 4, Aug. 1960, pp. 341-343. 

Observations of Non-field-Aligned 
Auroral Rays, by M. Gadsden and C. J. 
Loughnan, J. Atmospheric and Terrestrial 
Physics, vol. 18, no. 4, Aug. 1960, pp. 
332-335. 

Atmospheric Temperatures and Solar 
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The Air Force’s Atlas ICBM 

il 
is standing ready 

i at Vandenberg and Warren 

2 


Let everyone 
1 remember that! 


CONVAIR 
ovision or GENERAL DYNAMICS 


Atlas is built by Convair (Astronautics) Division of General Dynamics and over 3000 associate contractors, subcontractors and suppliers in 
forty-two states. Additional Atlas bases will become operational with the U.S.A.F. Strategic Air Command in the months immediately ahead. 
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Nuclear rockets, with a performance capability nearly twice 
that of the highest-specific-impulse chemical rockets, have been | 
of major interest to Aerojet-General for several years. ese programs have resulted in signi licen 


Exploratory studies were initiated by'Aerojet in 1955 to ascertain’ _ progress toward the development of a 


required to develop a successful nuclear propulsion system “d system, They are based on Aerojet's 
were determined. This work at Aerojet has undergone contin- __ combined experience in liquid and golid 
uous expansion under government and company sponsored propellant rocketry, nuclear technology , and 
programs. Included are: preliminary design of engines and ~ eryogenics—experience which ensures __ 
vehicles, simulated nuclear engine tests, radiation hazards _ that the challenge of a new era 


research, analog computer system design (tosimulate nuclear in propulsion can, and will, be met, 


rocket operation), nuclear test facility construction. and the 
design, development, testing, and manufacture of reactors. 
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